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RIs E and PROGRESS 
OF THE 


MATHEMATICKS. 


T ſeemꝰd meet to me, when I was about to 
ſet forth the Elements of the Mathematicks, 
to premiſe a few Things concerning the Riſe 
and Excellency of this Science, that its Candi- 
dates may underſtand what a Kind of Science 
it is to which they are about to dedicate them- 
ſelves ; and that it may be made manifeſt 
thoſe, who ſlight thoſe Things, ITE 
are ignotant of how Value and Dignity 
this edge is, W ich the wiſeſt Men of 
all Ages have, with incredible „ labourd 
to attain unto, and become poſſeſs'd of More- 
over, I muſt own that Peter Ramus's Labours 
Rove Siem of great Service to me in the com- 
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be of this Account, 2. in the whole Fi 11 


e | 
bath out of Proclus, ' Laertius, Gellins, | 


* * — - we may. 5-5 | | 


Th eng. He, 3. = 
the Poſterity of Seth obſerved the Order of the 
Heavens, and the Courſes of the Stars. And 

left _ theſe Inventions ſhould flip out of the 

Knowledge of Men, Alam having predicted 4 ; 

two-fold Deſtruction of the „one | 

Deluge, the other by Fire, they raiſed two Co- 

lamns, one of Bricks, of Stone the other; and 

inſcribed their Inventions u upon them, that 3 

the Brick one ſhould happen to be deſtroy'd 

by the Deluge, that = Stone, which would 
remain, might afford en an Opportuni of 
being- inſtructed, and preſent to their View the 

Things which it had inſcribed on it. They ſay 

alſo, that that Stone Pillar, which even in our 

— 4 is ſeen in Syria, was dedicated by them. 

is Joſephus ſays; whom I leave to vouch 
for the Story. 

That, the Affrians and Chaldeans were the 

firſt of Mortals, after the Flood, who applied 

themſelves to the Mathematicks, is delivered by 
any ſame Joſephus ; as alſo by Pliny, Diodorus 
and Cirers. But the Mathenatich. Arts which 
firſt ſprang among the Chaldeans, am whom 
they flouriſhed, were afterwards d out 
of Chaldea and Aria unto the Egyptians, by 
Abraham. For, When, at the Command of 
om he went forth from his native Soil into 


Paleftine, © | © 
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Paleſtine, and from thence into Egypt, and per- 
ceiv'd the Egyptians to be taken with the Study 
of good Arts, and to be of a very notable Wit 
and Capacity for I (as Foſephus teſti- 
fies, Book I. Chap. g.) he communicated to 
them 9 and r ——— 
| quently Geometry. which muſt ece 
. In which Studies — 
=. wards the . fo flouriſh'd, that Ariftorte, 
1 Meraph. Chap. 1. doth affirm, That the Aa- 
thematick Arts were firſt found out in Eęype, 
YM Þy their Priefts ; who, oy Employments, 
were at leiſure” for theſe = B 
© . The Ct Sea out of E. 
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that almoſt his whole Method of Philoſophi ai 
was taken from Numbers. And he of 
as Laertius relates, abſtracted Geometry from 
Mee 
found out 32d, 44th, 

7 of the Firſt Book. But 1 ch 
on of Prop. 32 
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Perſon did both moſt diligently teach 
ciſe the Art of and Muſic : 
did not only acutely and ſubtilly find out 
i himſelf, but. he alſo firſt. | 
in which Youth might learn theſe | 
——_—— ee 
Pythagoras was follow'd by 
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re of the Circle, reprehended by Ari- 
ftotle, and at the ſame Time celebrated. But 
amongſt them, Hippocrates was by far the moſt 
Famous ; that celebrated Perſon, who, of a 
Merchant, | ing to be a Philoſopher, and a 
Geometrician, beſides the Quadrature of the 
Circle, alſo firſt attempted the Doubling of the 
Cube, by two mean Proportionals, which, as 
being an excellent, and indeed the only Way, 
all 4 have followed him to this Time have 
embraced it. Tis alſo his peculiar and great 
Commendation, that he, as Proclus teſtifies, 
firſt wrote Elements, and digeſted into Order 

the Diſcoveries made by others. 
Democritus was admirable, not in Philoſophy 
only, but alſo in the Mathematicks. His Phy- 
fical Monuments, and, if ſuch there were, his 
Mathematical Works alſo, are wholly loſt, 
Aborte, 


„ Bavy (as ſome report) of 

who deſired to have no other Writings read, but 
his own. The Philoſophy of Democritus hath 
been reſtored by Peter Gafſendus, in a moſt 
Learned Work lately put forth. Theodorus Cy- 
reneus, although none of his Mathematical 
Inventions are extant, yet is great upon this 
if there were no other, that he is re- 
ported to have been the Maſter of Plato, 
Unto Plato therefore we are come at length, 
whom no one brought ter Luſtre to 
the Mathematical Sciences. He amplified Geo- 
| with great and notable Additions, be. 
ſtowing incredible Study upon it. And above 
all, the Art Analytic, or of Reſolution, was 
nd out by him, the moſt certain Way of In- 
Ef | A vention 


rable in Mathematical Philoſophy 


. 
vention and Reaſoning. He ſet off and illuſ- 
trated his Books of Philoſophy in a Mathemati- 
cal Way, and encourag'd whatſoeyer on _ 
» Gpon 

Door of his Academy was read this Inſcription : 
ae eeepc di: Let no one ignorant of 
Geometry enter here ; an illuſtrious Inſtance to 
demonſtrate, how the Mathematicks ate not fo- 
reign, but proper, not unuſeful, or unbecom- 
ing, but honourable and e to ſound and 
certain Philoſophy. In a Word, how great 
both Admirer and er of the Mathematicks 
Plato was, that Man will of himſelf cafily un- 

who ſhall read his Monuments through. 

Out of Plato's Academy, almoſt innumerable 
Mathematicians came forth. "Thirteen of Pla- 
to's familiar Acquaintance are commemorated by 
Preclus, as Men by whoſe Studies the Mathe- 
matichs were improv'd. From hence were Leo- 
damus the Thaſian, Archytas the T arentine, Thee- 
tetus the Athenian, by whom the Mathematicks 
were notably Leodamus iſed the 
Analyſis received from Plato, and is faid by La- 
ertius to have found out many Things by the 
Help of it. As for Theetatus, both to his own 
Inventions, amongft which are the Elements 
written by him, and the Inſcription of 
Bodies; and Plato's Encomiums, who alſo in- 
ſcribed a Dialogue to his Name, do make him 
famous. 

Archytas alſo wrote Elements himſelf; and 
his Doubling of the Cube is mentioned by Eu- 
tocius; whole fingular Commendation it like- 
wiſe was, that he was almoſt the Firſt that 

brought 
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brought down the Mathematicks to Human 
Uſes; by whoſe Contrivance alſo a wooden 
Pidgeon was made to fly, as Gellizs reports; he 
being preceded by Dædalus, and followed by 
other Artificers, yielded Matter for the Fables 
of the Poets. Moreover, Archytas was both a 
Mathematician and General of an Army: He 
hve times commanded the Forces of his own 
Citizens, in the Wars of his , and five 
times overcame their Enemies. e meer 
Name of Neoclides is only Famous, he being 
more illuſtrious for his Scholar Leon perhaps, 
than for his own Inventions. Leon certainly 
wrote Elements of all the Mathematicks, im- 
prov'd them, and made them more fit for Uſe. 
Wherefore he is deſervedly to be reckon'd a- 
mongſt the chief Compilers of Elements. 

Eudoxus of Cnidos was not inferior to Leon : 
A Man great in Arithmetick, and to him, (if 
we may believe the Greek Scholiaſt) we owe the 
whole Fifth Book. He likewiſe wrote Elements, 
and made them more general, and encreaſed the 
Sections begun by Plato; over and above this 
he was the Feſt Framer of Aſtronomical Hypo- 
theſes, and derived down the Springs of Geo- 
metry, as Archytas had done before, to Mecha- 
nicks. Amyclas the Heracleot, and Men æcbmus, 
and his Brother Dinaſtratus, Helicon of Cyxium, 
Theudius, Hermotimus the Colophonian, Philip- 
pus the Medmean, all Platoniſts rendered Geo- 
metry much more perfect. Menechmus alſo 
found out the Conic Sections, and by the help 
of them, two mean . ee whoſe Inven- 

A 2 


tion in this Caſe is rr'd by Eutocius before 
any 


[xi] 
any other, Theudius and Hermotimus made the 
Elements more pniverſal and full. And all 
theſe, who were of Plato's: Academy, brought 
Mathematick Philoſophy to Perfection, as Pro- 
clus faith, Xenocrates alſo, one of Plato's Au- 
ditors, and Maſter of Ariſtotle, as well as Arifto- 
tle himſelf, were famous for the Knowledge of 
the Mathematicks. When a certain Perſon, 
who knew nothing of 8 was minded 
to be his Auditor, Go . , faith bo, Jou 
thou wanteſt the very Ha Tho 0 Philoſop 
But of Ariſtotle, whe can I ſay? All his 

are filled with Mathematical 8 out of 
a Collection of which Nlancane hath made a Book. 
Two of Ariſtotle's School are eſpeciall celebra- 
ted, Eudemus and Theophraftus : s latter 
wrote two Books of Numbers, four of — 
try, and one of indiviſible Lines: The other, 
compoſed a Mathematical Hiſtory; and from 
him Proclus, and others have borrowed theirs. 
To Arifteus, Jidore, Hypficles, moſt ſubtil Geo- 
metricians, we are „5 indebted for the 


Books of Solids. , Euclid gathered to- 


gether the cone Reny 0 others, diſpoſed them 
into Order, improv'd them, and demonſtrated 
them more accurately, and left to us thoſe Ele- 
ments, by which Youth is every where inſtructed 
in the Mathematicks. He died in the Year be- 
fore Chriſt, 284 There followed Euclid almoſt 
an loo Years afterwards Eratofthenes and Ar- 
chimedes. The Name of Eratofthenes was very 
famous, but his Writings are loſt. Many Re- 
mains we have of Arc imedes, and many we 
have loſt. 

But 
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But when I name Archimedes, I conceive in 
my Mind the very Top of Human Subtilty, 
and the Perfection of the whole Mathematical 
Sciences. His wonderful Inventions have been 
delivered to us by Polybius, Plutarch, Tzetzes 
and others. Conon was Contemporary to Archj- 
medes, one who was both a Geometrician and 
an Aſtronomer, whoſe Death Archimedes la- 
ments in his Book of the Quadratute of the 
Parabola. "There followed Archimedes and Co- 
non, and that at no great Diſtance, Apollonius 
of Perga, another Prince in Geometry, who 
was called by way of high Encomium, The 
Great Geometrician. There are extant Four 

now Seven] molt ſubtil Books of his Conic's. 

o the ſame Perſon are aſcribed the Fourteenth 
and Fifteenth Books of Euclid, which were con- 
tracted by Hypficles. Hipparchus and Menelaus 
wrote, this latter, Six, the other, Twelve Books 
of Subtenſes in a Circle ; for which Invention, 
fo very profitable and neceſſary, great Com- 
mendations and Thanks are due to both. There 
are alſo extant three Books of Menelaus con- 
cerning Spherical Triangles. Three moſt uſe- 
ful Books of Spheric's of Theodoſius the Tripo- 
lite are alſo in the Hands of all. And theſe in- 
deed, if you except Menelaus, lived all of them 
before Chriſt. 

In the Year after Chriſt, 70. there appeared 
in the World, Claudius Ptolomæus, the Prince 
of Aſtronomers, a Man certainly wonderful, and 
(2 Pliny faith) above the Nature of Mortals. 

ut he was not only moſt skilful in Aſtronomy, 
put in Geometry alſo; which, as many other 
ngs 


{av ] 
written by him do witneſs, ſo eſpecially do the 
Books of Subtenſes : Thoſe of Menelaus, which 
were Six, and the Twelve of Hipparchus, all 
contracted by him into five Theorems. As for 
Plutarch, a moſt fam'd Philoſopher, there are 
extant his Mathematical Problems, And all 
know of the learned Commentaries of Eutocius 
the Aſcalonite upon Archimedes, By him are 
recited the Inventions of Philo, Dizcks, Nico- 
medes, Sphorus, Heron, as of 5 many excellent 
Maſters in the Mathematicks, concerning Dou- 
bling the Cube. Heron's Genius certai v was 
excellent, as well for Mechanicks as 
The Doubling the Cube delivered by him, is 
commended by Pappus, Book III. Poon 7. | 
fore all other. The admirable Works 1 
bius the Alexandrian, to whom we owe our 
Pumps, are celebrated by Vieruvius, Proclus, 
Pliny and Athenæus. The Name alſo of Gemi- 
nus 15 not in the loweſt Place amongſt Mathema- 
ticians, whom Praclas has Fe in many 
Things before Euolid himſe 

Diophantus, and he alſo an Alexandrian, was 

as great in Arithmetick, as Archimedes, Apolla- 
nius or Euclid in ; he was certainly a 
Maſter of all Subtilty relating to Numbers : 
him was found out that edreirable Art, which 
we call Algebra ; which in theſe Times has been 
rendered more perfect and univerſal by Francis 
Vieta, and Renatus Carteſius. There are others 
who are celebrated amongſt the Antients alſo; 
as Nichomachus, famous for Arithmetical, Geo- 
metrical and Muſical 2 Serenus well 


knoun to Geometricians for his two Books, 
concerning 


L*] 
ing the Section of a Cylinder; Proclus, 
Pappus, Theon. How great a Mathematician 
Proclus was, is manifeſt from his learned Com- 
mentaries on Euclid, and other Writings. And 
this is he, I ſuppoſe, who, as Zonarus re 
and from him Ramus and Baronius, about the 
Year of Chriſt 514. with Optic Artifice, and 
the Glaſſes which he uſed, burnt the Fleet of 
Vitalian, who was befieging Conftantinople. 
The Praiſes of Theon, which truly are deſervedly 


great, Peter Ramus wonderfull crates - 
infomuch, that even the Books whic Lithers? 
all have aſcribed to Euclid, ought, as he thinks, 
to be attributed to Theon. But Ramus, who 


here. To come at to a Concluſion, let 
Pappus bring up the Rear, the laſt in Time 
amongſt the Antients, as being one who liv'd 
about the Year 400; but in Reputation, and 
all Mathematical Commendation, to be reckon'd 
am the firſt. Alexandria, that City fo 
fruitfal of Men, which before had brought 
forth Hypficles, Ctefibius and Diophantus, pro- 
duced him alfo, to the great Advantage of the 
Mathematicks. He wrote Seven Books of Ma- 
themarical Collections, of which the Two firſt 
are loſt. The Five other do abound with fo 
many, and ſuch yarious moſt noble Inventions 
in almoſt all Parts of the Mathematicks, that 
they are eſteemed amongſt the chief Monu- 
ments of the Antients which are extant. FI 
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And thus have a ſhort Hiſtory of the 
Origin and of the . 


From which appears the Antiquity, Excell 

and Dignity of this 22 Certainly the 
fame eminent Perſons in the Commonwealth of 
Learning, who diſcover'd Philoſophy, diſcover'd 
alſo the Mathematicks, like two Siſters born at 
one Birth; whom, if any one would violently 
ſeparate from each other, he certainly attempts 
to break off their Native Concord, with moſt 
notable Injury, and as it wete Cruelty to both; 
ſeeing, as it is wont to fall out in the Caſe of 
Twins, where they are remoy'd from one ano- 
ther, 2 2 A. 
ha here, thematicks being plucke 
as fs her, Philoſophy muſt needs languiſh 
and pine away. _ 1 


VN. B. 2. E. D. or W.W. D. is which was to be de. 
Lat 1 & wa | 


E. . which was to be done. 
T. IL which was to be found. 
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80 D atways afs Geomeatrically. - 
OW great @ Geametrician art thou, O 
Lan For whale this Science has 10 
_ ; while ow is. for Ever room for the 
/covery of New Theorems, even by Human 
, 1 Thou art acquaimed with them all 
at one View, without ang Train of Conſequences, 
without any weariſons Application of Demon 
ration. I other' Arrs and Sciences our Un- 
derflabding' is able to dv almoſt nothing ; aud, 
likethe Imagination.of Brutes, ſeems omiy ſodraam 
of ſome | uncertain Propoſitions : Whence it is, 
that in ſo many Men are almoſt ſo many Minds. 
But in theſe Geometrical Theorems all Men arg 
agreed : In theſe the Human Faculties appear to 
baue ſome real Abilities, and thoſe Great, Mos. 
derful and amazing. For thoſe Faculties which 
ſeem of almoſt no Force in other Matters, in this 
Science appear to be Efficacious, Powerful and 
Succeſsful, Sc. Thee therefore do I take hence 
occafion to Love, and Rejuice in, and Admire; 
aud to pant after that Day, with the Earneſt 


Rreathings of my Soul, yum thou ſhalt be pleaſed, 
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thy Immen/t an Sa- 
4 Bryjgpiry, 1 for ks the Fawar & per- 
ceive, and that with £7 Mind, qud tear 
Fa nat only theſe 1 dat thoſe; 
are more Wumerous, an more ee 
all this without that continual and paihſu 
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Sor ents 


A CES which is [ſuppoſed 


That is, which cannot- be divided ſo much as in 
he. A Point is the Beginning, as it nw hp 


: ; as Unity * 
iy eic A Line is » Magnitude' which Length enly, as ' 
wants all Breadth ; foraſmuch as it is underſtood to be * oh 
duced from the owing of a Point. £2: i 
3. Pointe are the Terms of a Line. ST Fig. 1. 


4. e which Jes evenly berwint its Table» 


| Mena a right Line is the leaſt of all thoſe 
which have thine Terms; or, is the ſhorteſt ot all thoſe 
which can be draws betwixt two/Points. 
Ort as Plato hath it; 2 right Line is that whoſe Extremes 
hide all the reſt : {Thar is, whey the Bye is plead in K 
Oviitiiguation-of the Line. ] a 1 
The Senfe is the ſame in all. 83 
_ right Lands are deſcribed, is C called] a Rule 3 which, whe- 
ther it be trait or not, vou may know by this Tryal. -- 
A - > Deleride a Line acc to the Rule ; then tu 
E de Rule ie that; bat before was the — 
. eee brake apply ir 1 | 
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tothe Line before deſcribed 3 If it doth now ex 
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7. A Plane, ns SiS kit Yana 
* its extreme Lines. 
Oro Bo Os to all the Parts whereof a right Line may 


NT #1; faite Dates Live. 
Be, pi Kerr wok Exxeme wy of hn 


Or, it is the leaſt of all Surfacek whkch have th fame 
Terms. r. r r 


Nees, That — defigned by one Lewes pat ae 
the Top: When there are more at — — 


deneres the 
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the Angle ot 

* Je ns mai x cpa bythe b. 
I 

right Jo is that which right Lines conſti. Fig. 2, 4. 


tute; a curvid , which crooked Lines; a mixt one, 
— 1 * - —2 ä [ upon If. 


x 22 B=CAF both of the a. 
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we BAC, 2 which in rene than the right Fi 2 
En W than the right Ange Fr : 


db Figure is « pln Serbe bounded on every 

1. od 59 oy ni) & at ot {1 

Circle is a plain Surface, contained within the Fig. 5 

3 one Line, called the Circumference ; Dem which 

Comp gfom Line, lite Crumb unto one certain 
Point, —— 8 (A) are 8 2 5 

4510 V7 oint is called 1 Center. 
"8; Ike Demeter is . right Line (B A) drawn theo' Fx 

* 3 5 


Evenibi Elements: Lib. I. 
ic divides che Cirele into eee, 


_ nr iro 
. The Semi.cirele-is-v Figure 5 


. >.  - Ingo 36 equal Parte (Which they call Degrees 
circumference into 180, the Quadrant, 
23. A Right-lin'd Figure, RT 
yy Os bt Lines. 
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Kig. 10. = 3 re that which — 
ſides equal 
Fig. 11,124 426. An e is thi 
Abr: — br dmg 
——_ 23. :! | Ties ieee 
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Sides..” 
Fig. 3. . A Right agld u ee e 


Fig. 14, 15. pert Amongſt Figures, 6 
that which hath four right, and . 57: 
4 w «1 4 


. py %% 4 1 * | 4» 4" & 2 
Fig. 16. 8 33. A Rhombus is » Quadellaterdl, or fout.Gded F 
x 22 Dey bat not Bqui-angled. 
Fig. 17. 2 4 Rhombaidery"is that which bad d & 
—— equad, but i: 8 fred Bing: 


an 2K." 2 HE Alias! * 
F. 14,15, 35. A Parallelogram, is Sante 
10, 7 e AS B, F 
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Lib. I. Fvcits' Eats. * 
Eid ga- Now what parallel l= . wil 


Every Rectan 22 is a Parallelogram ogram 5 hut 


ever n is nat-a Rectangle or a Schükre. ; 
36, Righ parallel, or-equi-diftant; which being Fig. 18. 
tony and dawn out on both Sides * 2 
— a cou 
n are to in ir 

1 Wherefore: iftall-4he Perpendieulars 

unto one of the two Parallels 
right Lane (A B. C Fare: 
Parallels are — if the right Line (L. 


| —— — — 
are called Many-bded, or f fe and by » d 
Word. Raten Zs ere 

39. The external Angle of a Right-lin'd Figure, is that Fi. 196 
without the Figure, When the” Side is pro- 
duced. . Bush ate. — 254 > Every Figure 


therefore hath ſo many - external Angles as it” heit Sides, 
e 972 A 0 * 
221 F : Ude | in 71 


. * © 4g! 5:4 Sgt! ; ! 
a ed Yo e. — e 


Nu , 
x" Pallifle © char which is manifeſt in, zielt, that ii: 


br” conceived to done. It 
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Line unto 


7: From any Faint given dr a right Line 
ones 1 right Line in Lees Ul Babe, 
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2. Draw forth a finite 
"I Prem any RR 
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5-1 from Uncquale you i 
o\F1 v7 5.1.1 1 
; Sn Whay. Things — 
Quantiy, art equal amon * 


double or treble, 


' 
= 


that they cut one another 
e 
are called” Problems ; in others we p do rther than 


bare Contemplation, w — awed rem: 


? 
81 ö 0 a 
8 11 N 7 jo. 
* ", 48. N 3 8 
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| d Three at the 
14. COR en SR I 


ESEECIjpPTIINIIIE 


_ AY COX: 


5 0 
wad it thus, ( Propoſiti 
5 The Figure is * 
Book in 
Citations ; are eaſy tg 


a Flag * 
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PROPOSITION 1. Problem: - : Fig. 23. 


P ON given right Line (A B) to make 
A Laake ee. 


e ee rer 4 
the Circle FCB ; and from the Center B wich the-ſams 

r 
che Peind d, from: which Poine draw the right Lined C A, 


4 mod 2: 21 1 21 


ſay, that the Triang le A C B now made, 12 
For the SD AyC'is eqyal i ME right?) Line A B, (0), Fer 


Circle F C B. 
they are b. 5 > 
LEA COT 4A, BEKE() d than (c) Per 
— aden tere alf "the Ser as Trage are'd- ;45om 1. 
ren ere Per 


. TRIO Ag * 


* 


£C mark an Dp — 
„C. | Then remove the Triangle 
C, from one place to another of that Li 


26 Everrd's Elements, Lib I. 
Tl the E D 
e 


2 Thus the Tri B A C is as well Equilateral 
« D E. If therefore you ſhall now meaſure thi ac- 


* ceflible Line B C, rn non Za 
DT > upd D. 


- PROP. IE Problem, 


Flakes ern. 
Line equal to ove given, N. 1 an 


a n 1 
\ E qo | the right Line A P will equal 


inner. I 744 
PRO. II. Problem. 8 


1 0 unequal rig bt Lines being g wen 1. 
. Sh greater of them ee 
To 154% E 0 56 

a: att or, ww „; 3 5 a7 b 
«© Take with a An te hand befe68 M 
gies Ln BF, dam act rr om Ow 


Ron Theses 


Ai. N a dan 
FF in Two Triangles the 
in E Te 

derber, and anot _ 
t another fide (1) if 
Angles (4 and'L) made 52 75 
equal; then the Ha (B My my 
ual, as alſo the Angles at. the Baſu (BF and 
4 I) which are oppoſite t0 equal fides, aneonſt- 
oy; the whole Tr Oe are en, 


earn. 


TY Hau 2 
40 mot * 
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been proved equal to A FC, 


hi 


ng 
W 
gle of Reflexion, it 


pn. to DFE. 
C is the Angle of Inci 
N 


F D, which hath 


2 


the Angle of the Reflexion of the Ball A, and that 


. 


being vertical 
x0 or 
that B 


is equal to the A 


AF 
is 


Fe 


Tt 
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«© the 


EvecL 


© the Ball 
6 AED: 
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L 1 & 
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Angler as no 


40001 155 
t "AB ©:bs underſtood @ | he ewes pet, 
. — poſture c 4. "Becauſe therefore, in the 
two Tri | ABC, l the Side A B is by: the 
tion to the Side c. and: che Side C B to the Side af, 


and the Angle B to the Angie b; the Angle A ulſo at the 
E Per 4. Baſe will (c) be equal to th £. 2. BD. For ® 
for the Angles C and c thepary't was, : ic: 

$443 E © 1&4 13 447241 
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s Elements. I. 
ere 


W 


SEEOLET. 


TE BEE SET 


— 


k, 
e 
f. 
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1 


| EvcttÞ's Eltments. 
ron un * Theorem, 


F in a Triangle | 
bs tqual, the Sides alſo (AB, BC) which 
are oppoſite to thoſe © Angles are equal alſd. 


Let the Triangle A B C be ſuppoſed to be twiee put but 
in an. inverſe Situation, e. Becauſe therefore in the Tri- 


Jes ABC, cha, one Side A C is equal to one Side (c a) 


* 
>. 


5 


ABC) two Angles (A and riggs. | 


Ld 


Fig. 27. 


Fig. 81. 


Gwe — + 


Pg. 39." 


| :.- as ths of G4 


EvcLirsy's Elwents. LTib 006 


The Seventh Propoſition in Zaclia is for the fake of the 
Eighth, which without it will here be demonſtrated. 


PROP. VIII. 
7 tw⁰ Triangles (X, Z) have all their Sides 
equal amon 1 reſpe4ively. (A 


agu to E F; Rs ; AB to E1;) thy 
will alſo bave all the. * which are oppoſite 
to equal Sides, equal - (C ua. to F; 4 10 E; 
B to I.) 1 5 


For ſuppoſe the Side A B B iid upon its Equal E 1, 
then the Point C falls upon F, the [Triangles will in 
Wbole agree or coincide, and e 
22 es tall upon the Point F 
For, DR " 

66 Pram the Crater Ae ircle be deſcribed wi 
123 and from the, Cemer I. let another 

Cirele be deſcribed with che Semi- diameter I. N; the 
66 e Equality of the Sides of both 
, 86 Triangles W in Cipcumierence of 
and 2 dhe 


T W Circumferences. . ELF: > 


= PROP.'IX. Problem. © | 
> Bye or Divide imo two ge gers 
@ given right u, Angle, as I AL. 


14 


rr 


Agde uke wich a pair of” Com. 
F = AB, AC; then from the Centers 

rwo equal Circles cutting one another in 
F; which dons, draw_ the Tine A. biſxAs the 
A 
or draw the Line BB, CF; the f A 


C ate to each other Equilateral ; for the Sides A B, | 


FA 
© © uot i he Cn equal, as in like Manner are 
„they being Semi-diameters af 
common to both Triangel. 


2 
20 
N -! 


3 


Cb) Per, 
ed. 


28 4 
5 n 

I oppor 7 840 
V «4 ©, | 28. 
2 230 SH. 


the W. 
hatſoever 


(4)? 


£8 
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taught 
equal Parts 
and a Rule. : 


AB make an Equilateral 


ines let down from 
given Line 


the Arch into as many 
in a given right 


Scholium. 


one hath hitherto 


its 


the 
25 
GB, 
PROP. XI. Problem. 
ROM given Point 


with 
AF. 


Triangles X 
C ion 


the « 


into all 


7 n . * 
rern 
a pair 


AGB, bi 


Angles 
paſles 


PROP. X Problem. 
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Upon the 
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angle 
Bes 
For 
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a * .ag erer . 


Eveveld gee} 


; the e * e fare 
| 3 N eker this and the * 
n 
＋ 14 help of a Square. * 4 T4 


PROP. XI.“ Problem | 


_ Fig. . ROM a given Point (4): which 4s with 
ont an — right Line (a wed 70 let 
fall a Perpenditular f0-rbat Lias. Len 


From the Center A d6fiibs f Circle U Reh bil 
(e) Fer 10. join L ER Cad i "Bile the right Ling C 
I. the right Line A B. This A B is the 


le 9 
For let there be drawn, A A me grown 
Ae e 240k 1 
. Therefore ag CBA, 1B 


| 
A 
Fes qual. 'Thetefare, A Bis ( 5 
Ne PR OP. XIIL. * - Theorem: * 


ts AOA 2 


Fig. 34- HE right. Line ( BAY: fla 
5 T: right Line 6800 3 
le, or 1 n to tw-o⁰ | right des 


Freren 


6: "BF 


y oat th 


= =D {ms 


22. 


[4 

5 ; 

CE) Fer Logis C A B, FAB 4 
two right ones C A L, L b 

( "ag . — 2 3 
P NGN . N. 15 55 , 

* 10. 2 e . IVA 4 4 

* fame manner it will be demonſtrated. if more t 


# % 


right Lines than one: ftand upon tub fad 


che Angles thereby made due equal cot% 4 
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. Tus 


4 
that 
. 99 
1 4 4 
= 


a 


o. Eve ifs Elements. 33 
a 2. Two Lines cutting one another, BAC, FAL, Fig. 37. 
make the Angles equal to four right ones. 
All uhe | Angles which are. abous ane Point, make Fig. 36. 
to four right ones.” It appears from Corollary 
are-four right ones, cut into more Parts. 
le CAF being known, you at the ſame time Fig. 37. 

its Compliment unto two right Angles B AF. For 

the Angle CAF be of 70 Degrees; the 

Angle B AF will be of 110 Degrees. For thoſe two 
Numbers > - 5 + ae which is the 
ST INS t 


PROP. XIV. Theorem. 


F two right Lines (X R, Z R) at the ſame Fiz. 35, 
Pein of a ri Tha! 'R) make the Angles 
on both Siges (A RN, ERA) equal to rwo 
right ages; he Lines (XR, ZR) make one 
night Lins 
I now any fe, Yes DE: Line. (a) Per 
pl gen fy TIN 822 _— 7 
r n ( dend; ſering by the (F) Cr. 
XRQ, ZRQ do make rwo right Anghes, Aron 5: 


1 


DAO Xv. Theoram | 
Ir, _— Lines 1 2 cus one another 


e p/ite at be tap: are Fig. 37. 
LAB KC CF, and BAF to L AC 


an mm et in the. 
— AB axe to two ones : And (e) Per 
A right Line EC, the A 4 
2 — FA Br aq err right ons, e- (4) By the 
fore An (% LAB, FAB are equal to ſeme Prep. 
FEE Tf, Fas, by taking away BA B. le) Pere 
| LABL) \ remains equal to CAF. In Aries 1, 
e AF, A C we ſhewed to be equal. Cf) Fer 
' Cargllary. Api fo 9 In Cz 
« Q a Ray of Light, as reflefied in an Angle 
8 Y c & | « equal 


3. 


Fig. $2. 


* Per 4. 


Per 20. 
" & 


Fre. 38. 


(x) P er 6. 
J. 1. 


n. WSK. 7a LED.. T 1 


Tu SE two Propoſitions are — js 


| Bat then by che 6h of this Book 


Euc tip Elements. Lib. I. 

*« equal to the Angle of Incidence, taketh the ſhorteſt way 
* of all. . g. When the A BED, AEF are 
22 the Lines A E and E B taken „ are 
** ſhorter than any Lines whatſoever, as A F and F B taken 
together. For from the Point B 
Line BC be let down; and let B 
* re 
«« Triangle BE D E C, ſeeing t 
* a and the Side B D and D C are equal by 
* the Hypotheſis, as is alſo in 
** to the Angle CDE; the Triangles alſo ſhall be equal 
in all other Things, and BE ſhall be equal to CE, and 
„the Angle BE D to the Angle DEC; (where, becauſe 
„the Argle DE C is equal to [BE D, that is] AE F, the 
« Lines AE, EC are to make one right Line) 
And in the me wander She Line BF will bo proved 


« Side of the Triangle A CF s leſs than the roo Sides 


$ © 
* T 3 


PR OP. XVI, XVII. 


Propoſition mann 
J till then. \ {4 23K) SUITED 5 


6 . * * 4 
* 


2 ROOF: An 


JN every Triang le the Angle (4) which 
poſedto the greater Side(BO) is the-ge eater ; 


an (B) which is oppoſite to W 640) 
is 70 leſſer Angle. C6 % 37 
Sides 


(A) cannot be equal to'(B) for then the oppoſite 
BO, AO would be equal (a); which is 8 
Hypotheſis. Neither can A be leſ than B, for 
ſo, there might within the Angle B be made an Angle ABF 
by the right Line B F; which Angle ſhould be . 
F. AF mall 


„„ 


+ + Ia naFc 


2 


Se 
* dicular 


Lib. I. Evct1d's Elements. 

and if you add to both OF, then BF, F O ſhall be 

to AO. But AO by the Hypotheſis is leſs than k O. 
Therefore B F, F O ſhall be leſs than B O, which contradicts 
the Definition of a right Line, which is the flo-teſt of all 
betwixt two Points, Therefore the Angle A is neither leis 
than B, b ociafas Therefore it is greater. 2.E.D. 


PRO P. XIX. Theorem. 


oppoſed to the greater Angle (A) is the 
ater ; we (AO) which is oppoſed to the 
2 Angle B, is the Aer. 


This tion is the converſe of the former. BO is 
not leſs than A O, for if it were, the Angle (A) by the 
18th would be leſs than B ; which is contrary to the Hy. 
nap Nor can B O be to AO, for in this caſe, 

the 5 


th, the Angles A and B would be equal. But this 


Equality of thoſe Angles is contrary to the Hypotheſis. 


Therefore BO is greater than A c. 2 E.D. 
that a Globe, or Ball per. Fig. 83. 


Corel. Hence we gather, 
« ſeftly poliſhed, cannot reſt in an horizontal Plane per- 
«« feftly poliſhed,; hut where it toucheth the Earth. For 
let the Line A B be an horizontal Plane, C the Earth's 
CA the Semi-diameter of the Earth, perpen- 
to & bes ds The Globe placed at B, 
bf its Gravity, and the Declivity of the Plane, 
00 will dckendrowarcs A. n . the 
«« perpendicular Line C A, which is oppoſite to the acute 
. B C, which is op- 
ite the right A AC ; and fo there is from B 
in which the Globe cannor 
«« ER e Deſcent of 


e and hi Contormatm io ſpherical Surface. 


PROP: XX. Theorem. 


py 1 bk any two Sides of it taken to- 
Jo are greater than the remaining Side. 


SH This 


338 


1 the Triangle AO N the Side ( BO) which Fg. 38. 


36 


Fig. 39. 


oa += 8 F B. Again, 


E unto F: A C, CF are (a) 


N . . 


5. greater than the third. 


terval of the other 


much as it is immediately manifeſt out of his Definition of 
a right Line; which ſe above among the ebnen. 


PROP. XXI. Theorem. 


Ir from the Ends of one Side A B, we vighs 
Lines be drawn, and joined together within 
the Triangle, {as the Lines AO, BO} theſe 
are leſs than the Sides of the Triangle ( B 


but they comprehend a greater Angle 40) 


For as for the firſt Part of the Propoſition, draw Gut 
than A F. There. 
added, A C, B C are 
F, FB are (b) 
OB. Therefore the common AO AF, 
N 30. Ne ef 
The ſecond Part of this Propefition will be demonſtrated 
in the ſecond Corollary of the firſt Part of 31. 


fore the common Line FB 


PROD TE Problems | 


make a Triangle of three right Lines 
(BO, LB, 76 — 


be. "OM 


Let BE, oe of the given Lites bs ill, ai B on: 
of its Extremities being taken for the Cents; with the In- 
ven Line B O, deſcribe an Aich. 

Then the other Kxtremity L being talen tor-the Center 
with the Interval of the third L O. deſeribe an 
Arch, cutting the former in O; which done, and the 


he Lines BO, L O being dunn, 1 chat i 
8 — 


Wee 
, 9 5 " PROP 


Evucird's Elements. Lib. 1. 
This, with Archimedes, is, 2s it were an Axiom; ſoraſ- 


n r A - oc .c oa cc vc 


: 
N 


8 


Lib. I. Fvct1y's Elements. 
PROP. XXIII. Problem. 
T a given Point in a right Line (as B) to 


make an Angle equal to @ given one (A.) 
Firſt of all let C F be drawn at a venture, cutting the Fig. 40. 


| Sides of the given Angle A. Then in the given right Line 


from B, take BL equal to A F. Then from the Center B 
deſcribe a Ci ith the 


Fig. 42. 


the given Point as the Center, deſcribe with the ſame In. 
terval the Arch LZ; from which take of LO equal to 
CF. Through B and O draw a right Line ; L BO ſhall 
See 


C 3 2. To 


38 Evuctry's Element,. Lib. J. 


Figg 3- . To examine the Degrees of the given Angle O P 
1 This is done very 2 an — or — 
tractor, which is divided into 180 rees. For put the 
Center of the Semi.circle upon P, the top of the _— 
and the Radius ot the Semi-circle F L upon the Side of 
the Angle PQ; and the Arch LO, which is intercepted 
berwixt the Legs of the Angle, will ſhew of how wany 
Degrees the given Angle 1 is, 
3 To frame an Angle, containing a given Namber of 


Degrees, as 42 
Fig. 43- Draw the right Line X Q, in which mark the Point P. 


Upon P put the Center of a Semi.circle, and its Semi. dia- 
meter PL upon PQ, From L. number 42 Degrees, chat is, 
until you come to O. A right Line drawn from P through 
O. will give the Angle OPL of 42 Degrees. 


PROP. XXIV, XXV. Theorems. 


I* two Triangles (BAC, BAF) fball have 
two Sides (B A, AC,) equal to two (B 4, 
AF,) one Side of one, to one Side of the ather ; 
aud if one of the Triangles hath tbe Angle 
BAF) contained by thoſe Sides greater —＋ 1b 
other (B AC,) it ſbail bave the fas 


greater than the Baſe (BC) 00 2 
And again, if it bath the Baſe greater, i 1 
ſpall baue the Angle greater. n a 


From the Center A, deſcribe a Circle hich _ 
through C, it ſhall paſs alſo through F, becauſe AC, AF 
are ſuppoſed to be equal. Therefore B F ſhall fal! berwixt 
the Point A and C. Then join CF. The Angle HC is 

exier than the Angle ACF; that is, by the gth of this 
Book. than the Angle 4 FC, and conſequently much greater 
than the angle BF C. Therefore in the Triangle Ber. 
(= P-r 19. B F, which is oppoſite to the greater Angie B F. is 

J. 1. greater than BC, which is oppoſite co the leſſer BFC. 
2. As for the ſecond Part of the Propofition, is is ma- 


nile from che firlt Fart, enen 4 
a .Z 4 4 * PROF; | 


©," 


{ 


Lib. I. EvcLrv's Elements. 
| PROP. XXVI. Theorem. 


39 


FF two Triangles (X and Z) bave two Angles Fr. 25. 


equal to two, one Angle of the one, equal to one 
* of the ether (B to F aud C to I,) and one 
Side of one Equal to one of the other, whether 


it be that which is betwixt the equal Angles 


(as BC=FT) or a Side which is oppoſed to one 
of the 
Parts ſball be equal. 


For in alf. mY (BC, FI) _ are be. 
twixt be ſuppoſed equal: this Caſe 
phe; oy as hath bem already demon: 
ſtrated in the Scho/iure of tac 4th P 
Again, ſuppoſe the Sides A C, LI, which are 

to the equal Angles, to be equal. Here, becauſe the Angles 
(B, C) are by the Hypotheſis equal to (F, I) the other 
Angles, 4 L) ſhall be eq by Corollary q. Propeſ - 
tion 32. whi not upon this There. 
fore by the firſt Part of this, all the other Parts are equal. 


equal Angles (as ACL) all the other 


Hence alſo, following Tha/er, we may F. 24. 


Corollary 
* meaſure inacceſſible Diſtances. . g. Let AD bean 
*« inacceſſible Line ; to which at the Point A, let there be 
«« erected the Perpendicular A C. Let there be made the 
«+ Angle (A CB) equal to the Angle (4 C D) the acceſſible 
* Line A B ſhall be equal to the inacceſſible AD. Q. I. 


PROP. XXVII. Theorem. 


JF the rig right Line GO ſball cut two right Lines Fiz. 45. 


which are parallel (A, C,) 1. The alter- 
nate Angles (R LO, 20L, likewiſe BLO, 
COL) be equal. 2. The external Angle 
LB all be equal to the internal one on the 
ſame Side (that i is, to LOF) as likewiſe G LR 
equal to LO 3. The two internal ones 7 the 
ane 


. 
— 


10 Everry's Etmens. Lib. I. 
' ſame Side AL O, COL) as taken together, 


ſhall be equal to two right ones, as likewiſe the 
two {BLO, FO L/ equal to two right ones. 


Fig. 46. The firſt Part is thus proved. From O and L draw the 
diculars OR, LQ. Theſe are perpendicular to the 
* Per two Parallels AB, r 
Axiom 11. twixt themſelves, they ſhall 2882 intercept equal 
(a) Per Parts of the Parallels, and R L ſhall be equal to QO. 
Axiom 12. Therefore the Triangles X and Z are Equilateral to one 
d) Per 8. another. Therefore (6) the alternate Angles ©LO, QOL, 
41. which are oppokee e RO, QL, are'equal. 
Which is the firſt Thing. From whence it is likewiſe ma- 

nifeſt, that the Alternates B LO, COL are equal. For 

becauie, as well BLO, ALO, as COL, FO L are equal 
222 (to two right ones 3 therefore B I. O, A I. O together, 
I. are equal to COL. FOL. Therefore away the 
Equals R LO, Dr enn COL, 


er 

— 'G LB is equal to that which 
(Q) Per 15. is — — 1 But R LO, by the firſt 
. 1. Part of this Propoſition, is equal to IL OF. Thereſore 
G LB, the external Angle, is equal to the internal remote 

one, which is on the ſatne Side, LO F. 
Part third. A LO, by the firſt Part, is equal to L OF. 
72 Per 13. But LOF, with COL, make ( Angles equal to two right 

1. ones. Therefore A LO, with COL, dork the fame. 


Fig. 31. Corol. . Hence, in Imitation of Eratefthens, we leam 
* to meaſure the Compaſs of the Earth. For he obſerved, 
«+ that on the Day of the Summer Solſtice, the Sun was 
«« perpendicularly over Siene, a City of 'Egype 5 and he 
0 rr Stile, 7 
„ that on the ſame Day the Sun was diſtant from-the ver 
*« tical Point of Alexandria, à City of Egype, ſituate almclſt 
«+ under the ſame Rieridian with the other, * 
% with one Fifth Part of a Degree ; and 2 
© theſe two Cities were about 5 from 
„% each other, From theſe Things, by - help of this 
«+ Propoſition, he determin'd the Compaſs of the Earth. 
Let A be Sienc, and B be Alexandria, where the Gnomon 
BC is erected perpendicular to the. Horizon. Let D F 


L 
th 
th 


\ D 2 -D hw 


BY FOOL 


Lib. J. Eucti d' Eltmiits. | 4 


Barware 
«+ Now ſeeing the Angle GCF 2 — 
* one AFB,'and the meaſure of it is the Arch AB of s 
7+ Degrees; he found the Compaſs of the Earth. 


« this Analogy, as 74 Degrees are to 5000 Fur ; 
- iv Analogy, s 75 De ich in of Joo Dees, 


in a groſs Number to 250000, the Compais uf the Earth 
in the ſame meaſure, 2. E. J. 


PROP. XXVIIL 2 


27 N cutting two right Lines Fx. 47. 
(AB, CF) makes the alternate Augles 

(Ad LOH equal ; the Lines (A, FC) 

are parallel. 


it, let X I. Z. 
1. be parallel G F. There, N. © (a) is 
the alternate F OL, which cannot be, ſeeing by 
theſis ALO is equal to FOL. 


PROP. XXIX. Theorem. 


7 a right Line (G O) cutting two right Lines Fig. 45-46 
(AB, CF) 71 make the external Angle. 

6 5 equal to the imternal oppoſite one (LO 

or ſhall make the two internal Angles on the 

ſame Side (ALO, COL) equal to two right 

Anghs; (A, CF) are parallel Lines. 


By the 15th of this Book, G LB is equal to ALO, 
which is vertically oppoſite to it. But by the Hypotheſis 
GLBis equal wLOF. Therefore alſo 4 L O is equal to 

its alternate one LO F. Therefore (5) AB, CF are parallel. (b) By te 
Again, COL with F OL makes Angles equal to-two/orcgoing. 
right ones. But by the Hypotheſis COL with ALO, 
makes in all ewo right Angles allo. Thorens AL O, 


the Point 
by the 


— a) Jy the 


WWW VvVY _— 


mn DOB GEO Ras Prrv 9snycvy o 


2 


x FOL, the alternate 
a) By the (a) AB, CF are 
egoing, | 
Corollary, ** From the ſecond Part of this Propoſition 

£* it appears that every 93 


PROP. XXX Theorem 


Fig. 45 F u right Lines 7 be parallel to 
the — right Line { D N} bey are parallel 
betwixt themſelves. 


It is manifeſt in itſelf, and from the foregoi 

fitions. For if all be ay the right Line G O, exter- 

(b) P-727. nal Angle Angle GLB is (5) to the internal oppoſite one 
þ: OS. LDN, Now LDN bh nt wb LAGS 
c) By the DOF, and therefore (c) equal to it. Therefore alſo G LB 


is equal to LO F. Therefore AB, CF (oi are parallel. 


WI, B) the 
— PROP. XXXI. Problem. 


* 48. OUGH a given Point { A} to draw a 
| Parallel to a giuen right Line { F 0 J 


From the Point A, he te dome os bet AL, 
cutting the given F C. At the Point A, let there be made 
(2) 9-723 the Angle (e) LAS equal to the Angle A L F. The Line 
5. AS will de parallel to CP; as is manilet from the 235k, 
the alternate Angles 8 A L., A L F being equal. 
As for the practice. Draw AL, and om. the Older 
L deſcribean Arch I Q; and from the Center A, with the 
ſame Interval, deſcribe the Arch OX; from which, ha- 
ving taken off O B equal to 1 Q, the right Line drawn 
through A and B will be the ſought. The Demon- 
ſtration depends upon the agth, J. 1. 
Or otherwiſe thus. From a certain Center P deſcribe a 
Circle which may paſs through the given Point A, and 
may cut the given Line CF in Q and O. Take the Arch 
— The right Line AN ſhall be che Pa- 
rallel t. 
22 
and the 99% 3 
0 PROP. 


” OP Therefore again, 
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ib I. Eucr zg. Elements; 
PROP. XXXII. Theorem: 
PART I. 


FAY? {as FBC) is equal to the two inter- 
wal remote ones { A and C.} © 

Through the Point B draw (a) BL parallel to AC. 
SORES qe the ile Paris BE, AC, the external 


Angle F B L. thall S bar ee. And 
"quay ay B C cuts the ſame Parallels (BL, A C) 


C both — 22 
Grrollaries. 


the internal fite ones A ar C. 


B which falls within, is the greater. 
or 

_ _— 

greater than C. Therefore A O 

3- If trom one Point A there falls two righ 

C; one of them AO . the other 

licularly 3 this lait ſhall 

OB. OT 
| — A 


d conſequently halt be greater than the right one, 
ry i, which is abſurd. - 5 1 


every Triangle any one of the external xy. $1, 


(a): Per 37: 
(b) Fer ay. 


the age 17 be equal to its alternate 2. (c) By the 
„% BC ſhall be equal to A 22d. 


2 _—_ Angle FBC is gronter than either of py. 51. 1 
2. Of the Angles C and A OB) having the ſame Baſe, Fig. 39. 
Propo. Thi 


VALE 


| 


firf. Part of and C. Buc FBCwith ABC, make 


Everry's Elements. Lib 
PROP. XXXII. Theorem. 
P. ART I. | 


IN. every Triangle the three Angles taken te 
get her, are equal to tuo right ne, and there 
fore make 180 Degrees. 


Fig. 52- Draw forth one Side A B unto F. 
(a) By the FBC is equal () to the two od gn 


8 equi 


this. to two right ones. ane 4 C, with the 
22 fame CBA, make A equal to two right ones. Q. 

Or thus. Draw the Line H M parallel to AC, thed 
Fig. 53- ternate Angles, as well O and A, as N and C (e) are equl 
925 27. gut O, Q, N make Angles (I equal to two right one, 
d) cru. 1. Therefore alſo A, C, Qare equal to two right ones. Q. Z. 


1 3 
L 1. | Corollaries. Sn 


HE three Angles of any one Triangle taken begebe 
8 1 1 Angles of any ocher I riangt 


N 5 — Angle be right (or obtuſe) the 
| | are acute. 


one Angle be right, che two other 
——— — — 
7. Ia every Triangle, ngle whi * y 
equal tq the other two taken together. 
8. When you know of how many Degrees one Angle d 
a Triangle. is, you know at the fame time, how many De 
grees the two other Angles, as taken together, — 
rar 
rwo a Up, 
. at the ſame Tine 


font A dtd le is. 
. When two A of one Triangle either ſeveral) 
ages of deter Tr e; 


or roger, an are to two 


—— alle ual to the 
2 hw 


o. When two Triangles have cal Angle, 
mL dats 3 2s 
T7 


5 8 14 | 
4 LEH patchy 
FT 1: 
11 
21211 
IRE] 
. : 


- Evctiy's Elements. 
11. When in an Isa, the Angle contained by the 


1127201 


re 


Lib. I. 


EL SSdHHE eee 


N every Quadrangular Figure, the four Angles together 
117 Bnumeomnge re = : 

Por if, through the oppoſite A 
Line B F, this will cat the Quadrangle 
without forming 


SF LIOIRSBREI „ 


— 
* 


Aude An 
the fides of the Figure. 


s & 


1 


4 


— rt WM 

l | — will N 

| excepting, four, as ate Al 
igure. 

1 Hence it appears, that all\.Right-lin'd Figures of the 8 

f ſame Species, or Number of Sides and Angles, have the Sum 


_ of their Angles equal. Which thing is worchy of ddaiiration. i ei 
- The Practice i thus ; Double the — 22 * 
| - Figure, and from the Product take away. tear; the Re. I ** 


Lt ” 


RF F FFS FF MH 


en 


A NF DN AFT FFS n 


parallr/ 


Lib. I. Evcitry's Elements. | 47 
mainder is the Number of the right Angles, which the in- 
emal Angfes of the Figure do make. 


[ind of the tenet Angie of the Figue' dou d)P 
with its reipective external one, make two right Angles (9 (a) — 
— R with all — 

ones, 1 twice 3 
the Sides of the 4 Now, ＋ , = 


of any E * 
es equal. And therefore the three external Angles of 
are equal to the thouſand external Angles of a 
-fided Figore. Which Obſervation K 
roy of Admin 


PROP. XXXIII. Ia 


F two ri ight Lines, wbich are equal and pa- Fir. 59 
rallel, as (A B, CF) be joined by two o- 


others, 35 57 het wills be qu) a 


Let, F cut the Nang AB, CF. Tn the Tri 
R. the alternate Angles BAF, CFA (a) will be equal. (2) Per 
ow the Side A B is ſuppoſed equal to the Side C F. and 27- / 
AF is common to both 'Fri Therefore (5) the Baſes (b) Per 
BF, Ac ue , (Which is the firſt Fart.) And then 4. J. 1. 
the Angles at the Baſes AFB, FAC are equal; which | 
being made by A F NN 
BF, are al Angles AFB, F AC equal. Therefore 
BF allo (c) parallel. N e Few 
| , I, 
Corollary, 


„HB. and D B equal to A. H. Then coming unto the 


Euc irrt Elenevts. Lib. J. 
Catpllaty. 1. Hence we learn to meaſare as well 
60 * the Heights of mne eee their 


«© horizontal Lines. Let ABC be the Side of a Mountain, 
to which apply a great Square, or ſome Inftrument 
i equivalent therew A 5 T. hen ſhall A D be equal to 


« lower Part, which is from the Point B unto the Point C, 
r So ſhall E B be equal to C F, and 
„ EC be equal to BF. - Which done, the Sides parallel 
« do the Horizon, AD, BE, Se. added together will 
«« ojivethe horizontal Line G C; and the cular Sides 
6s 55. E C, &c. added together rr * 
2%. Hence alſo we 
«© Compoſition of Motions. Let» Body ple at A be 
6 Cs the Diem bf the Les's Cond Wy C 

CAL 


40 to the Direction ot the Line A C, 
Force A B, according to the Direction of the Ling A 
«« From the Conjusction of theſp two Forces it will. de- 
- inde. oy. Þ AF. For in this Line of its Mo, 


6 the F chan or the Body a 
825 orceg 1s Ein Didi 


Gans from och 


66 thily reckoned the famous Sir / 
is worthily i Ge 


oc 22 
| PAO, RY 
1% — 22 — 7 99 


. 25 the — a 


22 


= = F Bs 


3 


hay 
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have alſo the Angles adjacent to the common Side equal, 
B AF to CF A; and CAF to BFA; the Sides likewiſe 
ſrall' be equal, (a) A Bro F C, and B; F to- A U and thus (a) Per 26. 
the whole Triangles are equal. Which was che ſecond Part.“ 1. 


n Scholium. 
PARTLY ſrom this Theorem, and partly from a Defini- 
of 


49 


- 
"0 


tion to be premiſod ta the ſecond Book, the meaſuring _. 
a right-angled Parallelogram is eaſily deduced. . The F „60. 
Area thereof being produced by the 1 of the 5 
two contiguous Sides A F, A C one by another. e, g. Let 
AF be a Line of 8, AC a Line of 4 Feet. Multiply 3 | 
by 4, there ariſes 32 Square Feet for the Area of the Ret. - - 


But, the Area of a Square is had from the Multiplication Fiz. 61 
of the Side F | by itſclt ; as if F I be of 5 Feet, multiply + 
5 into itſelf, there will ariſe 25 Square Feet, for the Area 
of the Square. x 


Corollary, A Hence Surveyors do eaſily. divide the Area Fre. 88. 
« ofa Fi 


0 For let ABCD 
« be the Parallelogram Field: AD the Diameter, or Dia- 
«« gonal Line of the ſame, the middle Point whereof is 
« marked F.  Whatſgerer. right Line, as E G, paſſeth 
6 the Point F, it divides the Field into equal 
« Parts E ACG. EBDG, For the Triangle ABD is 
„equal to-the Triangle A C D, and“ the Triangle A EF Per 26. 
« equal to the Triangle GF D. If therefore to the Tra- J. I. 
« pegium E B DF. inſtead of the Triangle A E F, you 
* ſhall add the Triangle which is equal to it, G F D, ycu 
will not change the Area; hut the Trapezium E B DG 
will be equal to the Triangle A B D, or to halt the Pa. 
2 2 and conſequently to the Trapezium AE GC. 


x 
Le * 
5 ©) e 


. _— — 
* . 


* D PROP. 


| 


30 | Evctty's Elements. Lid. I. 
ROI. XXXV, XXXVI. Theorems. 


Fig. 62. Pal ams upon the ſume or equal Baſes 
{A BY and — the ſame Parallels 
{C L AX) are equal. 


(a) Per Becauſe A L, SQ (0) wn „ and CQ cuts them, 
92755 the external Angle C ſha (5) be equal to — 
(). Per ay. one FQB. Then becauſe, as well CF as L Q are 
(c) Per to the fame AB, CF is equal to I. Q. Add then 
, both, the whole Lines CL, F Q are equal. 8 
5 75 A L, BQare equal () Therefore the Triangles CL A, 
(@) 34 f 

F QB (e) are equal. Therefore common 
(e) Per 4 Triangle FOL, the Planes FOA QBOL — — 
J. 1. equal: To each of which Trapeziums 
AO 3, the whole Parallelograms ACFB, ALQB 

come equal. ©. E. D. 
This Propoſition will be made univerſal. 
may here obſerve, that although of two 
s which are between the fame Parallels infinitely pro. 


1k 6. 


1% of a ſquare Fi 
60 2 1 the 
* former, but very oblong.” 
„% Moreover, it hence he . 
00 „ Compaſs round may contain Areas valtly * 


Scholium. 
Fig. 62. | this Theorem we may learn to meaſure 


A Ai For the Area of it is produced 885 


ade QX, or CA multiplied 


Lib. I. Eucr in' Elements, $1 


For the Area of the Reclangle CB which i is 
that of the Parallelogram B L is made (a) by A E ke (a3 } By the 
plying A 2 Therefore, Se. e 

iam. 


PROP. RXXVII, XXXVIII. Theorems. 


| T Rrieng ges (Ac B. AL B) upon the ſame, or Fig. 3. 
equat Baſes ( 4 B,) and between the ſam: | 
Parallels (CI, AZ) are equa. 


Draw the Lines BF, BI parallel to the Sides AC, AL, 

The Parallelograms ACF ZB. ALIB (6) are cqual. But (b) By the 

the given Tri are balves of thoſe Paraliclograms (c. egi. 

Therefore the given Triangles (4) are equal, © Per 34. 
Thie Propofition will be made univerſal, Prop. 1. L. by * 

Let mark the ſame Thing here concerning Tri. % 65 

angles, which we hid them to note in the foregoing * 


2 


— (1.3. Hence Serveyers eaſily divide the Fiz. 89. 
% Area f aT Field. Let ABC C be the Field, 
% and let the Baſe B C be biſected in D. The Triangles 
« ABD, &'D Copon the equal Baſe BD and DC, and 
„ having r being between che ſame 


„ whatſoever that revolye round abour an 9449 
Center, towards which they are impell'd, do deſcribe, 
«+ are both in immoveable Planes, and are proportional to 
** the Times of Deſcription. For let the 1 ime. be divided 
into equal Parts; and in the firſt equal Part of Time, 
7 let the Body, by the impreſi d Force, deſcribe the right 
Line AB. | The ſame Body, in the ſecond Part of Time, 
3 nothing hindred, would go forward ſtrait upto e, de- 
” * ſcriding the Line Bc, equal to A B; ſo that the Areas 
. made by Lines drawn trom the Center A'S B, BSE T)(a) Per 37s 
** wou'd be equal. But when the Body comes unto B, let 
the Force act with one fingle Impulſe, but a great one, 
* and the Body to deflect from B c, and to go forwards 
«© in the right Line B C: 5. e. let the centripetal Force be 
in that Place, to the Force before impuls'd, ä 


_ D 2 M 


R * 
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(b) Per « is io Be; in this Caſe the Body will (5) deſcribe the 
Corel. 2. 21 Let there be drawn parallel to BS, the 
1 _ Ls Ce nave 32% © In the ſecond Part of 
225 Time completed, the Kody will be found in the Point C, 
„ in the fame Plane with the ärk Trixngle-$ A B. Join 
** SC. The Area made by a Ray drawn from the Center, 


22 But if the centripetal Force, whether it be 
greater or leſs, does again act upon it in the Point C, 
in the end of the third Part of Time, it will be found 
% ſomewhere in the Line Dd, parallel to 8 
«4 fore, as before, ſuppoſing the ſaid Force 
«* ancqual to what it was before, it will be found to have 
«© deſcribed the Diagonal C D, and win be in the 
«+ Point D; and a Ray being drawn from the Center, the 
« Triangle 8 DC will be equal to C ſe- 
* quently to the others SCB, 5 A 
2 In like manner, il 
act ſucceſſively in the Points D, | 
rr. pect. 
«« ively, defcribes the Di DE, EF; Sa the Area's 
now made, as a-fore, will be in the ſame Plane, and Tri. 
1 «* angles will be deſcribed equal to the former Triar gles. 
«© Therefore in equal Times, equal Area's are deſcribed in 
© an immoveable Plane; and 
*« SADS, SAFS will be 
70 Times w | 
„„ ber of the Triangles be be increaſed, and their Wideneſs di. 
«+ miniſhed infinitely ; both that laſt Perimeter of them, 
ve ABC DEF. . 
«© "ſcribed in one and the ſame immovenble Plane, will in 
«« this Ex. en rr be- 


„ ſore. 2. E. O. 


FP RO. 


„ kd _ 


e Cal 


Lib. J. Evct1p's Elements. 
PR O P: XXXIX, XI. Theorems, 


fame, or an 2 Baſe {A B) and on the 
ſame Side, are betuten the need Parallels 
AB, CF.) 


If you deny it, let C L be parallel to A B, and let B L 


the Hypotheſis, AFB is equal to ACB. 
ALB and AFB are equal; i. e., a * "ranoten 
Whole. Which cannot be. Therefore, &c. 


Corollary (1.) ** Hence alſe, with the famous Sir 
— Newton, we gather, that all Bodies which are 
% moved in Curve Lines, and deſcribe Area's about ſome 
Center p to the Times, are perpetually urg'd 
and preſs' a Force impelling towards the Ones, 


oW —＋ ofthe Equal oft Fringe e ScB 


SB, the Points C and c 


* Deere 


ſo the Figure Be Cg ſhall be a Parallelogram ; the Sides 


33 


UAL Triangles {ACB, AFB) upon the Fig. 64. - 


be drawn. Then ALB is equal to A CB (2.) But by (a) By the” 
T 


r. 


* 


Ne e ee 
* the Forces, and oy is the Diagonal. The Body there. ro/. 2. 
fore is urged unto C by the Force B g, which tends unto Prop. 33. 
** $ the — And fo in all the . D, E, F. . 1. 


QE. B. 
Corollary (2.) * Seeing therefore in the ne 


*« the primary Planets, the Area's made by Rays, or right 


Lines drawn from them unto the Sun, are always pro. 


*« portional to the Times, as all Aſtronomers know, the 


«« Planets are u N perpetual Force, which tends to 
© the Sun. the #bing is equally true of the ſe · 
1 reel, 


= n 5 ' ; * pv by 
* * * & * . 8 4 * 
5 , 


, . p 
- * — ; 
K 0 
* 
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Evetrd's Element i. Lib. I. 
PROP. XII. Theorem 

a Triangle ( A F B) be in the ſame Parallels 

with a Parallelogram (A L] and havt the 


ſame, or an equal Baſe (AB) it is half of the 
Parallelogram. 8 


ca) Per 37, Draw CB. 1 AFB, AC B are (a) equal. 

338. . 1. But A C is half of the Parallelogram A L (S.) There. 

| e 34-fore AFB alſo is halt of AL. ZLI. D. 
| Scholium- 

Fig. 65. Per this Propoſition, with the Scholium of Prop. 35. we 

learn, that the Area of whatſoever Triangle, 3 AFB, 

1s from half the Altitude F 1 multiplied into the 

Baſe A B, or halt the Baſe multiplied into the Altitude. 

Wherefore one Side of a Triangle 3 b and the 

Height, that is, the Perpendicular whi the 

— Side from the te Angle, the Meaſure of the 

Triangle is given. As if the Baſe AB be of an 100 Feet, 

the Height F I, 35. multiply balf the Baſe, 530 by $5, 

and you have the Area of the Tri AF 250 Feet 

_ - _ Square, Further, the Altitude of a Triangle, when the 

Area of it is in all Points acceſſible, may 1 

Thanically as well as the Sides. But if the Area of it cannot 

de gone over, the Height may be found Geometrically by 


1 Lib. 2. as we there new. 
In a 


Fig. 65. 


For 


— eggs esa 


A8 


. 


Lib. I. EvcLiid's Elements, 55 
For let F C be drawn. The Parallelogram A hath an 2h 

Angle LAF equal to the given one O, and is equal to the 

given Triangle ACB; ſeeing that, as well the Triangle 

- al is double to the fame (4) Per 38. 
riangle | ah » Le 

Tri AC . cy 2 BIS 

. regoing. | 


HE Triangle CE a gn, © Reba val to Fi. 
Tub os 4 © the Side bro 
AB, and AB being bi in F, Perpendicular B 

be erected. For the Rectangle under F B and QB will bt 
equal to the Triangle A CB. 


PROP. XIII. Theorem. 


TY a Parallelogram (as BL) the plements Fig. 67. 
(BO, OL) of b Parallelograms which ars 
about the Diameter (R F, C'S) are equal, 


If th | 


any Point of the Diameter A Q, as the 
Point O, O be drawn parallel to the Side A B. and R 8 


unto the whole Parallelogram BL. 

Their Equality 'is thus proved. The Triangles (PO P4 34 
ABO, ALQ are equal. Likewiſe the Triangles A R O, J. 1. 
OCC) are equal to the — AFO. OSQ-(s) py tc * 
Therefore, if from the Equals (5) ABQ, ALQ, you e. 
take away Equals, on this Side A RO. O CQ on thas(Þh) Per 
AFO, 3s Gr then BO and OL ſhall remain equal, n 3. 


Q E. b. 
PROP. XLIV. Problem. 


Vo N a given right Line (OS) to conflitate 

a Parallelogram, in a given Angle (A,) Eg. 68. 
which Parallelogram ſball be equal o a given 
Triangle (J.) | 


havi * ge N GC. (a) to 2 we X, andes Fu s 
+ Join | 


E vert” s Elements. Lib 1. 


Join the Side R O direQly to the given Line OS, fo as to 
make. one right Line therewith, Then through S draw 
| Pe 38.SQ(H) —_— to O C, which SQ, let B C meet when it 
th ' is producedunto Q. 'Dhen let a right Line, + drawn throvgh 
4 Qand O, meet BR be = oy A. Which done, 
trough A draw AL, parallel to which AL, let CO 
and-'2 S meet, when it js produced unto F and L.:; the Fa. 
rallelogram O L is that which was required. 
(c) By For OL ( is equal to R C, that is, by the Con ruin 
foregoing. to the given Iriangle V, and is at the given Line OS; and 
d) Per 15. (4) the Angle F Os is equal to the Angle ROC; ar is, 
4 1. by the Contiruction, _ to the __ Angle X. 


Scholium. This Propofit ropoſition — 2 certain Geo- 


& weil Diviſion. For in the 55 Arichmetical Di. 
viſton, K 

>} as being a certain Re 
v A B comprehending 12 8 Feet, be to be divided 

* 23 1. e. a Rectangle is to be found equal to that AB 


dy og» ref whoſe Side ſhall be only 2 
„ Feet: From 'w it comes; to be of what 
«« Number the Side ſought ſhall conſiſt ; which Side is to 


©& be eſteemed a certain t of this Diviſion. Which 

thing is: performed Geometrically after this manner. 

„ With a pair of Compatiics take the Live 5 D of 2 Feet, 

_—_— | * SE ard draw the Diagonal BE F. - The Line A F is that 

Which is ſought for: For the Complements E G and 

EO 

„ EH. is equal to the Line B , which inet” > Feet: 
6 (andthe Side E I, is equal to A F.. 

909 | Thi Kind of Diviſion s called Application, becauſe the 

« Rectangular Space A B is applied to the Line BD or 

„ EH; and hence it comes, that Divigan is often named 

* Application ; reſpe@ being to the Pradtice of the old 

1 Gaomerricians, who always made more Uſe of Geome. 

* trical Conſtruction, which requires anly a Rule and a 

. „Pair of rien than of Artthmetjcal * 


** which is performed by Numbers 


. 
+# 1 4 9 


- * . qo E * 
= 4 205 . 4 j 2 4 a) co - | 2 ” * 
ed. 240 12 ' y $2.4 2 PROF. 
6 5 . 
. 


7% 2 be 2 


equal ;-and in the Rectangle E G, ane Side, 


Lib. I. FE ucrrep' Elements. Ly 
PROP. XLV. Problem. 


DON gives Line ( ) and in @ given 
2 le (i ) to 4 a Parallelogram equal "2M 


to a given x! Rader Figure (CB A.) 


Reſolve the given ReRtilinear into the Triangles A, B, C, 
by drawing the right Lines F L, FI. 

Upon the given Line IQ. in the given Angle H, make 
(a) the Parallelogram I V equal.to the Triangle A. Then (9.9 
the right Line I R being produced infinitely . P; 
upon the right Line RV, in the Angle V R P, 1 9 ) By the 
the Parallelogram R Z equal to the Triangle B. Armagh <a 


upon the Line S Z, r 28 P. make rag” Pa- 


rallelogram 8 G equal to the Triangle C. This done, I 
fay, 1G is the Parallelogram fought for. 

For (c) the Angle Z. V R is equal to its Alternate I RV. ©) Peres 
But (4) QV R and L R V, are equal to two right Angles J. 
Therefore alſo oops dy are equal to two Abe (4 By the 
ones. Therefore ® Q V and V fall direfly ſo as to make Er. 
one right Line. — — — ths © — 
QZ and Z G make one right Line. Therefore the whole 
QVZG is one right Line, and is alſo parallel to I X, 
by the Conſtruction Q V is parallet to 1P. Now XG alto 
(e) is parallel to I Q. Seeing I PRAC Ong W 
S Z to RV. and RV to 1d. ä 

I G therefore (f) is a Parallelogram ; but that it is ſuch (f) Per 
nnr eb 94. 35. 


Corollary. ** Hence is adfily found the Exceſs w 
2 . greater Recijlinear Figure exceeds a leſſer: To wit, if 


«+ unto the ſame right Line I Q be applied Parallelograms 
* reſpeflively a3 to the hy right. ind Figures. For 


* that Paralſelogram, by which the greater Rectilinear ex. 
* ceeds the leſſer, will gire the Difference of them. VE. 14 


Scholium. | y 


W. will here add a problem · that will be uſeful for the 
Praci ice af Propoſition 14. 20 


n BE, — diy enen e. 5 


Euc tin Elements. Lib. I. 


Reſolve it into Triangles by the right Line AC. From 
the oppoſite Ang'es, let down the Perpendicularxr BO, PI. 
Biſect A C in 8. rr os - 42% equa! 
to the two, BO, F I, pat The Rectangle, com. 
prehended under LS and 8 is equal to the given, BF. 
The Demonſtration appears out of Propoſition 41. 


PRO. XLVI. Problem. 


Fig. 7. FROM 4 given right Line (4 B) to deſcribe 
a Square. 


Bread two Perpendiculars equal to the given AB; to 
wit, 06.0% En IS IE 
the - For the two Angles are (e) right ones, 
— * ACand BE mall (5) be parallel; but they are alſo («) 
equal. S Bis 6h En _ 
(h) Per 29. Therefore the B and 


But 
3 A and B are 
right Angles, the oppoſite ones (c) E and C are right alſo.) 
Therefore the Figure A E us a Square, qr F u 
7 * 
6) "733 ( In the ſame manner you may eafil 


bees ee ne 
r RO P. XVII. Theorem. 


1 every Right-angled Triangle (as ABC) the 
Square of — Side ( AC) which is appoſite 10 


* 


Fe. 72. gether of the 1wo ber Sides (AB, CB.) 


"Let IC and BF be drawn and BE parallel to A 
Now, if to the 142 


the right Angle, is equal to the two Squares to- 


8 A” uw * 4 


Lib. I. Euct i' Elements. 
the ſame Baſes, I A. F A, with the Parallelograms, 
T8 L Land z APE. and between. the ſame Parallels, 1 A, 


LB C, and A F. E Z B, they are halves (/) of thoſe Pa. (f) ver. 
I, 


r Therefore the Ar ABLI, 
2 1 


Z. D 


2. 
* was. taken for granted that L. B C is parallel to ILA. 


in order to which L B and B C muſt be one Line. 
Now that they are ſo, is manifeſt from the 14th, the 
Angles L BA and C BA, are both right ones by the Hy. 


Scholiam. 


18 (which, Prop. 31. J. 6, Eaclid extends 
unto all like or fimilar Figures) is commonly call'd the 
e Theorem, from Pytbagoras, the Inventor of it; 
who, as is atteſted by Pracius, Fitruvius and others, offer d 
Sacrifices to the Muſes, as ft himſclf to have been 
helped them in fo an Invention; in which 
thing he 'd himſelf to be ignorant of God, the Lord of 
Sciences, the true and only Author of all Wiſdom ; or cer- 
tainly, if he knew him, he glorified him not as God. There 
is frequent and notable Ui 
the Mathematicks ; and in particular, it opens a Way unto 
the Knowledge of incommicaſurable Magnitudes, a main 
Secret of Geometrical Philofophy. 


pers, Arifietle and Plato eſpecially ; intomuch that las 
would ſay, that be who knows not this, is not a Man, but 
a Beaſt. Now the — of this My ſeems to 
to have men its Riſe out of this 2 

ſeeing in the Square A E, the Angle A is a ri 
the Square of the Diameter C B ſhall be equal to 
Squares of the Sides, AB, AC, and therefore 
one of them. Wherefore: ſecing the Square of 
and the Square of the Side A B is 1, or Unity, 

ter ©-B f be the Square Root of 2; and the Sid 
the Square Root of Unity, it ſelf; Ratio of Which 


$5 


Euc in's Elements. Lib. I. 
Quantities (as it will be demonſtrated in its Place) cannot be 
ex plicated in Numbers, and therefore they are incommen- 
ſurable. 

And by this one A alone, if all others were want. 
ing, it might evidently 2 Geometrical 
Magnitudes cannot be made up of a definite Number of 
Points : for otherwiſe none would be incommenſurable ; 
toraſmuch as a Point would be the common Meaſure of all, 

= theſe n ſubjoin three Problems, which 

the preſent Propoſition, and are of fre- 


— 
8 Problem 1. 
Pig. 73. F any Number of Squares are given, to make one equal 
to them al 


Let there be three or more Squares given, whoſe Sides are 
AB, BC, CE. Makethe right Angle F BZ, havi 0 
definite Sides, and unto the Sides of it transfer A Band' 
and then join A C. "The Squire of A Cul bs qual 


920 the Squares of A B and RE C together (a.) 12 
= A C from B unto X, and Ne 
fer from B unto E, and j rr yy X ſhall 
A te be equals) tothe Squarc of E B (or EC) and & ore « 
ther 3 that is, equal to the three given Squares, 


a= AB, BC, CS: And ſo on as lng as you pleaſe. 


Problens * 2. 


Fig.74 Two unequal right Lines iven (A 

Tr <= 

. greater (A B) excreds the Square of the lefs 

From the Center B, with the Interval 
Circle. Then from C erect a 

the Circamference in E. The Square of C 
or Difference which is ſought for. 

For let E B be drawn. The Square of BE, 


n BC and CE rye 


Lure. 


5 3. 2 F N 42 


Fig. 75. ANY, S ae rest bing kom: 


2 14 9 Let 


a 22 .Fr FA AFT. 


— Ww==s ww 


Lib. I. EucLipd's Elements. 61 
Let the Sides containing the right Angle be AB, AC, 
the one of 6 Feet the other of 8. You are to find of how 
many Feet the Side C B, which is oppoſite to the right 
Angle, is. To do which, multiply 6 and $ each of them 
by it ſelf. From which Multiplication there will artſe for 
the Squares of thoſe two Sides 36 and 64; the Sum of 
which is 100. The ſquare Root of 100, which is 10, gives 
ſelf 


N 
„ for the Sum of the Squares B A and CA is 
BC. Therefore the Root of the 
the Root or Side B C. | 
B, B C be known, the one of 6 


is equal 
Sides 


derive the Original of Fig. 
and Secants. For, In. + 


[ * 
— 
CY 
„ 


1 1 
942. 
* 


„ therefore ſhall contain 50,000 Parts. But now in the 19/2: Prop 


multiplying 100,000 
ſubtract the Square of 


r 


* 


EvcLid's Elements. 


PROP. XLVIII. Theorem. 


17 in a Triangle the Square of one of the Sides 

(4B) be no to the two Squares of the other 
Ps 2 C, BC) taken together, the Angle 
(4CB) which the two other Sides contain, is 
a right Angle. 


If not, the Angle A CB will be greater or leſs than a 
right Angle. In either of which Cates (as it will be de- 
monitrated, Prop. 12, 13. { 2. which Propoſitions depend 
not on this) the Square of A B will not be equal to the 
Squares of AC, 1 which is contrary to the 
Hypotheſis. 

Or thes. Draw F C perpendicular to A C, and equal to 

be and join AF. The Square of A F is (a) equal to the 
_ 8 ether; that is, n 

(b) By the BC, C4; that is, y the Hypotheſis „ to the Square 

Conftric- of AB. "ks os Cute Le AF, AB ace equal. 

__ Becauſe therefore the Triangles X and Z are mutually 

** Per 8. equilateral, the Angles at C ** = equal, Therefore 

they are both right Angles (4). E. D. 
2 | 
J. 4 
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Euc rip ny Lib. II. 
tain'd under the right Lines 222 ———— by 
one another. &£ 2 | 

© are „eme are 


xx de 2 20 
A PRO POSITION 1 9 4 
| Fig. 1 1. FF there be two right | Lines (AB, AC), oulfl © 
whereof is dividetl into as many Parts as [11 WP 


yr 4 EF, FE;) ee wh 
ander thoſe two (AB, AC) is equal l 4 76e 
les together, which are contain'd under 
the uiidivided Line (A BYand ths ſeveral 7 
of tbe divided Line (12, EF, FC). - 
| dicular ts A C. thre- 
— 1 From' 7 w ihe ink 


| — 
1. af « 


lication * the — Number bo it | 4 
* Let the undivided Number be 2 one : 
4 22, The Rectangle which is from 9 SY 12108 ] 


will be equal to the, three Reflangles, and 45, 
66, . r 1 72 * 
reſpectively and leparately lumper 432 
«« as It — — divided i 0 400 and.20and 2; 
2 and the Number 8 an undivided Multplies 3, BNC 3 2 

. 24% Aeg er e 8X2 
is Aud from this Propoſition. th 5 
ns ' {tration of Muldiphoywin 39199 bs Ger 
2D: i .. 3 &-&'1 PROP. 


x : 8 


P92 ” 


Lib. II. Evexfv's Element. 2s 
| | 3 PROP. Tz 7% a 6 8 | Sh. | 
| I. the right Line (4B) be cut any whive(as Fg. 2. 


in & A* two Rectangle under the whole 
(4B) the Parts (AC, CB) are equal 10 
the Square of the whole Line (AB.) 


1 For A D is the Square of the whole, and A H, 'CD Fi. 7. 


6s r and the Parte A C, 
46% 1 ? 208 

[“ Let the Number 8 be divided into 5 and 3 ; the 
by GE WET mg, > wn > 6s Rot. 
6 "On" * 3224. * 5=40- ] 


PRO. III. Theorem. 


LE T a right Line, as (AB) be cut any where, Fr. 3 


(as for inſtance in C,) the RefSangle con 
tain'd hnder the Whole 4 B, and either of the 
Parts, (BC) is equal to the Rectangle under 
the Pars? ( AC, CB) together with the 108 
of the ſaid Part (BC) ä 

. For AF is the R 
" ads the_Faot AC; and CF r 


X 3z==9. In li 2 ; 
* . 3x — Kage . 4X — J 


Ler- right Live, as (FE) be cut any where, P. 4 
as in (O,) the Square of the Whole ſbali be 

equal to he quares ob the Parts (FO, OL) 

and to f oz Nacken contain 4 under the Parts 

(FO, ER * 

. Foe, E. Da 


* 3 pe 7 
«4 in 
wo 


Þ 


yak e two 125. 


Peru] 2 


a 5 


b inn 18. 


LEVINE aud CG 0d T. 19 


(1.) “ Hence it is manifeſt, that the Farallelo. 
about the Diameter of a Square, (O I, HE) ate 
(z.) * As likewiſe, that the e ee 
« biſets the Angles of i 
* And that 
rt of the Square of the whole Line. 7 
= — and Squares end in four equal Squares 


PROP..V. Theorem. 
7 4 right Line, a5 (Q.X)be cut equally in (R) 
. #nder the unequal 


and the Rectangle contain'd 
n_—_ 255 ——_ 
or the Square of 7 . Part 
"Tl oquay 69 the Square Ps _ 
Pw, 


— cunt, 6s 
«6 ; 
„Ls the Number 8 be divided equally, that is, into 
. , and 4, and ually into 5 and 3. The 

40 of 5x3—15 — with the Square 1x1=1 ſhall 
—** equal to the Square 41 216. 23 KN 


PROP. VI. Theorem. 

Fig. 6. aright Line ( A B) be pdt ins rs 
F. Parts in C S 0 it a certain vin 
(BE be adjoin 4; he Ref 


bole compaund Li 
Jan's we (BF) 5 


| 
: 
{ 
4 
< 


Lib. II. EvcLip's Elements. 
balf the Line (CB) ſball be equal to the Square 

7 25 which is of half the Line 
AB) and the adjoin d one. wache 


ual to the Square of A C, that is, 
the Lines AB, BC: From 
you take away on both Sides the Sq 
« the which is under A E, 


and the Quotient will give the Line A E. From which 
© ſubtract the known Altitude of the Mountain A D, the 
% remaining Line D E will be the Diameter of the Earth. 


9.8. 1. 
PROP. VII. Theorem. — 


F a-right Line (AB) be cut any where, (as In Fig. 7. | 
C,) the Square of the whole Line (A) taken 
together with the Square of ether of the Segmems 
(4 0 is equal to two R ed angles contained under 
the whole A B. and that Segment (AC.) together 
with the Square of the obher Seginent (C 5), | 

| 2 For 


68 Eucirp' Elements. Lib. I. 


Fig. 3. [.“ For EB is the Square of the whole Line, and AL 
4 the Square of the Part AC. But the two Rectangles un. 
233 and that Part EI, HL, 

„ with G B, uare of the other Part, poſſeis the 
bed Jen E B and the uare of AC doth. 
«« Therefore they are equal to E B and the Square of A C. 

% Let the Number 13 be divided into any two Parts, 
«« a3 g and 4. The Square 13x132=m169, together with 
«« thatgxg==81, is equal to n and 13X9==117, 
6 md'the 2 2= 


a 


PROP. VIIL Theorem. 


N. . FF a right Line (LF) be divided into two equal 
Parts in (I.) and to it a certain right Line be 

adjoin d (FO :) the Redbangle (L 1O,) which is 

contain'd under the half of the Line (LT) and 

the Line (10) that is . — of balf the 

aforeſaid Line, and the Line adjois d, this Rec. 

angle taken four times, together with the Square 

of the adjoin'd Line (FO,) ſhall be equal to the 

Square of the whole . Line (LO. ) 


= ng fur equal Refangles unde , con- 
251. r gles under LI and 1 © (to wit, 
12 reer. 
together) and with thoſe four Rectangles the 

«© Square HE. From whence the Propoſition is maniteſt. 
«© Let the Number 12 be divided into 6 and 6 ; and the 
Number 4 be added to it. The four ReQangles, 10x45 > 
==240 and 4X4=16 are equal to the Square 16K 1656. W 


PROP. IX. Theorem is 

L. a right Line (40) be divided equally in 

(B) 2 unequally in (F,) the Squares of the 

unequal Parts (AF, FC) will be double to the 

Squares of half the Line (4B)) * the in- 
rermediat Part (B F.) at. Ne 


— — 


. — — 4 * = 3 — _— — — —_ — — =s — 
2 ˙ͤiäᷓ ] AUê• — . = _ . 


Lib. II. EvcL1ip's Elements. 69 
«+ Let BE be equal and perpendicular to BA. From | 
10 the Conſtruction being made, as the Figure ſhews, 
« the Lines AB, BE, CB will be equal: As alto the Lines 
« EG, GQ will be equal. The Angle A E C, ABI, 
« CBE, EG Q. QFC will be right; and the Angles 
« AE B. BE C, ECA, CQF, EQ G half right ones, 
«« From whence the Square of AE will be double to the * Pee 47, 
« Square of A B, which is half of A C, and the Square of J. 1. 
« EQ double to the Square of G Q or BF the intermediate 
« Line. But the Squares of AE and E Q are + equal to + y 8. 
« the Square of A Q, that is, to the Squares of A F and Jame. 
% F Qor F C the unequal Parts. 2. Z. P). 
[** Let the Number 32 be divided equally into 16 and 16, 
% and unequally into 20 and 12. The Square 20X20==400, 
« with the Square tax zA, are double to the Squares 
« of 16X16==256 and 4Xx4==16.}) Fe: 


PROP. X. Theorem. 

F right Line (F D be divided into two equal pig. 10. 

Parts in (L,) and to it a certain right Line 
(as 10) be adios d; the Square of the whole 
compound Line (FO,) taken together with ihe 
Square of the additional Line (10, ſhall be 
double to the Squares, which are deſcribed upon 
the half Line (FL,) and (LO) that which is 
compounded of balf the Line (FF) and 'the ad- 
ditional Line. | . £0 

«« For a Conſtruction bei not unlike to t 
34 7 the == — n Fe. ak 
« the halt Line P L., and the Square of E G is double 60 
2 of EQ or LO, which is compounded of ® per 47, 
© the half Line and the additional one. Bur the Squares J. I. 
« of FE and EG are equal to the Square FG; that is, 
* to the Square of FO, the whole compound Line, taken 
. r OG or. © I the additional 

* SES IE 
* to it let there be added the Number 14. The Squaze++ 
„ 54X54=2916, with the Square 44X14= 196 are double 


1 
— 


to the Square of 20x20==400, taken together with 


3 211656. 
9 E 3 PROP. 
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| PROP. XI. problem. 
Fo to cut the given right Line (AB) in (C 
that the Rectangle (A BC) which is con- 
tain'd under the whole Line and one Part, fball 
be equal to the Square of the other Part (Ac) 


From A creft a perpendicular AF equal to AB. Biſe& 


AF in X. e eq . from the Line FA 
3 Then cut off AC 


be Thing is 

BAFS perfefied ; and a P 
1 oy 
is biſefted in 4 = to it 


* Oe the Square of XI 


— ten LI 
n 


== AS the Square of the Line BA; 
r 
_ A L will remain equal to C'S.” 


But AL is the of the Line A C. the 
ce AC ant Al are equal. AC. fin by th 
mo ARG foraſmech as BS Sequilw AB. 

| geared e e | 


Scbolium. WM 
Ten firſt Propoſitions of this Book are true alſo in 
Numbers: But this Eleventh cannot be exemplify'd 


in Numbers; for no Number can be ſo divided that the 


Product of the whole multiplied by one Part ſhall be equal 


to the Square of the other. The Force of this Section of 2 


3 For which, fee Prop. 30. Lid. 6. 
- - PROP. 


Rectangle A BC is equal to the Square of AC, There. 


C 
if 
80 


88888 hay 


Lib. II. Euct lin Elements. 7r 
PROP. XII. Theorem. 

JN an Obt t-angled Triangle (AC B,) tbe rx. 13. 
of the Side (AB) op oppoſite to the obtuſe 

Angle (C,) exceeds the Squares of the other Side: 

(AC, CB,) by the ReBangle (B CF twice ta- 

hen ; which ſame Rectangle is comprized under 

(B C) one of the Sides containing the obtuſe Au- 

gle, and the Line (C F) which is intercepted be- 

| p + the Perpendicular (AF) and the obtuſe 

gle. 


The Square A B Phage an 6) 2 


But the of BF is equal 
CB, with the cn Tak 4 Se 
if you ſubſtitute Ce he re et BY: ee 


Square of AB nal to A F 
— 1 | 
CB Square 
and R BCF twi 


But the Squares of AF, FC are (c) ual. to the Square of Ber 
AC. — — for them, N 18 


AB Square is equal to A C Square 
C B Square 


+Reftangle BCF twice. 
PROP. XIII. Theorem. 


IN any Triangle whatſoever (as ACB) tbe m. 15 
Square of — Side { A B) oppo 4 to an acute 

Angle c is exceeded by the es of the 

other Sides { AC, CB ) by the RoSangle (BCE) 

twice talen; which ſame Refangle is contain'd 

under B C) owe of the Sides comprehending the 

acute Angle C: ] and the Line {FC} which 

is intercepted betwixt the Perpendicular A 12 


72 Euc ire — Lib. II. 
1 the Side (BC) from its oppoſite 
_ (4) d the atiute Angle c, 


* The Square of BC is 5gual to f the ken BF C5 
- twice, 
| , TC — 
(e) Per a7. "And AC e — oh 
„ F A Square. 
* Wherefore the 48 equal to Reck. BFC 
two together N . 7a 
AP BF Square 
2 F C Squa 


AF Square. 

But the Rectangle BF C twice, together with the Square 

"hs of F C twice, is (a) equal to the Rectangle B CF twice. 
Therefore this being ſubſtituted for them. 


BC 2 equal to the Reclang. BCF twice 


TAC Squ B F Square 
of AF, Ir 2 
7 But the Squares 4 are uare 
(> ee ry nn x ſubſtirured for them, 
B C Squ. 7 are equal to Rectangle B CF twice 
Þ+ A C Squ. I + A 8 Square 
That is, BC Square-+AC n 
a 2 K. 


WI 
85 
Pl 
WI 
Pe 
kn 
fal 
At 
the 
tal 
gle 
Sq 
cu] 
fiti 
ans 
un! 


Corollary. 


Fig. 12. HE Propofition is true, al the. icular 
ö bea ———— 
the ſame. 


8 More briefly thus. ACq=()ABq + c©B4+ 


42 CBE... And on both'Sides C Bd. then AC+CÞq 
(a7 Per es n ede + EE: | 
2 * 9 | N Re 


* 


1 
8 9 
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Scholium. 


PROM this Propoſition, and the 47th of the former 
Book, we have the Meaſure of any Triangle whatſoever, 
whoſe three Sides are known, although the Area be alto- 
gether inacceſſible. For by the help of theſe I heorems, 
5 Perpendicular is known, albeit the Impediments of the 
Place ſhould not permit us to mark it out. But Note, 
That the Perpendicular, multiplied by half the Side on 
which it falls, produceth the Area of the Triangle, as ap- 
pears out of the Scbolium of the 4 1ſt Propoſition, Lib. 1. 
Let there be any Triangle (as ABC) having its Sides Fig. 1, 
known. It is required to give the Perpendicular A F, which or 14. 
falls from the given Angle A upon the oppoſite Side C B. 
Take the Square of the Side A B oppoſite to the acute 
Angle C, out of the Sum of theSquares oft AC, and BC. By 
the 13th, the Remainder ſhall be the Rectangle BC F twice 
taken. Divide halt of the Remainder, that is, the ReQtan- 
gle BCF by the known Side BC; thence will ariſe the 
ght Line CF. Take the Square of the right Line CF out 
the 773 AC. The mags = will 10 the (a) Per 
Square of A F, whoſe ſquare Root will give the Perpendi. Prob. 2. 
cular A F. Thos on Scho.. poſt 
is thi may be obtained out of the 12th Propo- 47-#% 1. 


PROP. XIV. Problem. 
TH E Right-lin'd Figure NZ] being gi- N. 6, 


ven, to make a Square equal 10 it. 


rr CI equal to che (b) Per 45. 
ReQtilinear QX Zz; Sides of which Parallelogram, 102 
they ſhall be eq you have already made the Square 
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through I and L deſcribe a Circle, and let C A be pro- 
rape og pany yn = joy B. The Square of 
ight Line A B is equal to iven Rectangle QX Z. 
For let the right Line Z B be drawn; Air 
i a bharumiaa ca 
\ IAL 
GAs ＋2 A & are equal (0 to Z L Square, that is, equal 
(a) Bythe to (4) Z B Square, that is, equal to () Z A Square + AB 
tion. Taking away therefore on both fides the common Z A g, 
(e) Per 47. there remains | 
8 Rect. I A L equal to A By; that is, 
re the Re. C I equal to 
| A B Square, and conſequently A B Square equal to the 
(gs) By the Rectilinear (g) QXZ: if 
Conſtruc- | 
9 Se bolium. 
_ FFUCLID's Conſtruftion of this Problem requires that the 
2 Rectilinear reduced unto a Rectangle by Prop. 45. 
4. 1. Which Reduction being enough, the Problem 
tch' d after this manner. 


1 ek IST 
) to it alſo (5) make a Rectangle 
equal Square; and laſt! ke — 
uare; , one 
This will be equal to the given Red 


Elements of EUCLID. 
"BOOK Il. 


2 ies of the moſt 


perfect 
Plain Fi are demonſtrated in this Book. 
See Clocks tes emu Sauce 
alone, that it treats of a t 
The more famous are 16, 20, 21, 22, 31, 32» 
35» 36. 


DEFINITIONS 

I. OSE Circles are equal, whoſe Diameters or Semi- Nx. 20. . 3. 

1 diameters are equal. 

2. A right Line (F B) is faid to touch a Circle, when it 
it doth ſo meet it in the Point (B,) that albeit it be produced, 
8 touch one another, when chey do 

3. Circles are ſaid to one „ wact . 
ſo meet that they do nog ant each other. 1. 13.16. 
4+ In a Circle the right Lines (B C, F L) are faid to be pig, 18. 
equi- diſtant from the Center (A.) when the Perpendiculars 
which are let fall upon them from the Center (A O, Al) 


are equal. 
— — Circle are the Parts into Fig. 35. 
which the right Line (C E) which cuts the Circle doth di- 


vide it. 
” Angle in a Segment is that (B QC) which is con. Fig, 33. 


6. An 
tain'd under the right Lines, which are drawn unto one 
Point of the Circumference (Q) from the Ends of the Seg 
ment (B C.) 7. Ine 


ITE Io fag the Center of « gives Cinch. 
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7- The ente 
ference (BOC,) as oppoſite to it. 
8. A Sector is that art of a Circle which is contain'd by 
two Semi.diameters, — r 
the Semi-diameters 


BCF) intercepted betwixt 
PROPOSITION L. Problem. 


Let the right eg 
dom, which biſect in Q. Through Q draw 8 
lar LF, which biſect in A. A Rll be the Center. 

If you deny it; let the Center be O, which is-without 
the right Line FL (for in FL it cannot be, foraſmuch as this 
Line is divided every where unequally but in A) and let 
there be drawn BO, QO, CO. — therefore you 
ſuppoſe O to be the Center, BO, CO muſt be equa}; and 
the Tring BOQ, COQ mult be equilateral to cach 
other ; ſeeing by. the ConſtruQtion, B pon CEE Io 
ad QO 5 5. Thorfor ESI. 

the Angle O 


ual to 
le (b) and co lo LOC, 9 5 
— ca w LE job 


. Corollary. . _ 
+2 > 14 a F 4 


VR O M- what hath been demonſtrated it agpears 
n Line (LF) cuts Re — 
ual Parts and hy, the cu is in d 
Line — Ciel 10 
The Cen a Ci is A = 
eas Abo? fey mms che. Sqn 


img he Ft — 
be biſected 


t it 


eee Lk; 9. 481 


- 
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PRO P. II. Teorem. 


F in the Circumference of a Circle there be 

taken two Points (C and B) the right Line 
which is drawn through them falls IP 
within the Circle. 


„ 


greater 
angle therefore O A C, the Side A C ſubtending the greater ©” 


AOC, greater than the Side A O, ſubtending J. 1. 
— 3 therefore A C reaches no farther oY Per 1g. 


ſo far. Therefore the Point O ſhall fall within the 
ircle. The ſame thing may be ſhew'd of any other Point 
of the Line BC. Therefore B C falls wholly within the 


| The Propoſition is alſo manifeſt from the yery Notion of 
WH a right Line and a Circle, 


Coroll. Hence it follows, that a right Line 
Circle, toucheth it in one fingle Point only. For if 
* tcuched the Circumference in two Points, it would be 
« right Line drawn thro' two Points of the Circle, and 
\ WH © conſequently would fall within the Circle, contrary to 
* the Definition of a Tangent. And by the like reaſoning 
*« (in paſſing from Planes to Solids) it might be prov'd, that 
* every Plane toucheth a Sphere only in one Point. 


PROP. III. Theorem. 
JF in a Circle a right Line (B L) drawn thro' Fe. 3. 
the Center biſafts another (CF) not drawn 
* the Center, it will cut it perpendicularly. 
4 it cut it perpendicularly, it will biſedt it. 
Part I. From the Center (A) let there be drawn A C, 


AF. WWW 


Fig. 4 5. 


Fig. 5. 


Fe: 4 
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other. For CO, FO are by the Hypotheſis equal, and 


© AF are ſo, becauſe drawn from the Center ; while 
is 


(1.) ** Hence in every Triangle, 
« and in that alſo which is only an /{/ce/es, a Line which 
«+ falling from the top of the Angle, biſects the Baſe, is 
6 icular toit. And on the contrary, a Line which 
% falling from the top of the Angle is perpendicular to the 


%% Baſe, doth biſect it. 


| (z.) ** Hence it follows, that half of the Chord of every 
Arch, is the right Sine of half the Arch. 


PROP. IV. Theorem. 


JF in « Circle two right Lines, (BC, FL) aut 
drawn both of them through the Center, cut 
each other, they cannot biſed each ihe other. 


For if one of them L F the Center, it is 
manitelt that it ſhall not be biſected by B C which doth not 


through the Center. 
1 neither ot them h the Center, from the 


Center A draw AO. If now BC, FL were bath biſected 


a) By the in O, the Angles AOC, AO L would (a) be right Angles, 


rel 


Fig. 6, 7. 


— equal ; the Whole to a Part, which is ab 


cles cutting each other, or inwardly touching 
one the other, bave nas the ſame Center. 


For 


Lib tf; Evetrn's Element 59 
For if it were otherwiſe, the right Lines AB, AC, 

drawn from the common Center A, would be equal; and 

AC wokld be equal to AF; a Part to the Whole, becauſe 

they are both equal to A B. Which is abſurd. | 


PROP. VII. Theorem. 
| FF in 4 Circle there be taken any Point beſides Pit. 8. 
| the Center (A,) as the Point (C.) and divers 
right Lines fall from thence unto the Circum- 
ference (as CB, CL, CO, CF;) | 
1. (CB) which paſſeth through the Center, 
will be the greateſt. 

2. The remaining Part of the Diameter (CF) 
i be the leafs. 
| 3. Of the reft that will be the greater, which 
c 


is nearer to the greateſt, 

4. And no more than two equal Lines can be 
drawn from the ſaid Paint (C.) which is differ- 
ent ſrom the Center, uno the Circumſerence. 


Part I. Let AL be drawn from the Center A: Becauſe 

AL, AB are equal, the common Line A C being added to 

each, AC AL together are equal to C B. But AL 

+AC are greater than LC (s.) Therefore CB is 222 
than LC. In the ſame manner B C will be ſhew'd to be“ - 1. 
greater than any other. 

Part IT. From the Center A draw AO. AO (that is, 

AF) is leſs than AC, CO (c.) Therefore taking away the (c) By the 
common Line A C. CO remains greater than CF. In/-=c. 

the ſame manner CF is prov'd tp be leſs than CQ. or any 


other. : 

Part III. In the Tri COA, CLA, the Sides 
La, AC, are equal to AQ, A C, each to each. But the 

LAC i than the O AC. There- 
fore (4) the Baſe L C is greater than the Baſe O C. (OD way 
Part LV, This is from what goes before. For if“. 1. | 
here could be three drawn equal, CO, CI, CQ, there 
ould be two on the ſame Side equal: Which is contrary 


d Pars LIL. 
| eg 
3 h- 2 . 


TE nn = 6 
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* thered, gt, Ay ron ee oe hp — 
* the Surface of a Sphere, from any Point di 
„the Pole of a certain Circle unto that Circle, the greateſt 
« js that which paſſeth thro* the Pole of that Circle; the 
« leaſt, that which is drawn unto the oppoſite Point; and 
« of the reſt, that is the greater, which is neareſt to the 
«« greateſt ; as alſo that no more than two equal Arche 
«< can be drawn from that Point unto the Circle. . And it 
«© like manner may the Reader reaſon of himſelf on ſome 
«« other of the Propoſitions of this Book ; it being very 
«« eaſy to paſs from Planes to Solids in theſe Argamentz 


«« tions. 

| PROP. VII. Theorem. 

FF from a Point { A) taken without a Circle, 
there be drawn unto the Circle the right Line 

{AB, AC, 4 or { AO, A, AR; 

1. Of thoſe which fall upon the concave Cir- 
cumſerence, the greateſt is { A B) which paſſes 
through the Center Z. oke 

2. Of the reft, that is the greater, which is 
nearer to the greateſt AB. / | 

3. Of thoſe which fall without the Circle, or 


from 


leaft is leſs than that which is farther off. 
5 No more than two equal Lines can be draws 
amo the Circumference from the ſame Poin / A/ 
whether they fall within the Circle, or only with- 

ont. 1 ; 4 576 -- 
Ng. 9. Part I. From Center Z draw Z C; becauſe Z C, Z8 
lere equal, the common A Z being added to each, A Z Z 0 
(a) Per ao. are equal to A B. But A ZZ & are (4) greater than 4 C 
41. Therefore A B is greater than A C. In tke manner AB 
will be ſhewed to be greater than zay other v hatſocver 4 
Part II. Draw Z F. Becauſe in the Triangles AZ C Sit. 

AZ F, the Sides AZ, 2 C are equal to A Z, Z F, exc 


| upon the convex Periphery, the leaſt is ( AO) © 
| 8 which being produced would paſs through b . 
Center CZ * th 

4. Of the reft, that which is nearer to the - 

O 

W 
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to each ; but the Angle AZ C is greater than A Z F. 
therefore the Baſe AC (5) will be greater than the Baſe AF. (b) Per 24. 
Part III. Draw Zz Q. The two Lines A Q. QZ are J. 1. 
than A Z (c.) Taking away therefore the Equals *'2- 10. 
Q,Z O, there remains A & greater than AO. In "— x atk 
ſame manner A O is prov'd leſa than any other. — 
Part IV. Draw Zz R. The right Lines AQ. Q are 
leſs than A R. RZ (4) ; therefore the Equals Z Q, Z R(4) per 
being taken away, A R remains greater than A Q. 21. J. 1. 
Part V. This is maniſeſt from the Four foregoing. 


PROP. IX. Theorem. 


F from ſome Point within a Circle {as A Fu. 11. 
more than two equal right Lives can be drawn 
unto the Circumferencs ; that Point is the Center. 


This is manifeſt from Part IV. of the 7th Propoſition. 


| PROP. X. Theorem. 
Crates cut each other in two Points only. Fig. 12. 


For let them cut, if it may be, in more (B, C, F.) 
From A, the Center of the Circle L Q. let there be drawn 
to the Points B, C. F. the Lines AB, AC, AF; theſe 
will be equal. Becauſe therefore from the Point A, within 
the Ciręle O S, there are drawn three equal Lines, A B, 
AC, AF, unto its Circumference, A muſt alſo be the 
Center (a) of the Circle OS. Therefore the Circles L Q. (a) B 75. 
OS, which cut ore another, have the ſame Center. Vregelg. 
Which contradicts the 5th Propoſition. 


PROP. XI. Theorem. 


F two Circles touch each other inwardly, an. 13 
right Line drawn through their Centers 
(Aand I) paſſes through the Point of Comta#(B.) 


It yon deny it, let the Centers have, if it may be, that 
Situation, that a right nw paſſing through them, ſhall 
fall 


added to each of them, A CC n 


(b) Per 20. But AC, CB are ) greater than AB, t 

(e). Therefore alfa h. O is r 
Se, the Whole: Which ab 
mag PROP. XII. Theorem. 


Py. 14. 1 F Circles touch one another on the outſide, a 
right Line, which joins the Centers, muſt 
paſs through the Point of Coma#. 


If it be denied, let the Centers be ſo placed, as for in- 
ſtance in A and B. that the Line paſſing through them ſhall 
not paſs through the Contact 8. 1 N oe 
Q Let the oints A. S and B, S be joined. A8, 


4) Per 20. B 5 together will (4) be greater than A B. "Sys AS is (e) 
7 to AO, and 5S equal to B Q. Therefore AO 


(E) Þ the and BQ her will be greater than A B, a Part than the 
efinition Whole. Which cannot be. 
Yo Grd. CG by. ++ A right Line drawn from the Cinter of 
« one of the Circles through the Point of Contact, will 
- * paſs through the Center of the other.] 


PROP. XIII. Theorem. 


Fig. 15, 16. {Ircles touch both one another, and a right Line, 
in a Point only. | 


Fig. 15. For let two Circles touch one another i in a Part 
of the Circumference L C, if it may be: Then a right Line 
(f) Per 11. drawn. through the Centers A and 5 will (J) paſs through 
3. the Point of Contact, as in C. Let there be drawn allo 

AL. BL. Becauſe therefore B L, B C are equal (for they 

are drawn from the Center B unto the Circumference O L C) 

the common Line A B being added, A B, BL ſhall be equal 

to Ac. But AC is equal to A L., for they are bath drawn 

from the Center A unto the Circumference L QC. There. 


fore A B, B L are equal to AL, contrary to Pr 20. 
L. 1. 
Then 
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Then let the two Circles touch one another on the out- Fig. 16. 
fide, in the Arch O L, if it may be. The right Line A P, 
joining the Centers, will paſs through the Point of Contact 
(a) as in O, for inſtance: Let A L., PL, be drawn. ! te (a) Per 12. 
two Sides of the Triangle A L, PL., will be equal to A O. 3- | 
PO, or the whole AP; contrary to Propoſition 20. L. 1. 

Laſtly, Let the right Line BF, and the Circle touch each 
other, if it may be, in ſome Part (C E:) Let there be 
drawn unto the Center the right Lines C A, E A. The 
Lines CA, E A will then be equal : And therefore the Tri- 
angle CAE is an 1/oſceles. Wherefore the Angles C and E 
(5) are acute. And therefore a Perpendicular let fall unto (b) Per 
BF from the Center A, will fall betwixt E and C, (c) as, Corel. II. 
for inſtance, in D. There will therefore both AC and A E TT. 32- 
be equal to the Perpendicular A D, which is abſurd, and , L 


contrary to Corol/ary 14 p. 32. and to Propoſition 47. L. 1. 82.27 
Prop. 
Corollary. LEE 


ſreles, whoſe Centers are in the ſame right Line, and Fig. 17. 
which cut it in the ſame Point B, do touch one another 
in that Point only. 
This Propoficion is manifeſt from the very Notion of the 
Lines which are compared together. For neither can a 
right Line and the curve Cireumference of a Circle, or the 
divers Curvatures of unequal Circumferences, or two Curva- 
tures both convex, agree as to any Part of themſelves. 
But they would agree if they touched one another in ſome 
entire and proper Part. 


PROP. XIV. Theorem. 


[Ns Circle, equal right Lines (BC, FL) are. 18. 
equally diftant from the Center (4) And 
what Lines are equi-diftant from the Center are 


equal. 


From the Center (A) let there be drawn (A C, Derr 
Likewiſe AO, A I) at right Angles to B C, FL. Thus J. 3. 
BC, FL. ſhall be biſected (4) in O and I. 

Seeing therefore the whole Lines BC, FL are ſup. 
poſed equal, the halves alſo OC, I F muſt be equal, and 


conſequently the Squares of them are alſo equal. Seeing 
+ We therefore 
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therefore the Squares of AC, AF are equal, and the Square 

of AC is equal to O C q. and O A q, as alſo the Square of 

$0) 22g 20 Ben Wars, and I AQ (a) : It follows, that the 

2 two Squares OC q. O Aq are equal to the two Squares 

IFQ, IAQ, Wherefore taking away the Squares of 

OC, IF (which before were ſhewed to be equal) the Square 

of A O remains equal to the Square of A l. Therefore the 

G Per Perpendiculars O A, AI are equal. Therefore (5) BC, 

ef. 4- 1.3. E L are equi.diſtant from the Center. Which was the firſt 
Part. Then for the converſe of it ; 

It the Diſtances A O, ATI are ſuppoſed equal, then the 

Squares of the equal right Lines being taken away, by the 


ſame Ratiocination it will be ſhewed, that the remaining 
Squares OCq. IF q are equal, and conſequently that the 

* Per 3.1.3. right Lines O C, I F are equal, which ſeeing they are 
halves of the right Lines BC, F L, theſe alſo muſt be equal. 
Which was the ſecond Part. 


PROP. XV. Theorem. 


Fig. 1% 0 F right Lines deſcribed in a Circle, tbe greateſt 
is the Diameter; and of the reſt, that is the 
greateſt, which is the neareſt to the Center. 


Let there be any Line, as R $ different from the Diame. 

ter FL. From the Center draw AR, AS. The two, 

90 Per 20. AR, AS, which are equal to the Diameter, are (c) greater 
1. than RS. Therefore, e. 

Then let BI be nearer to the Center than X Z. From 

the Certer unto them draw the Perpendiculars A C, AQ. 

d) Per AQ ſtall be greater (4) than A C. Take therefore A O equal 

<f.4.1.3.to AC, and through O draw RS perpendicular to A 0. 

(e) By the which (e) will be equal to BI; and let AR, AS, AX, 

foregoing. A Z be join'd. Becauſe therefore A is the Center, the Sides 

AR, AS ſhall be equal to A X. A Z. But the Angle RAS 

is greater than the Angle X A Z. Therefore the Baſe RS. 

t Per ac. that is, BI, is greater than the Baſe XZ (/ NE. O. 


PROP. XVI. Theorem, 


Fig. 20. Right Line (IF) which being drawn through 
A the Point (B,) the Extremity of the Dia- 


meter (CB) is perpendicular thereto, falleth 1 
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it without the Circle, and toucheth it in (B.) 
either can any right Line be drawn be- 
twixt it ſelf and the Circle unto the Point of 
Comta# (B,) but it ſhall cut the Circle. 


Part I. Let there be taken in the Line I B F any Point 
L, unto which, from the Center A, draw the Line AL. 


one, by the Hypotheſis, A L B ſhall be acute (g). There. (g) Per 
fore A L, which is oppoſite to the greater Angle B, will ©9rv/. 5. p. 
be greater than A B. which is oppoſite to the leſſer Ang h 
L C.) But AB reacheth only to the Circumference. (0) er 
Therefore A L ſhall reach beyond the Circumference ; and?) 
conſequently fall without the Circle. Which was the firſt 

Part. 

Part II. Below BF, if it may be, let R B fall wholly 
without the Circle. Becauſe F BA is a right Angle by the 
Hypotheſis, R h A will be acute, and therefore A B is not 
perpendi to B R. Therefore let there be drawn from 

the Center A to BR, the Perpendicular A O, which (a) (a) Per 
will fall towards R, and cut the Circle in Q. Therefore Coro!. 3. 
AB, which is oppoſite to the greater Angle A O B, is Tr. 32. 
greater than A O, which is oppoſite to the lefſer, to wit, I. 
the acute Angle OBA. But A B is equal to AQ: There. 

fore A Q alſo is greater than A O, a Fart than the Whole. 


Coroulary. 


. H Es it appears again, that the Contact of a right Fx. 20. 
Line and a cireular one, is only in one Point. 

2- If trom Centers taken in the ſame right Line infinitely Fig. 17. 
protracted, there be deſcribed through B infinite Circles, as 
well leſſer than the firſt BS C, as greater; they ſhall all 
touch the right Line I F in the ſame one Point B. 

3- Circles therefare growing into an Amplitude greater 
than any given one, approach always, even unto Infinity, 
nearer and nearer to the Tangent, but are never juin'd to it, 
otherwiſe than in one fingle Point of Contact; which thing, 
although it be moſt evident, is yet truly admirable. 
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4. From theſe Things it is manifeſt, that every Geo- 
metrical Line whatſoever is infinitely diviſible. For let 
there be drawn from ſome Point of the Diameter unto the 
Tangent the right Line A Q. Infinite Circles having Cen. 
ters in the right Line B A infinitely produced. touch the 
right Line I F by Corollary 2. of this, and one another by 
Cor».lary, p. 13. in one and the ſame Point B, and conſe. 
quently are no where joined. either amongſt themſelves, or 
with the right Line Ir, but in the Point B only. There. 
fore it is neceſſary that they divide the right Line A Q into 
— Parts, that is, into Parts exceeding any Number aſ- 

gnable. 

5. The Angle of Contingence or Contact LB Q. (that, 
to wit, which is contained under the Tangent and the Cir. 
cumference) cannot be divided by any right Line. 

6. Nevertheleſs, by Circumferences touching the Line 
I F in the ſame Point, it may be divided and diminiſhed in- 
finitely. And in this, and the third Corollary, lies hid the 
whole Myſtery of Aſymptotes, that is, of a right Line ap. 
proaching unto an Hyperbola, together with it ſelf infinite. 
ly produced, unto a Diſtance leſs than any given one, yet 
never concurring with it. 


PROP. XVII. Problem. 


ROM the given Point (B,) to draw a right 
Line, which ſhall touch a given Circle (O 


From A the Center of the given Circle, let there be 
drawn into the Point B, the right Line A B, cutting the 
Periphery in O. From the Center A deſcribe through B 
another Circle B C, and from O draw OC perpendicular to 
A B. which may meet the other Circle in C. Draw CA 
pectinewhe Circle OQ in I. The right Line drawn from 
B unto |, wiiFtouck-the ©: * 

For becauſe the Sides B A, I A, are equal to the Sides 
CA, OA, and the Angle A contain'd ide the equal 
Sides is common to both. In the Triangles I AB, OAC, 


(a) Per 4. the Angles AOC, AIB are alſo (a) equal. Therefore 


A1lB is a right Angle. For AOC is-a right one dy the 
Conſtruction. Therefore BI (6) toucheth the Circle in J. 


ge bolium 


e. fs 
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t Line. joining 
Center yg in P. 


— Then from the C 
through A and O, deſcribe a Circle, meeting the gi 
in B. The right Line O B will touch the Circle. 

For A B being join'd, the Angle ABO in the Semi-circle 
is a right one by Prop. 31. Therefore by Prop. 16. OB 
toucheth the Circle B Q. 


PRO P. XVIII. Theorem. 


1 F a right Line (CL) touch a Circle, a right Nn. 8. 
Line (AB) drawn from the Center (A) unto 

the Point of Contact (B) is perpendicular to the 

Tangent. 


If it be denied, let ſome other right Line (as A F) be the 
icular from the Center A. This will cut the Circle 
in O. Becauſe therefore the Angle A F B is ſuppoſed to be 
a right one, A BF (e) muſt be acute. Therefore A B (that (e) Per 
is, AO) 1s greater AF (4); a Part than the Whole, Coral. 5. 
which is abſurd. P. 32. J. 1. 


(d) Per 19. 
PROP. XIX. Theorem. 2 


1 Fa Line (BC) touch the Circle, aud from the ig. 29. 
Point of Contact (A,) there be raisd ( AT) 

perpendisular to the Tangent, the Center will be 

in that Perpeudicular. 


If you deny it, let the Center be without AI in Z; and 
from it let there be drawn unto the Contact the Line 
ZA. The Angle Z AC will be a right one (e) and there. (e) By the 
fore equal to the Angle I A C, which, by the Hypotheſis, Voreguiaę 
is a right one; that is, the Part will be equal to the 
Whole, which is abſurd, 
| F 4 PROP, 
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PROP. XX. Theorem. 


Fe. 30,31, THE Angle at the Center (B AC) is double 

3z TY the Angle (B FC) which is at the Cir- 
cnmference, when the ſame Arch (BC) is the 
Baſe of the Angles. 


Fiz. 30. Here are three Caſes. In the firſt Caſe, the Sides B A, 

: B F coincide. And then becauſe AF, AC drawn from the 

: Center are equal, tkere will be in the Triangle Z, the 
(a) Per 5. Angles F and C equal (a) But BAC is equal to the two 
6.1 Angles F and C (9. Therefore B A C is double of F. 

In the fecond Caſe, BA, CA fall within B F, C F, and 
then FA X being drawn, X AB, by the firit Caſe, is double 
of XFB; and XAC double of X FC. Therefore the 
whole B A C is double of the whole BFC. 

In the third Caſe, BF cuts AC, and the A BAC 
is without the 'I'riangle B FC. Here let FA L be drawn: 
By the firſt Caſe, the whole LA C is double of the whole 
LFC, and LAB taken away, is double of LF B taken 
away. Therefore the remaining Angle, BAC, is alſo 
double cf the remaining one, BFC. Q. E. D. 


Corollary. ** Hence we gather, that the Sides of every 
«* Triangle are to each other as the Sines of the Angles op. 
«< poſite to thoſe Sides re!peRively. Let EF G be any 
„ 'Triangle ; about which let a Circle be underſtood to be 
*+ circumſcrib'd (c.) and from the Center of the Circle, 
4.4 et there be let down the Perpendiculars A B. AC, A D, 
» Which will “ biſect the Subtenſes. Now as E F is to 
83 „RG, ſo halt EF (that is, E B) to half E G (that is, 
+ Per Co- ** E D.) But E B is the Sine of the Angle B A E, that 
rol. 2. p. 3. js, of half the Angle E A F, that is, of the whole Angle 
. 3. „E GF, “ oppoſite to the Side EF; and E D is the Sine 


Per 20. ot the Angle E A D, chat is, of half the Angle E AG. 


be 3. ** that is, of the whole Angle E F G, which is oppoſite 
4 to the Side EG. Therefore E F is to E G, as the Sine 


of the Angle E G F, is to the Sine of the Angle EFG. 


E. D. And from this one Propoſition a great Part of 
„ '[rigonometry is deduced. Which thing will be worth 
„ our Obſervation. 

| Corollary 
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Corollary (2.) From the former we learn Fig. 86. 
to meaſure the Diſtance of the Moon. For Aſtronomi- J. 1. 
«+ cal Obſervations giving us the Angie of the Diurnal Pa. 
_ —_— = I OR Ip Oat of 
« the ing Proportion. As the Sine Angle p. 32. J. 1. 
« ACB, is to the Sine of the Angle ABC; fo is he tee 
« diameter of the Earth, B A, unto the Moon's Diftance, 
* AC. SEL 
Corollary (3.) From the ſecond Corollary we learn alſo N. 54. 
*« to meaſure the Diſtance of the Sun, for there being given 
* by Aſtronomical Obſervations the Angle of the Men- 
„ ſtrual Parallax, (namely, that which is made when the 
Moon appears preciſely biſected) or the Angle Z EO. 
and, together with this Angle, the Moon's Diftance, ZO. 
„We find the Diſtance of the Sun by this Analogy. As 
«+ the Sine of the Angle Z EO, is to the Sine of the Angle 
** EOZ ; which Sine is the Radius: So is ZO, the Moon's 
«« Diſtance, unto ZE, the Diſtance of the Sun. Q. E. I. 


P RO PAXI. Theorem. 


THE Angles (B AO BFC) which in a N. 3 
Circle ftand npon the ſame Arch (BOC)) 

or which are in the ſame Segmem (BY SC) are 

all equal among tbemſelues. 


Let firſt the Segment BQSC be greater than a Semi. 

circle. From the Center * Fac. By the fore. 

going, the Angle B A C, at the Center, is double of each, 

BQC. BFC. Therefore they all, BQC, BFC, are 

equal (a.) 2. E. D. (a) Per 
Then let the 8 B QC be equal to, or lefs than a Axiom 6] 

Semi-circle. In the Triangles BQI, CFI. becauſe the Fig. 34 

Angles vertically oppoſite at I are equal (ö,) the Sum of (b) Per 

the reſt, Q and R will be equal to the Sum of the (c) reſt, 15. J. 1. 

Fand O. Wherefore, if from theſe equal Sums there be (e) Per 

taken away the Angles R and O, which by the firſt Part, gay 1 

are equal, as ſtanding upon the ſame Arch QF, the Angle? 1 

which remain, QF, muſt be equal. 2. E. D. 


Corollary. © Hence we gather in Opticks, that any 
* Line BC to the Eye placed where you will in the Cir- 
«« cumference 


_ 


— w I” 
— . ˙ mam —˙Äa NV EEECIng 
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% cumference of the Circle, whereof the Lines is a Chord, 
«© appears of the ſame Agnitude; to wit, becauſe it ap- 
* pears every where under an equal Angle B QC. 
Scholium. If of wo equal Angles, ſtanding upon 
„% the fame Arch, ons of them be at the Cir rence, 
the other alto will be at the Circamference, 
Fig. 33, 34. lf it be denied, B : ſhall either be quai t the 
„ Angle BI C, oi: this fide the Circumference QF, or to 
„the ingle 4EC, which i beyond the {aid Circumterence, 


*« But the Angle BIC. is (4 greater, and the Angie BEC 


(2). 3 * (4d) is leſs than the Angle BC. Theretore, &c. 
k 


"5% $O0P, TX. Than 


Fig. 35. Vany Quadrilateral inſcribed in a Circle 
" (ABCEF) the oppoſite Angles make two right 
ones. 


Let BF, C A be drawn. The Angle A B C, with the 
(a) Per 32. (a) two, O and X, make. two right Angles. But Os 
L 1. equal to I (5,) becauſe it ſtands upon the ſame Arch, BC: 
ib Per 21. And again, X is equal to Z, becauſe it ſtands upon the ſame 
* Arch, AB. Therefore ABC taken together, with th: 
two Angles I and Z, that is, with the whole oppoſite 

Angle AF C, makes two right Angles, L. E. D. 


Corollary (1.) ** Hence, if one Side of a Quadrilateral, 
„ deſcribed in a Circle, be protrafted, the external Angle 
«© will be equal to the oppoſite Angle of the Quadrilateral; 
* for the internal, added to either of them, makes two 
„right Angles. 

(z.) Likewiſe a Circle cannot be deſcribed about 
„% Rhombus, becauſe its _ Angles either fall ſhort of, 

or exceed two right Angles. 
) Likewiſe, if in any Quadrilateral A B C F, the 
« oppoſite Angles F and B are equal to two right ones, a 
(a) Per 5. ** Circle may be deſcribed about it. For (a) a Circle will 
J. 4 «« paſs through any three Angles, C,. F, A, and this, ſo that 
* Per 22. . ® fourth be equal to B: which cannot be, unleſs it doth 
43. « indeed pals rhrough the Point Bf, Therefore it doth 
P. 21. J. 3. paſs through it. 


PROP. 
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PROP. XXIII, XXIV. Theorems. 


f 4 * E not neceſſary; and they treat of ſimilar 
; Segments, which cannot rightly be defin'd 
wit baut Proportions. 


PROP. XXV. Problem. 
To perfe a given Arch (A3 C.) Fig. 36. 


Let there be ſubtended at Random the two right Lines 
n AB, CB; which biſect in I and L. From I and L raiſe 
Perpendiculars meeting one another in O. This ſhall be 
the Center of that Circle whereof ABC is a Portion. 

For (a) the Center is both in the Line IX, and in the Ca) Per 

Line LZ. Therefore it is in their common Point O. Corol. p. 1. 
0 The Practice. From the Center B, taken in the Arch, “ 3. 
s W deſcribe a Circle; and with the ſame Interval, from other 
: Centers in the Arch, deſcribe two other Circles, each of 
which cuts the former twice. Two right Lines drawa 
: WW through the Interſeftions, and crofling each other in O, 
e will give the Center; 


PROP. XXVI, XXVII. Theorems. 


0 IN equal Circles, equal right Lines (CE, FT) Rx. 37. 
ſubtend equal Arches; and if the Arches are 
equal, the Subtenſes are alſo equal. 


f, Theſe two ions are plainly Axioms, and need no 
o Propoſitions plainly 


a Corollary (1.) ** If ina Circle A BC D the Arch AB be Ng. 5s. 
equal to the Arch DC; AD will be parallel to BC. 
u For AC being drawn, the Angles ACB, CAD, as 
& 8 ** ſtanding on equal Arches, will be equal. Wherefore * Per 27. 
th a © A D is parallel to B C. Q. E. D. L 1. 
(2.) * The right Line E F, which is drawn from the Fi · 56. 
p rr 
— 1 


— — — 


: 


Fg. 3. JF in equal Circles, the Augles, whether at 


(a) Per 4. CB are equal (a). the Arches alſo (6) AB, 
(b) Per 26. The Practice. From the Centers A and C deſcribe with 


diſect the Arch ABC. 
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«« the Circle, is parallel to the right Line B C, which ſub. 
4 tends that Arch. For from the Center D, draw unts 
the Point of Contact A ne right Line DA, and join DB, 
« DC. The Side DG is common, and D B is equal 
„ to DC, and the Angle B DA equal to the Angle CDA, 
% the Arches BA, CA being ſuppoſed to be equal. There. 
fore the Angles DGB, DG C are equal“. and conſe. 
„ quently are right Angles But the internal Angle; 
„GAE, GAF are alſo 1 7 Angles T. Therefore BC, 
. 


« E F are parallel“. 2. 
PROP. XXVIII, XXIX. Theorems. 


the Centers (BAC, F LI) er at the Circum- 
ference (BOC, FSI be equal; the Arches alli 
(BC, FZTI) on which they ſtand are equal; 
and if the Arches be equal, the Angles alſo are 


equal. 


Theſe two Propoſitions alſo are plainly Axioms, and need 
no Demonſtration. 


PROP. XXX. Problem. 
To biſec a given Arch (ABC.) 


Draw A C, which biſect in C. From O draw the Per- 
pendicular O B, meeting the Arch in B. I fay the ching 
is done. 3 

For let AB, BC be join'd. The Sides A O, BO are by 
the Conſtruction equal to CO, O B; and the Angles at O 
are equal, as being right ones. Therefore the Baſes A B, 


3 C are 


an equal Interval, Arches cutting each other in the Point . . 4 
F =. I, the right Line drawn through theſe Points will . ; 


PROP. MI * 
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PROP. XXXI. Theorem, 


HE Angle (BCF) in a Semi-circle, is a iy. 40 
right one ; that in a Segment greater than 
a Semi=circle, is leſs than a right one; that in 
a Segment leſi than a Semi- circle, is greater than 
a right one. 


Part I. From the Center A draw AC. Becauſe AB and 
AC are equal, the Angles O and B are equal (c.) (c) Per g, 
For the ſame Cauſe the Angles I and F are -& 
Therefore the Angle BCF is equal to B and F together. 
* WY Seeing (2) therefore the three together make two right (a) Per 32. 
- WH Angles, — F, which is half of two right Angles, is one“. 1. 
1 
‚ Pare I]. Let the Segment LOBC be greater than aFy. as. 
Semi- circle, and in it let there be the Angle COL, and let 
3, the Diameter of the Circle, be drawn. The Angle 
COL is leſs than that BOL, which, by Part I. is a right 
one. Therefore, e. | 
| Part III. Let the Segment L O X be leſs than the Semi. F. 41. 
circle LOB, and X OL be the Angle in it. This will be 
greater than BOL, which is a right one, Therefore, &c. 


Corollary.(1.) Hence we may make a Proof of the Fig. 

" es Au Square, whether it be exactly Rect. 18 
*« angular or not. For in what Circle ſoever the top of the 

« Square is laid upon C, or any Point of the Circumfe- 

*« rence whatſoever, if the Sides of it do paſs through the 

Points of the Diameter B and F, the Angle is a right 
one; otherwiſe not. 

(2.) „If the Sides of a Square be held continually upon 
* the Points B and F, in the mean while that the Angle is 
„ moved round, firſt on one Side, then on the other, the 
top of the Angle C will deſcribe a Circumference of a 
Circle, whoſe Diameter is the Line B F. 

(3-) ** Hence we learn to raiſe a Perpendicular at the 
end of a Line. Let B C be the Line, C the Point given, 
from whence a Perpendicular is to be rais'd. From any 
„Point whatſoever, A, as the Center, let a Circle be deſcribed 
** Paſſing through the Point C, and cutting BC in any Point, _ 
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« 23 B. If the Diameter BF be drawn, it is manifeſt that 
the Line CF is the terpendicular required. L. E F. 
Fig. 57. (4.) ** Hence it is manifeſt, that C Circles touching one 
another inwardly, do cut all Lines, as A D proportion- 
% ably ; or ſo, that A C, the Subtenſe of the leſſer, is to 
6s Ab, the Subtenſe of the greater Circle ; as AE, the 
= Diameter of the leſſer, is to A B, the Diameter of the 
«« greater, For there being drawn the Subtenſes E C, BD, 
the Triangles EA C, DAB are equi- angled. For the 
«« Angle A is common, and ACE, ADB are right ones, 
«*« as being Angles in a Semi.circle ; and therefore A E C, 
(by Per ABD (6) are equal. The 220 therefore are ſimi. 
Corel. 9. lar, by the Fourth Propoſition 1 Book, and 
Prop. 32. AE:AB::AC: RS DIP 
I. A Bo In a righ Trian BCP, H 
Fig. 40. by © my be dileQct in A, viahe Line A C om 
% the Triangle into two equicrural ones, A C B, ACF, 
% and fo a Circle deſcribed · from the Center A, through 
8 B, muſt paſs through C, the Top of the right Angle. 


PROP. XXXII. Theorem. 


Fg. 4 TF a rig ght Line (CF) touch a Circle, and an. 
ther ( AB) which is drawn from the Point of 

Cuntac (A) cut it, the Angle made by the Tan. 

gent and the cutting Line, is equal to the Ang: 

which is made in the internal or oppoſite Segment. 


That is, the Angle C A B will be equal to the Angle L, 
which is made in the Segment ALB ; and the Angle FAB 
will be equal to the Angle O, which is made in the Seg- 
ment AO B. For, 

Fig. 42. Firſt, let the Line A B paſs through the Center. Here 
by Prep. 18 CAB is a right Angle: And by Prop. 31. L 
is alſo a right one. Therefore CA B and Lare equal. 

| Fig. 43 Then let the Line A B not paſs through the Center. 
| Let the Line A Q therefore be drawn through the Center, 

ll and B Q be join'd. Becauſe the Angle in the Semi. cirele 


| 7 a 30 (2 , BQA taken together with B 4 
I 547 ee But CAQ is alſo by 2 
Gex i of this Book a right Angle. Therefore BA with BAQ, 
* rare equal to CA Q. The common Angle * 
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ing taken away, there remains B QA, which is equal to 

; L( equal to C B. Therefore Land CAB are equal: (c) Per 21. 

Which is the firſt Part to be proved. 4 

. Then FAB and C A B make two right Angles (.] and (d) Per 13. 

„i the Quadrilateral BOA L, the Oppoſites L and O make “. 1. 

„o right Angles (.] Therefore the two FAB, CAB are (©) Per 22. 

„anal to the two O and L. Therefore there being taken 3- 

| away On one Side C A B, on the other L, which have 

( already been ſhew'd to be equal, there remains F A B equal 

to O. Which was the other Part to be proved. 


. PROP. XXXIII Problem. 


[JPON a given Line (BC) to make a Seg- Fiz. 44 
. ment of a Circle, in which the Angle ſball 
» Wl be equal to any Angle given. | 
, 


Th&. bn Rate Boon mac Sage rom, ABT, from Þ 
draw B L perpendicular to A B; at C, the Extremity 
of the Line B C, make B C I equal to CBL (by 23. J 1.) 
whoſe Side ſhall cut BL in I. From the Center I deſcribe 
a Circle through B: This Circle will alſo paſs through C 
. WH (foraſmuch as becauſe of the Equality of the Angles at B 
1 and C, the Sides likewiſe C1, BI are (by 6. J. 1.) equal, 
and the Segment B Q C ſhall contain an Angle equal to the 
ien one A BF. | 
t For becauſe A B is perpendicular to the Diameter BL, ö; 
„A will touch the Circle which B C cuts (.) r 
the Angle in the Segment B QC is equal (5) to the Angle 55 


ABF. LN 
wen be obtuſe, as RBC, do as be.“ F. 


But if the Angle 
. Wh fore, and COB will be the Segment required. 


PROP. XXXIV. Problem. 


FROM a given Circle to take away a Segment, pig. 4s. 
comarnng an Angle equal to a given one. 

Unto the Diameter of the Circle FA, draw the Perpen- 

idicular B A L. Then (1) bor A Che Gann, which may (e) Fur ag, 
nake the Angle B A C equal to that which is given. This J. 1. 
Line A C ſhall cut off the Segment A QC, containing an 
ngle equal to the given one, as is manifeſt from Prop 32. 
PROP. 


wy fe +» 0 YVo 


| 
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PROP. XXXV. Theorem 


＋ * IF iu a Circle two right Lines CL, BF) 


one another, the Rectangle CO L) under th, 
Segments of one is equal tothe Rectangle (B O 


under the Segments of the other. bor, 


If they interſect each other in A, the Center of the MW re 
be oy — h the Center A 

X If one of them CL enter A, and 
- biſects the other BE, The hor nas palb adoangh th 
Cate: + it () cuts it perpendicularly, and fo the Square WF (C 
3. 


of F O is the ſame with the Rectangle FOB. Let AFL: Of th 
drawn. Becauſe CL is biſected in A, and otherwiſe dividai 


in O. 
0 
a) Per . COL to ALA 
— 7484.8 | 
that is, A F q. 4% 
| that is, _— — G] 
(b) Per 47. | T FO. 6.) | 
I. Thukee the ee 40 hiby when 4% 
there will remain 46 
Rect. COL equal to F Oq. that is, 4 


to the Ret. FOB. 

Fig. 47. Then if one of the right Lines CL the 
Center, and cuts the other B F unequally in O, let a right 

Line drawn from the Center A cut I F into two equal Par 

(e) Per 3. in I. In this Caſe, A II will be a right Angle (c.) Nos, 
L 3. becauſe CL is biſected in A, and otherwiſe in O, it wil 


be thus, | 
d) P Rect. COLT will be equal to A L q. () that is, u 
| 12 os. + AOq. | N 
| A 
| 


(f) By the But AOq is tw Olq+Alq. ( Then 
2. q is equal 417414 ( 


. to Alq. 
Al . 1 
q. 6 | 
Therefore the common Square AT being taken au 
there remains, | . * 


ö 

N 

ö 

| 70 
3 +8146 
| 
| 
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Rea. COL 1 | 
Lola 3 13 


But BI DI Square HAI FOB, 11 | 
are ; (g) becauſe F B is biſefted in I, P | 
x pon Pye 2 22 =P 
Reck. © £0 FOB 

751 4013 
the common O01 being taken away, there 


Rea. COL.=Reft. FOB 
d But laſtly, if neither of the Lines CL, F B 
r throogh the Center.: Through their common I 
(0) let there be drawn the right Line X Z. which paſſes 
de 
a 


10 


a k. 


thro” the Center (A.) By what hath been juſt now de. 
monſtrated, both. the Reflangle CO L. and that F OB, are =» | 
equal to the Refiangle 2 OX. Therefore COL, FOB, 
are equal betwixt themſelves (5.) * (hy Per | 
erer e if 
« and univerſally thus. Join AC and BD. be. . 58. | 
rr antics of the Angie CRA, BED, a 


2 te (a); and of the Angles C and (a) Per 1s. 

1 . 2 e Arch AD+: the Triangles: 1 | 
1 « CEA, D are equiangid Por Cre, 9. 32. £1: Ter 21. 
„ Hees * CE : BA EM ED. Rad © * Por 4, 


* XE D is equal to E AXEB (per 16.1.6.) EE. D. . 6. 


PROP. XXXVI. Theorem. 8 
B) a Point given without a Circle » 49, 59, 


he 

III 1 

* tun unto the Circle two right Lines, 

p 265 touching it, the other (BC) cutting it; 
the Ref (co. which is comprehended un- 


der the whole cutting Line (C B) and the Part 
(BO,) which lies betwixt the Point (B) and the 
Circle, is equal to the Square of the Tangent (B F.) 
« If the cutting Line B C paſſes through the Center A, 
join A F. This „with the Line F B. will make a right 
2.) 1 becauſe C O is _——— 
0 it is added OB f it will be thus, 
0 (b) Per 6. 
* , toAFq Ae 


FB 
+FBq 4 "Bl 
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Everry Elements. 


But the Sq 


in 
rig 
[ to 
ad | Sa 
Per 32. and D Cl 
* OY ay 
«© And by «s , 
7%. © Wherefore the Reftangle - A D x DC: is equi to the Wl Th 
er 17. © Refiangle B Px DB, or DBA. NI. - 8 
. 1 41 * of; | 
Fig. 52. Ir from che ſame Pens B, dien the Circle as many . © 
Lines BC as you will be drawn, all the Rett- ( 
angles CB O are equal amongſt themſelves.” For each « { 

them is equal to the Square of the Tangent B F. % 
2. The right Lines BF, B A, which, from the BY. 
Point, touch the Circle, are equal. For each of their « 8 
Squares is equal to the ſame Rectangle. « (, 


Wo 2 3. © It 


It 


Lib III. EvcL1d's Elements. 99 


3. It is alſo clear, that from the ſame Point B. taken 
1% without the Circle, there can only two Lives BF, B 
« be drawn, which ſhall touch che Circle. For if a third 
« be ſaid to touch it, it muſt be equal to BF, or BQ, 

«« and therefore the ſame with one of them. 

4. In every Right-angled Triangle B F A, that is Fig. 44. 
« not alſo an Iſoſceles. the Rectangle arifing from the Sum 
« of the Hypothenuſe, and gne Side drawn into the Dif- 

3 —— is equal to the Square of the other 

« Side. For the Sum of the Hypothenuſe BA, +A F or 
« AC, is=BC. And their Difference is B A—AF=BA 
« —AO=BO. And the other Side of the Triangle is 
„BF. But the Rectangle CBO is equal to the Square 


« of BF. Therefore, c. 


-PROP. XXVII. Theorem. | 


F Reflangle under C B and O B be equal to Fig. 52. | 
the Square of B F, this muſt touch the Circle | 
_ / whe 


alſo „by 36th of this Book, 
the Squares of B Q, BF fhall ual betwixt themſelves, 
and conſequently the right BQ, BF are equal. 
Therefore the Triangles F E B, BE Q. are Equilateral each 
to other. Therefore the Angles Q_ 122 way N 


is 18. J. 3 
ol Angie. Rede B BF * 22 Per 


Corollaries (.) “ Hence the A EBF i quilts 
the Angle BBQ (ptr8.4r} "gle 
522 ««. If two equal right Lines BF, BQ fall from 
* ſome Point B apon the convex Circumference, and B; F, 
one of them toucheth the Circle, the other B Q muſt 
* touch it alſs. For FF, . equal, their (a) By 5. 


40 Squares alſo equal. *y 22988 
« (a) -) Therdory B 2 868) Therefore BQQ) Pr 


ay 
alſo toucketh the (e) By this 


9 2 Scholium, Preeft ie,. 


*© back, and 
«+ greater or Space than he that is 
oy — in a Ship, the uppermoſt Part of the 


: 
Ef 
Z > 


% over more Way than the lower Parts of it. 

3-) % If any one ſhould travel over the whole Circum. 
on of the Earth, the Way gone over by his Head 
«© would exceed that which was gone over, by his Feet, by 
„the Difference of Circumferences ; or by the Circum- 


% ference of a Circle, whoſe Semi.diameter is the 
«© own Stature. 

(4. It a Veſſel full of Water be elevated 
* larly, the Water will continually be i 
yet it will remain full; namely, becauſe 
the Water is continually compreſſed into the Surface of a 
al ter Sphere. Yea, if a Veſſel be elevated continually 
© higher and higher, the Surface of the Water which is 
„contained in it, will continually deſcend and come nearer 
„% unto a Plane ; unto which yet it will never come 

J“ If-a Veſſel full of. Water be carried directly. 

40 wards, although nothing run over, yet it will ceaſe 
«© to be full; namely, becauſe the Surface of the Water 
«© ſwells continually into a Part of a leſſer Sphere. From 
„% whence it follows. F 9 35 

(6.) “ That one and the fame. Veſſel contains more 
% Water at the Foot of a Mountain than at the Top ; as 
* likewiſe more in a ſubterraneous Cellar, than in a Cham. 
% ber. To which Things add. SIG 

(7-) * That two Strings, on which two Iron Balls hang 
os icular, [and conſequently the Walls of Buildings 


<« erected perpendicularly] are not —— 


: 
7 


| 


= * 2 
1 5 8 
1 25 5 
= me - : 
I 682 + * 
224 
3 84714 
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ill coincide, and the Arch F D G is 


nd, as demonſtrated by me ſome. 


X 


think it not amiſs to inſert in this 


to, 
me by a Fri 

AM 
Thing 
Chord of 


riend, 
and 
in 
is done. 
the 


I: 


238 11221115 
SA 113215 


% 
W wu w 2 — W w » 
ww vw ew vs 


Earth. 


Scholium 


«« Place the 


Lib. III. Fvucriip's Elements. 
« but Parts of Radius's meeting together in the Center of 


« cated to 


« the 


ke % 


* — 8 


75 By 


f 5 3 Fg 


THE 


Elements of EUCLID. 
BOOK IV. 


HIS Book, which is wholly Problematical, teacheth 
by what Artifice, Figures, thoſe which are ordinate 
or regular eſpecially, may be inſcribed in, and cir- 

cumſeribed about Circles. There is very great Uſe of it in 
building Fortifications ; and from it. as a Fountain, haue 
been derived thoſe moſt excellent Tables of Sines, Tan. 
ts and Secants, to the very great Benefit of the Mathe. 
— 
[** This Book is moſt uſeful for Trigonometry ; for by in- 
** ſcribing Polygons in a Circle, we learn to frame Tables of 
| © Chords, Tangents and Secants ; by the help of which we 
learn to meaſure the Magnitudes of Figures and Bodies. 
Neither without it can we duly diſtinguiſb the Aſpecti. as 
„ they call them, of the Scars, as the Quartile, Sextile, &c. 
% they wholly depending upon the In/criptions of Polygons in 
Circles. Neither can we otherwiſe collect the Area (which 
«* js a certain 2uadrature of a Circle) than from the Areas or 
„ Squares of innumerable Polygons inſcrib'd in, and circum. 
«* ſcrib'd about a Circle. And in like manner we know 
* duplicate Proportion of Circles amongſt themſelves, from 
the duplicate Profertion of Polygons inſcrib'd in, or circum- 
ſcrib'd about, Circles. And as for M:l/itary Architecture, it 
makes ſo much uſe of Poꝶgens inſcrib'd in Circles, that 
more than all other Sciences it may ſcem to be wholly 
** owing to this Book. ] 
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Lib. IV. Evciipd's Lements. 


Dari N IT ION 3. 


. Ar is faid to be inſcrib'd in a Circle, 
or to have a Circle circumicrib'd about it, when 
the Tops of all the Angles thereof are in the Circumference 
of the Circle. 

2. A Rectilinear Figure is ſaid to be circumſcrib'd about 
a Circle, or to have a Circle inſerib'd in it, when each one 
of its Sides toucheth the Circle. 

3. An ordinate or regular Figure is that which is Equi. 


lateral and Equizagular 


PROPOSITION I. Problem. 


TO inſcribe a right Line (A,) which is not Fig. 1.1.4 
greater than the Diameter, in a Circle (B D.) 


Take in the Circumference any Point B. From the 
Center B, with the Interval of the given Line A, deſcribe 
an Arch, cutting the Circle in C: Draw the right Line 
BC. 1 fox the Thing is done. 


PRO P. IL. Problem. 


T O inſcribe in a Circle a Triangle having equal Fre. 2. 
Angles with a given one (A). 


Let the Line E F touch the Circle in D. Let E D Ga) Per 
N to the Angle C, and F DH equal to 23. J. 1. 
332 H. > ber | is done. For 292 ** 
E DG is equal to H. H conſequently is equal to the A 3- 
C(c.) And F DH is equal (4) to G: A gent (© 27th 
G to B. Therefore G DH () is equal to the Angle A. % 


tion. 


Therefore what was required is done. (a) Per 32. 
PROP. III. Problem. 2 Per 


TO circumſeribe about a Circle a Triangle, 1 32 L. 1. 
ving equal Angles with a given one (IK L.) F. 3. 
Let the Line I K be drawn forth on both Sides, ſo as to 
make the external Angles O and N. Make at the Center 
A, the Angles G A B, BAF equal to O, N reſpettinely, 
4 whic 


104 Evctry's Elements. Lib. IV. 
which is done by 23. J 1. Then in the Points G, PF, * 
let three right Lines — — 
C. E. D. The Tri le CE D is cireumſerit'd the 
Cirele, and is Langled to the given one 1L K. For, 

In the CGAB, the Angles G and B are 

{ab both of them right ones. Therefore the remaining 
ones G A B, and C taken together, do (g) make two right 

Gy) Fer ones, and conſequently are equal to the two together, O, I. 

S0, „ 4. Therefore the two, AB and O, which ual 

Ln #-32- Conftruttion, being taken away, there remains C eq 

5 I. In the ſame manner E will be proved equal to 

(kh) Per Angle K. Therefore D and L are (5) likewiſe 

Corel. 9. That therefore is done which was demanded. 

Prop. 32. For that the Tangents do concur is thus ſhew'd. 

O, I, and s 

(a) Per 13. I K are leſs than two ri Therefore O, N 

/. I. (that is, by the Conſtruftion AB and BA AF) are greater 

d Per za. than two right ones. Therefore G A F (c) is leſs than two 

©) Per Fight ones. Therefore G P falls between A and K. 71 

(Org fore ſeeing A G P. and AF Dare right Angles, D G. 

Prop. 13. and DF G are leſs than two right ones. Therefore CG D 

L 1. and E F D + meet together towards D. In the ſame man. 

cc 

P. 3. J. 1. 


Pg. 3. PROP. IV Problem. 
| To inſcribe a Circle in a Triangle. 


Fi. 3. Biſed the two Angles C and E with the Lines CA, E A, 
meeting together in A. From A draw the P , 
AB, AG, AF. A Circle deſcribed from the Center A 
through B, will paſs alſo through G and F, and touch the 
three Sides of the Triangle. 

For in the Triangles CAG, C AB becauſe the Angles 
AGC, ABC, and likewiſe thoſe GCA, and BCA are 
equal by the Conſtruftion, and the Side A C is common, 
the Sides AG, AB“ muſt be likewiſe equal, In like 
manner A B. A F ma be ſhewn to be equal. Therefore 
the Circle deſcrib'd from the Center A, paſſeth through 
B, G, F. And becauſe the Angles at thoſe three Points 
are equal, it toucheth f all the Sides of the Triangle. That 


theretore is done which was required, 
“ Hence 


*% 
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[** Hence the Sides of a Tri being known, the 
% ments of them, which are made wer Form bag > 
«+ jnſ{cribed Circle, will be known. Let DC be 12. DE 
«« 18, CE 16. DCandCE will be 28. from which ſub. 
« tract 18 =DE=DG+BE, there remains 19=C G 
e. Therefore CG or CB=5. Conſequently EB 
« or EF=1t. Wherefore F D or B Gs.] 11 


PROP. V. Problem. 


1 deſcribe a Circle about a Triangle, or through rig. 4. 
three given Points, B, C, D, not lying in a 
right Line, to deſcribe a Circle. * 


Connect the given Points with two right Lines B C, 
C D, which biſe& with the Perpendiculars E A, OA, meet. 
ing together in A. This will be the Center of a Circle 
which paſſeth through B, C, D. 
Let the right Lines AC, AD, AB be drawn. By the 
Conſtruction, the Sides DO, OA are equal to theſe, C O, 
AO ; and the Angles at O are right ones. Therefore A D 
is equal to AC (.) In the ſame manner AB may be (a) Per 4. 
prov'd equal to AC. Therefore AD, AB (5) are equal. J 1. 
Therefore a Circle deſcribed from the Center A through B, (b) Per 
* through C and D. Which was the Thing Lien 1s 
ul 
"As for the Prafiice, it is ſuilcient to deſcribe from B, C. 
D, three equal Circles, interſecting each other; and through 
the Interſettions to draw right Lines, theſe meeting one 
another will give the Center ſought. 


PROP. VI, VII. Problems. 


O inſcribe a Square in, and circumſcribe one N. 5. 
an i OY 

Let the Diameter B D, CE be dawn, cutting each 
other icularly. The right Lines which join the 
Terms of theſe, inſcribe a Square ig a Circle. 


The 


Scholium. 


Fig. 8. AS — about a Circle is double to that in; 
| ſerib d. For becauſe the Angle BCD in the Semicird: 
(e) Per 31. (2% £50 one, the Square of B D (that is, F I Square 
3. | be (4) equal to B Cq. +CDq, and therefore 
1 double to the Square of C D, i. . to CDE B. 


PROP. VIII, IX. Problems. 


Fig. 6. O inſcribe a Circle in, and circumſcribe on: 
about a Square, as (BCFE.) 


Let there be drawn the Diameters of the Square, cutting 
each other in O. From the Center O deſcribe a Circle 
B; this will alſo. paſs through E, F, C. 
Then from the Center O draw O D perpendicular to 
BC; a Circle deſerib'd from the Center O through D, 
will touch all the Sides of the Square. 

Part I. Becauſe, by the Hy potheſis, the Lines CB, EB 
are equal ; the Angles BCE, BE C will be equal (c ) But 
de CBE is a right Angle by the Hypotheſis. BCE therefore 
(d) Per and B E Care half right ones (4.) In the ſame manner 
Coral. 11. CB F will be ſhew'd to be an half right Angle, as likewiſe 
P. 32. J. I. the reſt of the Angles ; and fo they are equal amongſt 
themſelves. Therefore in the Triangle B A C, ſeeing 
there are two equal Angles CBO, BCO, the right 
(e) Per 6; Lines OB and OC (e) are equal. In the like manner the 
L 1. right Lines OB, OE, OF may be ſhew'd to be equal. 
Therefore a Circle deſcribed from the Center O through 

B, will paſs through E, F, C. 
Part II. From O let there be alſo drawn the Perpendicu- 
lars OG, OH, Of. Becauſe in the Triangles GBO, DO, 
_ the Angles at Dand G, as likewiſe * 


r =57. 
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the Side OB is common, the Sides OD, OG muſt be 

equal (a.) In the ſame manner OG, OH, OI may o » 5 Win 
how's 4 be _ Therefore a Circle deſcrib'd from the ** 
Center O,. w paſſeth through D, will alſo paſs through 
G. H, I, and touch all the Sides of the Square (ö.) Eb 
cauſe the Angles at D, G, H, I are right ones. Therefore ©+ 3- 
we have done what was required. 


PROP. X. Problem. 


To make an Iſoſceles Triangle BAC, in which N. 7. 
the Angle at th. Baſe (ABC, or ACB) ſball 
be double to that which is at the Top (A.) 


Let any right Line, what you will, as A B, be taken, . 
which io cut in D (c) that the Rectangle A B D fhall be (c) Pe Per 11. 
equal to A D Square. Then from the Center A, thro B, 
deicribe a Circle ; in which inſcribe (4) B C equal to AD, (4) Per x, 
and join AC. B AC ſhall be the Triangle ſought. 4. 4. 

For let the right Line DC be drawn, and through A, 
D, C deſcribe (e) a Circle Becauſe the Refangle A B D (c) Fer 5. 

to the Square A D, (that is, BC) it is manifeſt, 

that BC (F) toucheth the Circle D O, which v7 8 
1 gle BCD is equal to the Angle A in- 

bens ned B A muſt be equal to A+-DCA. But be. 
cau the Sides A B. ae AB COG is — = 
the Angle ACB. Therefore the Angle ABC is alſo equal 5. 
to ADC A. But the externalAngle alſo B DC is equal to 
the two internal ones (5) AD CA. Therefore ABC, * Per 32. 
and B D C are equal. Therefore the Line D C is (4) equal 
to B C, (that is, by the Conſtruction to D A.) Lebe () 1 Per 
the Angies A and DCA (/) are equal. Wherefore he (1 pe 
Angle A B C, which hath been ſhew d equal to thoſe two, j 1 * 
ſhall be double to one A. That is done therefore which was 
required, 60” © 


F Corallary. 


Eve 1177 Elements. Lib. IV. 
Corollary. 


EAA 
R nom framed, is two Fifths of two right ones, or four 
Fifths of one right one, and the ining one A is one 
Fifth of two right ones, or two Fitths of one right one, 
And is manifeſt out of this Propoſition taken with 
that 32. I. 1. 


PROP. XI. Problem. 


Fre. 7, 8. To infrite « regular Peneagon in a Circk. 


a) By the Let there be deſcribed (a] the Tri B AC, having the 
+ ba Angles at the Baſe double to a 2 . 1 — 
* Triangle C A D equi angled to this in a Circle (s.] Biſe& 
4 the Angles at the Baſe AC D, A DC, with the right Line 
CE, U B, cutting the Circle in E and B. The Points A, 
B. C, D. E. join'd by right Lines, will give an ordinate 7 
Pentagon inſcrib'd in a Circle. E 
For from the Conſtruction it appears that the Angles [, 
r Wherefore the Arches ſubtended Le 
3 AE, E D, C D, C B. BA, are alſo (c) equal, * 
3- Therefore the right Lines ſubtended to thoſe Arches, dal I pt 
1 The Pentagon therefore is  Equilateral, I er 
But it is alſo () Equiangular, becauſe its Angles B AE, 
AE b, G.. ttand on equal Arches B CE, ABC 
of Sc. that therefore is done which was required. 


Corollary 


11 Angle of a regular Pentagon makes fix Fifths d 
one 
three 


_ yy 7 For the 
Angles at A, ſeeing they are equal, as ſtanding 
equal Arches, BC, CD, DE, and the middlemoſt ofthe 
the Corollary foregoing is two Fifths of one right ; 
4 three together, that is, the Angle of the 1 
ſelf muſt make fix Fifths of one right one. 


Fig. 8. 


{Scholium, 
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« odd Number of Sides are inſcribed in a Circle, by means 
« of an Jjofceles I ri whoſe equal Angles at the Baſe 
« are multiple of at the Top. But Figures of an 
even Number of Sides are inſcribed by the means of 
« Jjoſceles Triangles 


« threefold of A, the Side C D will be the Side of an 
« H ; if fourfold, it will be the Side of an Enne. 
10 c. But if C or D ſhall be one and a half of A, CD 
« will be the Side of a Square ; and if C ſhall be two and 
« a half of the Angle A, C D will ſubtend a fixth Part of 
« the Circumference : In like manner, if C or D ſhall be 
« three and a half of the Angle A, C ſhall be the Side of 


« an Octagon, Tc. 


Scholium. 


iption of a Pentagon is ingeni but 
that of Pro/omy, which he delivers e 


Euczin: 
his 4/mage/t 


„ is much more expeditious: And it is this: 


Let the Diameters E D, B F be drawn, cutting one ano. Fre. 12, 


ther perpendicularly in A. Biſect the Radius AD in C. 
From the Center C, through B, deſcribe an Arch, 
the Diameter ED in G. The right Line G B is the Side 
of a Pentagon, and A G of a Decagon. | 

The Demonſtration cannot be given here, for it depends 
upon the 13th Book of Zaclid. See it in Clavin, in his 
Schelium, after Prop. 10. 4. 13. 


Problem. 


nnen 

Cat ABſoin C (a) Renn 

ren e 
awa „! to the greater 

AC. nne 

In Likewiſe, 

E, deſeribe, with 9 


rom the Centers B and 


[Scholium. ** This holds univerſally, that Figures of an Fig. 8. 
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val, two Arches ing each other in G. And 
from the Centers G G an F, with the fanie — 
ſcribe two others, cutting each other in I. The Points A, 
F, I. G, B, being join'd, will give a regular Polygon opa 
the right Line A 

That it is Equilateral, is manifeſt from the Conſtruction; 
that it is aqui-angled, will be thus demonſtrated. Let DF 
be drawn. It is manifeſt by the Conſtruction, that A DF is 
an Jfojcetes. And the Baſe A D is the greater Segment of 
the Side D F, ſo divided, that the Reclangle of the whole 
and the leſſer Side, is nal to the Square of the greater. 
(For D F is equal to AB, and AD equal to AC.) There. 
fre the Angle DA F is two Fifths of two right ones ; by 
Corel. Prop. 10.1. 4. Therefore the remaining Angle FAB 
is three Fitths of two right ones, or fix Fifths of one right 

(b) Per 13.988 (3) 3 and therefore is an Angle of a (e.) 

L 1 In the ſame manner may it be „ that the Angle GBA 

(c) Per Co-is three Fifths of two right ones, and ſo equal to FAB, 

1 n 8 G, I, ſhould 

4- be to theſe, as appears their bei E Hateral 
| 2 if the right Line F© to cont'd o bo lend 
of, do naman ty Prop ki 


PROP. XIE Problem. 


Fre. 10. circumſcribe an ordinate Pentagon about 4 
Circle 


Les there,” by the foregoi | be infcrib/s the 1 POTS 
GHIKM, ping. devine nb 
Points G, H, I, K. M, —_— — 
F. I fay the hing is done. 
For from the Center draw the right Lines, A G, 2 
AH, AC, Al. ging do Je dg Hey eg 
(a) Per BG, and BH touch the Circle, "ho (4/ are I. 
Corol. 2: p. Therefore the Tri frag ork 
36. J. 3. each other. ore (b) the An 
1 thoſe Q. 8, are equal. And re the 8 Idan 
is double to P, and the whole N double to 8. 515 
the ſame. reaſon the Angles C and H £4 < I 
()% 2p a an ively. But G A H and HAles * 
becauſe ſtand upon equal Arches, WP Conftru&tion 
GH, HI. Therefore their halves, 8 and N are allo 
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PROP. XIH, XIV. Problems, 
inſcribe a Circle in a regular Pentagon, and xi. 11. 


2 one about it. 


{crid'd in the Circle. 
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becauſe in the Triangles LB A, MB A, the Angles G and 

B L A are equal to the Angles Quand B M A, by the Con. 
ſtruction, and the Side B A is common, AL and A M muſt 

(ﬆ) Per 26. bealſo equal (« ) In like manner I might ſhew that the ref 
of the P „AM. AN, AS, AR, are equal. 

L. 

the 


A Circle therefore from the Center A, th 
will likewiſe paſs M. 8, N. L. ad bank 


and G have already been ſhewn to be equal, the Sides allo 
(b)Per 16. AC, AB muſt be equal ()) and in the 
. AB, AF, AE, A D, may be prov'd eq 


alſo throug . 
ſcrib'd a Circle in a Pentagon, and circumſerib 
a Pen 2. Z. D. 


* in the ſame way, in any regular Fi whatſoever, 
may be inſcrib'd, and circumſcrib'd about it, 


PROP. XV. Problem. 


Fig. 13. I'n « gen Girele t6 deſeribe a reguler Ben 


' Let the Diameter FAB be drawn. From the Center B, 
through A, deſcribe a Circle, cutting 


erte che Center A, let fall the right Lines A E, AC, 
AG, AD.. > > am Ma M, 
L, are Equilateral, both in themſelves, and wich one ano- 
x aw ther (.] Then becauſe the Angles CAB, E AF, each 
of them mike one Third of two 
12. 5. 32. J. 1.) and therefore do make 
(d) Per n r EACi 
Corel. 1. one Third of two right 


2. 13. J. 1. BAC, CAB we og "Ia the Sides als A, AC, 
are equal .to the BA, AC. Therefore the Bak 
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fore the Baſe EC (per 4. J. 1.) is equal to the Baſe BC, 
that is, to the Radius A C by the Conſtruction. Where. 
fore the Triangle N is alſo Equilateral And in the ſame 
manner the Triangle K may be ſhewn to be ſa. Becauie 
therefore all the fix Triangles H. I, K. L, XI. N, are@qui. 
| bee 3 it is manife#t ther all the Sides, CB, BD, DG, 
| GF, FE, EC, are equal one to another, and to the Radius 
AC. The Hexagon is therefore Equilateral. But it is alſo 
Equiangular, ſeeing each one of ies Angles E C, BD, GF, | 
conſilts of two Angles of an Equilateral Triangle. Therefore | 
we have inſcribed a regular Hexagon in the Circle. | 


Corollaries. 


1. THE Side of an H inſerib'd in a Circle, or a 
T 5 Degrees] To he Beg eg 
of 30 Degrees is equal to half the _. 
2. p. 3. L. 3.] 
Hexagon is four Thirds of one . 
of twa Angles of an Equilateral 
two Thirds of a right Angle. | 
Diameter PS, perpendicular to Fig. 14 
the Interval of the Radius P A, 
d 8, there may be made Sections in 
24 in li manner from the Cen- 
ions in G and E, in D and C, 
E O, F. R. G. 8, P, T. B. Q, C, con- 
Lines, will give a Figure of twelve Sides, 
with ne, — of * * 


oo = we EH = r 
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ern 


87 wagrf Center ack A, Erbe 
A an ns an 25 5 D, conngfted with 
1. the Trian ſoughe. a Ueroog 
5 The Side K 5 of the — Triangle, cuts off 
from the Diameter B F perpendicular to it, a fourth Fart 
thereof B K. For the angles ACX, BCX, ſlanding upon 
equal Arches G D, DB are equal (per 29 J. z.) and the 
, CX, are equal to the Sides BC CX. Therc- 
Fore AX, BX are * Therefore B X is the fourti./ 2 4- 


AQrAaAm_uotou FT”... 


Part of the Diameter B 


H Scholium. 


Fig. 13. 


® Per 1. 
& I. 


| Everry's Elements. Lib. IV. 
Scholium 1. Problem: 


OU may raiſe a regular Hexagon upon a right Line 
BC thus. Make an * Equilateral — a 
upon the given Line CB. From the Center A through B 
and C deſcribe a Circle. This will contain an Hexagon 
upon the given right Line CB. The Thing is manifeſt 
from the ion, and Corollary 1. ; 


Theorem. 


1 Square of a Side - of an Equilateral Tri is 
treble to the Square of the Semi-diameter of a Circle 
in which it is inſcrib'd, and is to the Square of the whole 
Diameter, az 3 to 4. | 2 


The Square 
of F D is equal to FA DA Rectangle 
twice taken (per 12. J. 2. But the 4 

I to the Square of the Semi ef 
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PROP. XVI. Problem, 
To inſcribe a regular Dyindecagon in a Circle. Fig. 15. 


Inſcribe the Circle A C, the Side of a Pentagon (a), and (a) Per 11, 
AD, the Side of an Equilateral Triang . 
b. 15. 1 4. bild the Arch C D in E « r 
the Quindecagon, or fitteen-angled Figure ſought. 
For if the whole Circumference be ſuppos d to be 15 the 
Arch AC will be 3, ahd the Arch A D 5, and therefore the 


n and con ſequently C E x. 
Corollary. 


BY this Method innumerable regular Figures may be in. Fig. 15. 

ſerib'd in a Circle. For if AC, A D, the Sides of two 
regular Figures be inſcrib'd in a Circle, the Difference of 

the Arches C D will contain ſo many Sides of a new regu. 

he Hines av te Deo whwty the Damier of 

the former differ one from another. But the Denominator 

of the new-Figure is had, if the Denominators of the for- 

mer be multi one by the other. 
As it A:D be the Side of a Square, and A C of a Deca. 

gon, the Difference of the Denominators is 6. Therefore 

_— IRIS Wop 2 6 n0w Tyne. But the 

is of- 40 Sides. For the Denominators 4 and 
— Toon, make 40. 


Scholium. 


— ond nth At yh 
Figures of 7, 9. 11, 13, 17, Ce. 
be inſcribed in a Cirele, CO re onde nl 
only ; foraſmuch as that Inſcription of Figures depends 
upon the Diviſion of the Circumference into any given 
Parts, which thing is lacking : But it the Circumference of 
a Circle bedivideF into 360 Parts, you may, in a mechanical 
ba) 3 in it, aſter 
manner. 
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Fig. 15. 


Fig, 15. 


Fig. 15. 
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Problem 1. 


Dir 360 Degrees (tha: is, the whole Circumference 
by the Denominator of the Polygon to be inſerib'd ( 
g. a Nonangle.) Make at the Center the Angle A G K of 
ſo many Degrees as are the Units of the Quotient in the ſai 
Diviſion. AK ſhall be the Side of the nine-angled Fig 
which is required to be inſcrib'd in the Circle. 


Problem 2. 


ITT upon a given right Line you may deſcribe ar 
regula; Figure whatſoever by the help of the following 
Table, 
A right Angle is to the Angle of the Figure, 
3 Difference. 


In a Pentagon, 2 — 5 to 6—1 
In an Hexagon, as — 3 t-to 4—1 
In an Heptagon, as —— 7 to 10—3 
In an Octagon, as —— 2 to 3— 
In a Nonagon, as — — 9 to 14—5 
In a Decagon, as — — 5 to 8—3 
In an Undecagon, as — 11 to 18—7 


In a Duodecagon, as — 3 to 5—2 


Let a regular Heptagon be to be inſcrib'd upon the given 
right Line XB From the Center X, with the Interval 

B, deſcribe a Circle, from which cut off the 
BO. See in the Table what is the Proportion of a right 
Angle, to the Angle of an Heptagon : You will find it to 
be as 7 to 1o, and the Difference is 3. Divide the Qua. 
drant therefore into ſeven equal Arches, ſo many of which 
add to it from O to N, as the Difference hath Units. 
Through three Points, B, X, N, deſcribe (per 5. J. 4.) a 
28 This contains an Heptagon of the given right Line 

8. 

The Table was made by means of Theorem II. in the 
Sc-01, upon p. 32. 4. 1. by which is found the Number of 
right Angles, which the Angles of any right-lin'd Figure 
malte; which Number being divided by the Denominator 
of the Figure, gives the Denomthator of the Proportion of 
the Angle of the Figure to a right one. | 1 
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4 HIS fifth Book of Elements is altogether neceſſary 
for demonſtrating the Propoſitions ef the fixth 
Book. The Doctrine which it containeth is almoſt 
in continual Uſe. The Way of Reaſoning from Geome. 
trical Proportion is moſt ſubtil, ſolid and brief. This Me- 
thod of Reaſoning, as a Kind of Mathematical Logick, 
Geometry, Arithmetick, Muſick, Aftrononfy, Staticks, 
and all the other Parts of the Mathematicks, make eſpe. 
cial Uſe of : Foraſmuch as they almoſt wholly depend upon 
Proportions conneRted together one with another; and are 
wont to berrow their Ways of R. aſoning concerning Pro. 
zortionals from this fifth Book. Practical i 
which conſiſts in the meaſuring of Lines, Figures and So- 
lids, is for the moſt part derived. from the Doctrine of Pro- 
portions. There is not a Rule in Arithmetick, but what 
may be demonſtrated from the Propoſitions of this fifth 
Book, without the help of the 7th, 8th and gth Books, 
which treat proſeſſedly of Numbers. We may fitly call 
the Muſick of the Antients, Geometrical Proportions ap- 
ply'd to tuneful Sounds ; which ſame Thing you may well 
nigh ſay concerning Staticks, which are converſant about 
the Weights of Bodies. To comprehend the whole Matter 
in few Words; If you take away the Doctrine of Propor- 


tion from the Mathematicks, you will leave almoſt nothing 


which is excellent, or greatly to be accounted of. 


Scholium. 


Lib. V. Euc ird: Wements. 
Scbolium. 
4 There is no Mathematician _ is ignorant 


1 great Importance in Geometry 
«© portions is; r wean bag nagging 


6 4; I reckon that this Doctrine is congenite in 
« Men's Minds 3 Reaſon itſelf; and — 
« various Ways of Reaſoning concerning Pro 
„ which Excid, by much winding and going — de- 
« livers in this whole Book, do not ſo much need Demon. 
« ſtration, properly fo call'd, as Illuſtration and Examples. 
6 » And3 am alagatter ed Opinion, that thoſe who take in 
hand to deliver this moſt eaſy Doctrine by a long Circuit 
« of Propoſitions, do involve a Thing i in it elf moſt clear, 
© in a certain Cloud, and render it far more difficult, The 
« Sam of the Matter I will open in a few Words. Itisa 
* thing atly known, that four Quantities are then pro. 
portional, or that the Analogies are then alike, when the 
« firſt Quantity contains the ſecond, as often as the third 
% contains the fourth; or when the firit is as often con- 
*« tain'd by the ſecond, as the third is by the fourth. So 
*« 16:8::4:2- And 3:9::4:12:. Here are like, 
or the ſame Proportions ; becauſe in the former Exam- 
„ple, the Conſequents 8 and 2 are contain'd twice in their 
«« reſpetive Antecedents ; and ſo the Proportion of the An- 
*« tecedents to the Conſequents is double. And in the 
« other Example, the Proportions are alſo alike, becauſe 
6s ** the Conſequents 9 and 12 do contain their reſpective An- 
* tecedents three times ; and ſo the Proportion of the An. 
«*« tecedents, to the Conſequents, is ſub- triple. (Nor is 
* there any 2 of commenſurable Quantities 
* which may not be expreſs'd by certain Numbers; nor 
indeed of Incommenſurables, which may not be 3 
« by Numbers infinitely approaching nearer and nearer 
„ unto the true one.) Furthermore, from what hath 
deen ſaid it appears, that like Proportions, whatſoever 
they are, may be expreſſed not only by divers Numbers, 
ye — ſame. Thus 2 to 1 deſigns as well the 
H 4 Pro- 


Evcird's Elements. Lib. V. 
„ Proportion of 16 to 8, az of 4 to 2; 1 to; no leſs ex- 
«« prefſ:th that of 4 to t:, than that of 3 to 9, as is 
* moſt manifeſt. Suppoling therefore four Quantities to 
«© he proportional, A: B:: a: b; it is enquir'd in this 
6s beck cher dow mtny the ditcacce ho floor of tab 
like Proportions may be changed, and ordered amongſt 
„ themſelves. So that the emerging Proportion on both 
«« Sides may be ſtill alike. And it may be anſwered, that 
"= is nag be Gree after all he hee cod Mina ; 
*+ for ſeeing the Proportion of A to B. and that of a to 
„ b are alike, both of them may be expreſſed by the 
„ ſame Numbers after this manner, A:B::9: 3, and 
„% a:b::9:3- And conſequently all the Proportions 
emerging on both Sides, either by Alternating the 
„ {e:ms, or by Inverting them, or by Compounding, 
* or Dividing, or Converting, or Mixing them, may 
de expreſſed by the wery lane Numbers ; and conte. 
% quently the ſame Proportion will always be kept on 
& both Sides. As for Example fake. AE B: b 
«* : b, becauſe 9 T3: 3, erpreſſeth the ſame Propor. 
* tion; which is Compoſition. The ſame is to be ſaid of 
« all the Ways of changing the Terms. - Therefore let 
s+ Beginners oblerve this one Thing, that P i 

„% nich are on both Sides the ſame, be ever changed and 
ordered in the very fame manner. And then there will 
% be no room to queſtion, whether the Proportions which 
*< ariſe on both Sides be alike or no. It is indeed a Thing 
to be wonder'd at, that no one of thoſe who have hither- 
4 to compiled Elements of Geometry, have made uſe of 
% this moſt eaſy Method of Stating the Equality of Pro. 
«© portions, for the Illafrating of this Fiſch Book about 
* the Doctrine of Proportions. Take therefore the pri- 
* mary Ways which Geometry makes uſe of, 2 
concerning like Proportions, as they are 

£ this ſhort Table. 


[; 
Lei 
Thi 

[7 
Ali 
Ine 
Cor 
Dir 
Cat 
M: 
Ex 
Ex 
per 
Or 
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« of the Mathematicks ; which therefore ſhall be done after 
« the Definiti 


DEFINITIONS. 


1. AN Aliquet Part of Magnitude, is that which being fo 
many times more or leſs repeated, cath meaſure, or 
is juſt equal to the Magnitude, An Aiiquant Part is that 
which doth not man it. 3 | 
The Length of one Foot is an Aliquor Length 
of 10 1 it meaſures it. 
But the Length of 4 Feet is an Aliguant Part of a Line of 
10 Feet, becauſe being ſo many times repeated, to wit, 
ma it falls ſhort of it, but being thrice repeated, it ex. 
it. 
2. One Magnitude is ſaid to be a Multiple of another, 
when the lefſer meaſures the greater, and conſequently is 


122 


Ng. 1. J. 5. 


Fig. 2. 


Pig. 4 
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. dba eng when the greater contains the 
P — eee as to Quantity, of 
roportion is 
tes Magnicudes of the fame Kad. 
Theretore there are in all P two Terms, of 
which that is called the Antecedent —— named, 
L other the 


> cet Proper 


montane dro and may — in Number. 
Irrational Proportion, is that which is betwixt Quantitie 
— IRA and cannot be explicated.by any Num. 


3 5 Quantities. ate thoſe which 
ſome common Meaſure meaſureth ; Incommenſurable, thoſe 
which cannot be meaſured by any common Meaſure. 

5. Two P (that of A to B, and that of Cto 
F) are alike, equal or the fame ; when the Antecedent of 
one [A] doth equally, or in the ſame manner, that is, 
neither more nor leſs, contain its Conſequent {BJ as the 


| Antecedent of the other [C, ] contains its Conſequent [F.) 


Or when the Antecedent of the one [A] is ſo often con 
tain'd in its Conſequent (B] as [C] the Antecedent of the 
other is in its Conſequent [D.] 

6. Two Proportions are unlike, or one is greater than 
the other, when the Antecedent of one [I] doth more con- 
tain its Conſequent [L.] than the Antecedent of the other 
[OJ doth contain its Conſequent [Q] or when the Ante. 


cedent of one is leis contain'd in its C than the 
Antecedent of the other in its Conſequent. 

2 r y or 
in the ſame manner contain'd in their Wholes ; ſo what 


ſort. of Part one is of its Whole, ſuch. a Part the other is f 
its Whole. Which thing indecd is nothing elſe, but that 


the Parts bear the ſame Propartion to their Wholes. 


Aliquot Parts are alike, which do equally meaſure their 
Wholes, as if each of them be one Third or one. Tenth, 
Sc. of its Whole. 

8. Magnitudes [A, B, c. Dj are 44 0 be — 
Proportional when the middle Terms [B, C] are taken 
twice ; 


the following. : : 

We thus pronounce continual Proportions. A is to B, 
2 B to C; and B is to C, as C is to D And ſo on. 

9 W no Term 


is twice 


Diſcrete Proportions we thus pronounce: A is to B, as Fig, 1, 


C to F. When they are more than three proportional 


Magnitudes, if they be faid to be proportional, they are 
— underſtood to be diſcretely ſo. 


10. When the Magnitudes IA. B. C. D] are continually *is. 6. 
proportional, the firſt [A] is ſaid to have to the third [C7 


a duplicate Proportion of that which it hath to the ſecond 
[B:] And the firſt [A] is ſaid to have to the fourth [D] a 
triplicate Proportion of that which the fame firſt hath to 
the ſecond [B:] And ſo forwards. 

[** If one triplicate Proportion be equal to another dupli. 


« cate Proportion, the latter fimple Proportion ſhall be 


« ſeſquiplicate, or one and a half of the former ſimple 
Proportion. Let A, B, C, D. be +; and a, b, c. ; 
« and let A the firſt in the former Analogy be unto D the 


fourth; as [a] the firſt in the ſecond A is to [c] 
the third; 1 fay, that [a] is to [b] 3 
* which is one and a half of that which A is in to B. 
« For let be a middle Proportional betwixt B and C: 
„Or, which is the ſame thing, betwixt A and D Be. 
* cauſe of the Equality of the Proportions of A to D, and 
«« fa] to [e] and the middle Proportions on both Sides F 


; _—_ the Proportion of [Co] to 
„[b] which is equal to that of A to F, contains the 
** entire Proportion of A to B, and alſo the ſame halv d, 
to wit, the Proportion of B to F. But the whole Pro- 
portion, with its half, is a ſeſquiplicate or ſeſquialteral 
Proportion, or that which is one and a halt of the 
* other. [a] Therefore is to [b] in a Proportion ſeſqui- 
+ plicate of that of A to B. So in Aſtronomy, fince the 
Cubes of the Diſtances of the Planets from the Sun bear 
that Proportion one to another, which rr 
66 | 


1 


Fig. 1. 


EvceLrty's Elements, Lib. v. 
— — Times bear; ſo that the triplicated Pro 
portion of the Diſtances, is the ſame with the 
8 the periodical Times ; it is wont to be fad 
229 are in a ſeſquiplicate or ſeſqui 
4 alteral Proportion of their Diſtances from the Sun.] 
11. Antecedent Magnitudes kenny J Conequen 
or like to Antecedent, and 
nitudes, As if A CO, aca LBP, 2 


homologous Quantines. 


XII. If a Set of Pairs of Quantities contain every one 
the ſame Proportion, that is the very P alſo which 
the Sum of all the Antecedents bears to the Sum of all the 


_ 20+6+8-+18+14=66 


10+3+4Þ+ 9+ 7 =33 
XIX. IF Parts be as Wholes, the Remainders will be 


' alſo in the very ſame P 


roportion. 
If zo be to 20, a3 3 to 2; 27 will be to 18 alſoas 30 
to 20, oras 3 to 2. 


* 
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HE Doctrine of Proportions, which was y 
ſet forth in the Fifth Book, is applied in the Sixth, 
to plain Fi - And thoſe which are de- 
livered in this Book are ſo neceſſary to be known, that 
without them no Man can penetrate into the Secrets of 
Geometry, and reap the ſweet Fruits of the Mathematicks. 
Each Propofition deſerves to have an Encomium annexed ; 
ſo great is the Utility of all. 


This Sixth Book, as hath been faid, begins to apply 
that excellent Doctrine Geometrical Propor- 
tion, which was juſt before delivered, to divers, and 
* thoſe certainly, moſt notable Uſes ; and þ nning with 
'* Triangles, the moſt fimple of Figures, ſear out their 
„Sides and Areas, as they anſwer to one another in a cer. 
* tain Proportion. Then it defines proportional Lines, and 
the proportional Augmentations, or Diminutions of Fi. 

«« gures ; and ſhews in what manner we may either encreaſe 
or diminiſh them according to any Proportion given. It 

opens likewiſe the Golden Rule, or Rule of Proportion, 
the very chief of all Arithmetick ; and demonſtrates 
that in a Rectangle Triangle, not only the Square, but 
2 * alſo the Pentagon, Hexagon» and in general, every re- 
Polygon, which is deſcribed by the Hypothenole, 


——_—_—————— 


* i equal to the Squares, Pentagons, Hexagons, or any 
* regular Polygons whatſoever, that are deſerib'd 4 the 
65 two 


126 


Fig. 7.1. 6. 


Fig. 1, 
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„% two Sides. It alſo moſt eaſy and certain 


T Principles for ng a well Solids, as Lines and s 4 
«+ faces, which are of vey great Uſe in all Parts d de 
„% Mathematicks. „ 


SS DxzyFintT1iONS. 


I or fimilar Figures, are thoſe which both have 
all the Angles equal, each to each other reſpectively, 
and the Sides which are oppoſed to the equal Angles, or 
which are betwixt them, or which are about the equa 

„t for they comeall to ane Proportional. 

the T X, Z, will tie laid to be like, er fimilar, 
if the Angle A be equal to the Angle F, and the Angle} 
equal to the Angle |, and contequently the Angle C equil 
to the Angle I.: And moteover, if A B be to F I, as BC 
to EI and BC is to LI, as CA is to LF; and CA to LF, 
as AB to F I ; by comparing always the Sides oppoſite to 
the « Angles. In the ſame manner the Likeneſs of all 
right-lin'd Figures may be explained. | 

2. Reciprocal Figures are when the Antecedent and Con. 
ſequent Terms of the Proportions appear on both Sides. 

As in the Parallelograms X Z, 

; It ACbetoCB, 

3 AeFCS®CL 
The Antecedents here are AC, and F C. of which there is 
one in both Figures; and the Conſequents are CB, and 
CL; of which likewiſe there is one in each Figure. And 
therefore the Parallelogram X, Z, are called — 
Under ſtanding the ſame of other Figures. 

3. The Altitude of a Figure is the Perpendicular let fall 
from the Top to the Baſe. This is with Zuclid the fourth 
Definition | 8 

As the Altitude of the Triangle A BC is the Perpendicu- 
lar AQ, which falls from the Top upon the Baſe B C, 
either within the Triangle or without, upon the Baſe pro. 
trat ed. Now the Baſe and Top are aſſumed at Pleaſure. 

4. Like Arches of Circles are thoſe which have the ſame 
Proporti n unto their whole Circumferences. 

As if each of them be a Third or Fourth Part, &c. of 


a | 
* A + 
bs * 
# > 
- 


- 


Lit 
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|| PROPOSITION-L Theorem. 


TT Kiangles (ABC,.DEF) and Parallelograms F. a. 
(4OPC, DORF) which are betwixt the 

lan Parallels, or have the ſame Altitude, have 

the ſame Gry berwixt "Oe as their 


3%, (AC, 


Upon this Theorem the whole Sixth Book depends, yea, 
; WW whatigever any where is demonſtrated about Figures by 

Propartions, whether Plane or Solid. 

Let there be taken any Aliquot Part of the Baſe DF; 
g. D G. one Third, ; and ler the right Line G E be drawn: 

The Triangle D E G will likewiſe one Thizd Part of the 
Triangle D E F. as is gathered from 38. |. 1. Wherefore 
DG, and the Triangle DG E are like Aliquot Parts of 
their Conſequcsta Then let there be taken away DG“ Per 
| Wh from che Baſe AC, as often as it can, as ſuppoſe fix times, Def. 7. 
8 be Lines HB, IB, k B. LB, MB, NB, J. 5. 


the Lines CH, HI, C. are each of 
272 the fix Triangles CB H, HBI, &e. 
are of 
as often. a D'G i tain'd in the Antecedent 
AC, fo often l the Tage n the Tri- 
+ WH angle AB C. By the fame Reaſoning it may be ſhew'd, 
4 that che-like Aliquor Parts —_— cw 
4 Wy (he Baſe-D F, and the Triangle DEF) are in an equal 
Number contain'd in the Antecedents (the "Baſe AC, and 
the Tri ABC X is to the 


1 W Baſe D + + ator, entrada 3 
kh MDEF. 2. J. D. 

But now becauſe the AP, D ane (3) (b) Per 
5 huble o the Triangles à BC. D f. they allo wil be as 41. J. 1. 


Ms 


: + 
Corollary 
„ gl" aa 


HE FSR A BC, FIL) and the Paralidograms 
T — me — O—— * 
n Altitudes (BO, 

For 


them (a) equal to . Triangle D E G. a) Per 38. 
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For let QS, OR, be made equal to the equal Baf 

(FI, AC;) Qs, OR will then be equal. | Draw $1 

R B. It in the Triangles OB R. QIS, you take 3 0, 

I Q for the Baſes, OR, Qs, will be their Altitudes; 

which ſceing they are equal, the Triangles OR. O15 

(© Per 1. (e) will be betwixt themſelves, as their Baſes BO, 10 

- 6. But becauſe by the Conſtruction, OR is equal to AC, 

8 and Qs equal to F L, the Triangles OB R, QIS, are(/) 

* equal to the Triangles A BC, FI IL. Therefore the In. 

. 5% angles ABC, F IL, arealſoas B O is to QI. 

Corollary (2) ** Hence a Trapezium A B CD, Sboſe 

«« Sides A D and BC are parallel, may be divided into any 

„equal Parts whatſcever. For let CE be made equi 

a „to A D. Becauſe of the Equality of the Angles veri. 

er 15. . cally oppofite () AF D. E FC, and of the altern 

©. Per ze. Argles V) DAF, FEC, and ADF, ECF, and the 

(f; Per 27... Equality of the Baſes A D, C E, by Cenftrudtion, the 

(g Per ** Triangles A DF, FCE (g,) are equal ; and therefore the 

26. 1.1, * Triangle AB E i; equal to the Trapetium A BC). 

: Therefore the Baſe B E being divided int6 any equal Part 

* whatſcever ; as for inſtance, three, BU, GR, RI, 

« the Triangles AB G. AGR. ARE, ſflall each of then 
de ane Third Part of the Frapezium. L. E. K 


" -. PROP. Thy: © = 
Fig. 4. J to one. Side of 4 Triangle (asg C), there be 
drawn (FL) a Parallel, this cuts ile Sides 
proportionally, that is, (AF) will be w(F 

as (AL) to (L C.) N = WAY * 81 
And if the right Line (FL) cuts the Si u 
(BA, CA) proportionally, it will be parally 1 


the other Side (B C.)) 1 
(a) Per 33. Part I. Let BL, C F be drawu, becauſe P L. is ſug pol 
/ parallel to B C, the Tri FBL, LCF havidg the 


„1. 
(b) By tbe fame Baſe are (a) equal. \Therefore the Triangle X hai 
far pains, the fame Proportion to both ; now the Triangle X is 
\ the Triangle FB L, as the ſame Triang M is to that 
| LCF. kut the Triangle X is to the :Frianigle: F Bl 
(.) 2 A F is 0 FB; and the Triangle liste LC. 
as AL (c.isco LC. Therefore alſo AF is tovFB, © 
ALto LC. Q. E. D. — 
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Part II. ASAF i to EB, ſo is the ( Triapgle X to 
the Tri 
Triangle X to the Triangle LCF. Now AF is fu 
4 te tete FB, Ae. TTherdfore the T. 
angle X is to the Tri le FBL, as che ſame X is to LCF. 
Therefore the Tri 
ſeeing they - i s 8 nd: FL, BC, 


| are (e) parallel. 2. E. D 
Cprolluy i 


JF,unto (BCY one Side of Triangle there be drawn x 
Parallels (JO, F I) all the Segments of the Sides will 


F Q be drawn parallel to AC. nd. went Hon 
SQ, are equal (Y) to LO, OC. ButB is to FI, as 
34 to S F. (a) Therefore BlizalotolF, as CO to 


PROP. III. Theorem. 


F a right Line (B F) which biſefts an Angle 
FR, uo le, doth alſo cut the Baſe (AC,) 

Semen of th the Baſe 1 FC) will have the 
betwixt themſelves as the Sides 


=” 8- E 0 © WW YT cow TY 


J. 


77Y B, BC) 500 dure. 


= & a 


the ſame Proportion betwixt themſelves, as the 


i other Sides (AB, CB) the Line (BF) which cuts 
© the Baſe, biſects the oppoſite Angle (ABC.) 


Part I. Draw forth C B until B L be equal to B A; and 
join A L. Becauſe in the Triangle Z, the Sides LB. AB. 
are equal, the Angles alſo (5) L and O are equal Becauſe 
therefore the external Angle ABC is equal to the two in. 
ternal ones (c) L, O, ; he Angle 1 which by the Hypethe. 
1 fs i elf ABC. will be 
ws AL. FB (4) are 


- Therefore in the Triangle, 


EI. D. 
= 5 7 en 5 , a Parr 


41 


to the Angle I. Therefore“, 
ACL, 4 FC (2) a LB (ther 5, AB) s to.B C. 


129 
(d) By the 


FBL: And as AL is to L , fois the the ſame foregoing. 


es FBL, LCF are equal. Therefore 


| 0 ©) Per 39. 


e Fig. 5. 


() ) Per 34. 


t 


Fre. 6. 


And if the Parts of the Baſe (AF, FC) have 


tb) Per 5. 
J. 1. 

(c) Per 32. 
1. 

{ 0 Per 29. 


(e 1 gs 
1 
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For let QS, OR, be made equal to the equal Baſs 
(F L, ACA) Qs, OR will then be equal. Draw 8 
R B. It in the Triangles OB R. QIS, you take BY, 
10 for the Baſes, OR, Qs, will be their Altitude; 
which ſeeing they are equa), the Triangles OR. Qty 
(© Per 1. (c) will be betwixt themſelves, as their Baſes BO, 10 
6. But becauſe by the Conſtruction, OR is al to AC, 
1 and Qs equal FL the Triangles OBR, 'O1 IS, are (aq 
* equal to the Triangles A B C. FI I. Therefore the In 
. 5% angles ABC, FI L, arealſoas B O is to QI. 
Corollary (2) Hence a Trapezium AB CD, bes 
«« Sides A D and BC are parallel, may be divided into any 
„ equal Parts whatſcever. For let CE be made 
„ to A D. Becauſe of the Equality of the Angles veri 
3 cally oppoſite (e) AF D,. E FC, and of the altern | 
7 57 „ Angles f) DAF, FE C, and A D F, ECF, and h 8. 
„n gquality of the Baſes A D, C E, by Cenftrudtion, till Q 
(gs: Per ** Triangles A DF, FCE g.) are equal ; and therefore the O 
28.4. 1. Triangle A B E i: equal to the bs eye word 
Therefore the Baſe B E being divided 1 
% whatſoever ; as for inftance, three, BY; « G ** 
« the Triangles AB G. AGR. ARE, Rel? each of then 
- 6 VL E. E 


PR OP. II. Theorem. 
Fig. 4- 1. to one Side of a Triangle (as CY there l 
drawn (FL) a Parallel, this cuts abe Sie 
portionally, that is, (AF) will be 10 (F. 

as (AL) to (LC) - . 
And if the right Line (FL) cuts the. Side 
(BA, CA) proportionally, it will. * Parallel t 


87328 ty 


_ the other Side # a 
(a) Per 37. Part I. Let BL, CF bedrawn, becauſe Ta 
& 6 parallel to B C, the Traangles FBL, LCF having the 


SOD. the ſame Baſe are (a) equal. Therefore the Triangle X hat 
(c) By t _— the fame Proportion to both;; now the Triangle X is 
the Triangle FB L, as the ſame T X is to that 
ICF. But the Triangle X is to the :Friangle F Bl 
(5,) aw AFisi0FB ; and the Trian -X. is 40'that L CF 
as A L („. is to LC. Therefore AF is to B, © | 
ALto LC. Q.E. D. _ 


Pan 
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Part II. As AF is to FB, © 6 de() Tringy riapgle X to (d) By tbe 
the Tri Ac And ﬆ A 7 * ſo is the 2 
Triangle X to the Triang Now AF is 
zd te bew 5 B. as AL is to LC. — the 7h 
angle X is to the Triangle FB L., as the fame X is to LCF, 
Therefore the Triangles FB L, LCF are equal. Therefore * 
ſeeing they bave a common Baſe F L, the Lines FL, BC, q 


are (e) 1 . 18 39. 


F unto (B Cy one Side of Triangle there be drawn Fig. 5. 
[rant ao. PL) all the Segments af r ; 


b FQ be drawn parallel to AC: : S 
„ are equal to L ut is to FI, as /f) per 24. 

esl red ell BI is alto to I F, as CO wil; "has 
L. 


n Af as — 


Deere 


(a) Per 2. 
PROP. III. Theorem. TY 


FF a right Line (B F) which biſects an le g. 6. 
=, f « Tri le, doth alſo cut the Baſe (AC,) 
of the Baſe WN FC) will have the 
— — 


betwixt themſelves as the Sides 
(4B, „ 300 have. 


And if the Parts of the Baſe (AF, FC) have 
the ſame Proportion berwixt themſelves, as the 
other Sides (AB, CB) the Line (BF) which cuts 
the Baſe, biſects the oppoſite Angle (A BC.) 


Part I. Draw forth CB until B L be equal to B A; and 
join AL. Becauſe in the Triangle Z, the Sides LB, AB. 
are equal, the Angles alſo (5) L and O are equal Becaute tb) Per 8. 
therefore the external Angle ABC is equal to the two in. /. x. 
ternal ones (c) L, O, the IT, which by the Hypothe. (c) Per 32. 
fis is half ABC, will be eq to the Angle L. Theretore “. ! 

AL. FB (4) are . Therefore in the Triangle , Per 23 
ACL, AF to] FC(s) as LB (that is, 5 is to B C. (e. 


* 6 3. 
4 8 1 . Pee 


r K 


&. 


* 
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Part II. Ji in, until B L be to B A. 

Becauſe AF is ſu to F C, as A B (that is, LB) 
* is to BC; AL Tb) wn Therefore the ex. 
- 6. ternal T is equal to the internal one L (5) ; and the 


"JT angles angles which gre 
ther, are like or 


a) Per Sides alſo (a) that are — to the equal Angles 
:1. 1.6. proportional. 


Fig. 7. In the Triangles X, Z, let the Angle A be equal to the 
Angle F, and the Angle C to the Angle L, and the Angle 
B to the Angle I ; I fay, that A B is to FI, as A C is to 
FL; and A C is to F L, 25 CB is t LI; and CB is 
we. ly en le F be laid Equal A, the 

Fig. 7, 8. emonſt, 1 An u 

* lr wil Er AC. 406 
becauſe the external Angle AI L is by the Hypothefis equal 

@) Fig. 8. to the internal B (5), therefore (c) IL. BC, are parallel. 
Therefore BIistoIA(d) as CL to L A. Therefore by 


(c) Fer 29. compounding, BA is te I F, 3 CA to L F. And if the 
2 Angle L be upon the Angle C, it will be ſhew'd in the 
2: r. ſame manner, that A C is to FL, as BCiswIL; and if 


the Angle I be laid upon the le B, it will be ſhew'd in 
the ſame manner, that eifel. The 


Propofition therefore is prov'd. 
Corollaries. 


Fir. 1. JF ina Triangle a Line LI be drawn parallel to one 
19 80 Side B C, the Triangle L F. will be like to the Whole 
CPF! and conſequently CF will be w LF, as BC to 

For becauſe LI, BC, are parallel, the external Angles 

FIL, FLI will (ptr 27- 1.1.) be _ to the internal 
ones B and C: But F is common to both Triangle. 

There 


ee 3a3 0 *T 


S &@ 


” © © & 
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Therefore they are equiangular. Therefore the Sides C F, 
L F oppoſite to the equal Angles B and FI L (a) are pro- (a) By e 
portional to the Sides BC; LI, which are oppoſed to ihe . 
common Angle F. | 

2. It in a Triangle a right Line B F, drawn from the Fr. 9 
oppoſite Angle B, doth cu: the Parallels A (, L O, it cuts 
them proportionally. 

For by Corollary 1. AF is to LI, as FBistoIB; and 
z C alſo is to 1 O. as FBisto I B. Therefore A F is to 
LI, s FC to 10. Therefore by changing, AF is to 
FC, as LI to IO. 2 

[3. From Corollary 1. We learn to find the Heighth Ez 51. 
„of a Tower, or any elevated Point, by only the Shadow 
of a Staff. Fix the Staff F L perpendicularly upon the 
« Ground in that Place where the Ray of the Sun X BA, 
© that terminates the Shadow of the Tower BZ, may alſo 
« paſs through L. There will be in the Triangle AZ B. 
„the Line FL., parallel to the Heighth of the lower Z B. 
« Whence as AF, the Diſtance of the Staff from the 
« Point of the Shadow, is to F L, the Length of the 
« Staff; ſo is AZ, the Diſtance of the Tower, from the 
« Point of the Shadow, to Z B, the Heighth of the 
„% Tower. And becauſe the three firſt Terms are eafily 
had by meaſuring, the fourth alſo, i. e. the Heighth of 
« the Tower is had alſo. 2. E. I. 

4- ** From this alſo incomparably uſeful Propoſition, F;s. 52, 
« we may deduce that famous Theorem of Prolamy; to 
« wit, that in every Quadrilateral inſcrib'd in a Circle, the 
Rectangle of the Diagonals ACxB O is equal to the 
0 two Rectangles of the oppoſite Sides, A BxC D and 
„ A DxBC. For let the Angle E A E be made equal to 
„the Angle CA D. Becauſe the Angles BAE, CAD, 
* are equal by Conſtruction, the Angles ABE. ACD. 
« ſtanding upon the ſame Arch A D, are * equal ; there: + p,, 21 
© fore the Triangles B AE, CAD, are alike. And AC z 3. f 
„CD:: AB: BE; and conſequently + the Rectangle of + Per 16. 
the Extremes ACXBE is equal io the ReQangle of the“. 6. 
„Means C DXA B. In like manner, becauſe the Angle 
EAD is to the Angle BA C by Conſtruction, 
and the Angles ADE, AC, as ſtanding upon the 


„ fame Arch AB, are equal: The Triangles ADE, ; 
* ACB, will be like; and A D: DE:: AC: CB. Ant 
therefore the Rectangle of the Extremes A DxC B is 

12 * equa] 
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reel 
a) Per 1. ACXBE, A „ate a) to the 
2 1 R ACx z D. Therefore the I abe. 
oppoſite Sides, 


PROP. V. Theorem. 


| two Triangles have all their Sides propor. 
tional each to each, they ſball alſo be mutually 
Equiangular. 


on 
the Conſtruction 


PROP. VI. Problem. 


Fig. 10; FF two Triangles (P, S,) have an Angle (A, 

equal to one Angle (O;) and the Sides (AB, 

AC, RF, R Q,) which contain the _ Angles 
Ke 


proportional; the Triangles will be like. 


Let 


! 
1 
: 
i 
f 
t 
þ 
2 


. 


88.8 De 


PROP. VII. 


Ts; ſearce of any Uſe. 


— 88 
$3578 


PROP. VIII, Theorem. 
1 riangle, the Perpendicular Ng. n. 


from the right Angle to the 
Triangle into Parts like to the 


cuts the 


the Triangles A BF and L, the Angle F is common, 


C) ket 
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Whole, and betwixt themſelves. 


Baſe, 


Corel. 
] Prop. 4 
4 
. 
F4 


ifeſt, © 


les (b) Per 


Angles 
ang 


the Tri 
n 


the other A 


dy the Hypotheſis ri 


Therefore 
Therefore *® the T 


: In the 


B F and X are, 
uently equal. 


Angles A 
conſeq 
(5) 


and 
O 
and 
and 


5 


"x 
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<<4 


CF. 
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FIRST, BC is a mean Proportional betwixt A C and 


Far 


13 
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For _ there be in the Triangle R and L, 


equal Angles, I F2 J Angles, A. O 


Sides opp-led, AC,CB 


(a) Per 4. 
4. ©. 


Sides oppoſed, CB, C F. 
It is manifeſt (a) that AC: CB: CF 
2. BF is a mean Proportional betwixt AF, and CF. 


Likewiſe AB, a mean betwixt FA, and C A. 


For in the Triangle AB F and L. 


equal Angles, AB F. X equal Angles, A, 
Sides oppoſed, AF, BF Sides oppoled. B F, eb. 


(b) By the 


Therefore A F (6): BF:: BF: CF. Likewiſe becauſe 


Jim. in Triangle AB F and R there be 
equal Angles, AB F, pe 2 I 


S:des oppoſed, AF, AB 


(c Per c- 
Tal. 3. 9.17. 
J. 6. 


Fig. 12. 


dides — 2 A'B, AC 
It will be again AF: AB:AC+ 


3. Hence we learn to meaſure an inacceflible Line, 
one Term whercof is acceſſible. Let the inacceſſible 
Line be CF. Let there be rais'd from the Point C the 
Perpendicular C B : And: to any Point of this Perpendi. 
cular, as B, let there be applied a yquare, of any right 
Angle AB P; fo that in looking along the Line B F, 
the Point F, and along the Side E A, the Point A may 
be obſerved. Let the acceſſible Line A C be meaſured, 
and from the following Analogy the inacceflible C F will 
be made known. AC: CB: : CB: CPF. Let the Square 
then of the Line C B de divided by the Line AC, and 
the Qyotient (c) will give the ſought Line CF. VE. 1, 


PROP. IX. Problem. 


0 dic ide a given Line (AB) according to a 
green Proportion FI to II.) 


Let 4 infinite Line A Z be drawn. From which taks 


AQ. QR, equal to FI, IL. From R draw RB. Px 
valle ro this, dra QC from Q. I fay, the Thing is 


Kune, 


Ly: manifeſt frem Propefitic 2. L. 6. 


PR OP 


+—J24380Q9 gp ngoeyDt 


T 


wh. — 


— 
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PRO P. X. Problem. 
) divide a given Line, as (AB) in like man- Ts. 13 
ner as another given one (AT) hath been di- 
vided (in F, C.) "may 
Let the right Line I B join the Extremities of the two 
Lines. Draw' Parallels to this from the Points, F, C, 
which may meet the right Line, that is to be cut, AB in 
L and Q. I fay the Thing is done. 
This is manifeſt from the Coro/lary of Propoſition 2. l. 6. 
thus, if the cut Line I A be greater than that Fig. 53. 
be cut, B Q, let Circles ing one 7 
ith the Diameter I F, I C, IA; 


. 
; 


the 

Proportion of the Sections of the Diameter I A. If * pl ce. 
„the Line I A be cut into four Parts, four Circles are to r9/.4.p. 31. 
« be drawn; if into five, then ſive Circles; and ſo infinite. /. 3. 
60 ly. ] : 64 * | . *. 

ROM this Propoſition we learn to cut a right ; e given Fig. 13. 
12 equal Parts whatſoever. Lau 2 ate 
Line make any Angle with the ri t Line to be cut, AB; 
from which take, with a Pair. of Compaſſes, ſo many equal 
Parts, A C, CF, FI, as you would divide A B into. 
Draw the right Line I B, and the Parallels to it, FL. Cd 
I fay the Thi DD. 3 8 

We may do the ing otherwiſe, and more eaſily Fig. 
r tienes 
be triſecied or divided into three equal Parts. Draw the 
infinite Line I X parallel to A B, above or below it. From 


greater than A B; but | 
and A, as likewiſe through 8 and B 


reg Alun «et 
ines : e will 


liel to it. ; Com equal 
Fat. LO, OQ 00 BV. VS. SR; in each fewer 
in AB; 


Farts by one than are required B there be 

drawn the right Lines, L R, MI bag "TR GW 

driſect the 5 ERC 6 + 24.14 
parallel 


(a) Per andequal, are in d LX 2407 theſe alſo (a) will 
33- J. 1. be parallel. r 
Therefore ſeeing A Q is cut iato three equal 


(b) Per alſo (5) be eut into ts. 
1 will be cut to three equal Parts, Therefre' the whale 


Theſe two Ways of Pri@tice are aber than . 4. 
becauſe fewer Parallels are is bs dawn, er 9; 1 


PROP. XI. N 


* 16. Te. find a. 7 4 73 Wu 3 
given (AB, BC.) i 


Draw the right Line AC. 1 produced, take 
AF, equal to B C. Through FP, draw the infinite Line 
FX. to AC, which Infinite, let B C produced meet 

| in L. I'ay that B̃ ig to B C, as BC to CL. 
(b) Pera. For AB; AF 6G): : Be: CL: - But A F (e) is equal 
* to BC. Therefore AB: BC: L foCL is the 


By the 
2 * - 7% ehird — ſought.” 
tion. 
ou af 


Fig. 17. ET AB and BC be (et at a right Angle. . Joi AC. 
From G draw CX r to AC infinite; 
which. CX. Jet AB prodhced. meet, in L. | fay, AB: 
ae TOs x ART | 


ww 4 


Lib. VI. Evuciry's Elements; 


! 


Scholium. 


Given Proportion may not only be continued in three, 
but alſo in infinite Terms, and the whole Sum of the 
infigite proportional Terms be exhibited. Gregory of Saint 
Vincent hath very handſomly proſecuted this Matter, and 


6-7 WY 

E T 2 Praportion of the greater Inequali 

AB to BC. It is required to conti 
nite Terms, and to preſent the 


be ven, * Fig, 19. 


y remaining for : 
AB) is leſs than AZ; FS alſo (a) muſt ever be lefs than (a) Per 


I fay, 2. A Z is equal to the whole Sum of the infinite 
Proportionals. 


Part I. C“ It being fu as before, A 
* AB:BC; it will be by al AZ: A 
« BC, And by dividing, AZ—AB:AB:: 


« BC; that is, B Z: AB:: cz: BC. 


138 


- tinuaily proportional. 


Eveliy's Elements. Lib. VL 


: BZ: CZ. ] Butas A Z is to BZ, ſo is LA 
O B; and as B Z is to CZ, ſo is OBto QC. Therefore 
alſo I. A is to OB, as OB is to QC. In the ſame manner 
I might ſhew that OB is to QC, a QC to RE; a 
ſo forwards infinitely. | 


Part II. The whole Sum of the infinite Terms is neither 
leſs than A Z, nor greatec ; therefore it is equal. It i 
not greater, becauſe ſeeing we have ſhew'd above, tha 
QC leſſer than CZ. RE than EZ, and SF tha 
V Z, and fo on infinitely, all the Terms QC, RE, 85. 
&c. may be infinitely ſet one by another in the right Line 
A Z; ſo that the Point Z. ſhall never be reach'd. Again, 
the ſaid Sum will not be leſs, becauſe I have above ſhew d 
AZ, BZ, CZ, to be continually proportional ; and in the 
ſame manner, the ſame thing is ſhew'd of the reft, EZ, 


FZ, Cc. Seeing therefore by transferring the Proportion. 


als, QC, ER, FS, Oc. into CE, EF, FI, the Re 
mainders E Z, FZ, IZ. c. are always continually pro- 
portional, as we have already ſhewed ; we ſhall at the laf 
come unto a Remainder lefs than any given one; and 
fare the Sum of the Proportionals ſhall exceed evęry Quant 


t 
that is leſs than A Z; from 'whence itſelf cannot be lei 
than AZ. Seeing therefore it is neither greater nor le 
than A Z, it ſhall be equal to it. E E. 5. 


Tax Difference of the firſt Terms, the firſt Term, ard 


the whole Sum of the infinite Proportionals, are cov 

In the upper Figure let OX be drawn parallel to AZ. 
Therefore 1X — be the Difference of the firſt Tem 
AL or AB, and of the ſecond BO, or BC. Becaukf 
XO is parallel to A Z; LX fhall be to X- O, as (a) LA 
is to AZ. But XO is A B, and LA likewife is AB 
Thereſore the Difference L X is to the firſt Term AB, « 
AB the firſt Term is to A Z, the whole Sum. 2. Z. . 

Ihe ſame thing may be demonſtrated univerſally and ven 


briefly in every kind of Quantity ; thus, Let there be ay 


continual Proportionals whatſoever (as well Numbers, a 

other Quantities) A Z, BZ, CZ, Cc. and let them all be 

transfer'd upon the firſt AZ, Therefore AB, BC, cn 
E 


„ * 


E o I _ 5 ww 83-0 


a 


Pos PYTrryF 


nere rern 55 


— 


CE 
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EF, FI, Sc. will be the Differences of the Proportion- 
lr N ee of pee bebe tg may 

AZ. Now. becauſe if Proportionals be con- 
tinaed infinitely, the laſt Quantity vaniſbeth away, it is 
manifeſt that the Differences of the infinite Proportionals 
are to the firſt AZ. Then, becauſe A Z is to BZ 
»BZistoCZ, and ſo on. By dividing, A B will be 
BZ, as BC to CZ; and by converting, as A B. the 
Difference, is to A Z, the firſt Quantity ; ſo BC the 


88 


EES NSF 


; 


PROP. XII. Problem. 


Hree right Lines being given (AB, BC, AF) 
* find a fourth Proportional. 


and a third, two being given, after this manner. 
It three right Lines be given, let the ſecond C B, and Fig. 22. 

the third B B, be join'd right to one another, ſo as to make 

one right Line, and let the firſt B A touch them in the Point 

D in what Angle you will. Through the Points C, A, P, 
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* deſcribe a Circle (a), which let A B, the firſt Line, m 
in the Point Z. BZ is a fourth Proportional. 

N. Per 33. For ſeeing the Rectangles A BZ, CBD are (5) equi 
AB will be to B C, as BD to BZ, by the 14th of th 
Book, which, as was ſaid, depends not upon this. 

Fig. 23. If there be two right Lines, AB, BC; let BD, 
equal to B C, be join'd to BC, ſo as to make oue fm 
Line. Then let the firſt AB touch BC in B in a 
Then the reſt is as before, and B Z will be the third 
portional ſought. 

The Demonftration is the ſame; for ſeeing the Reg. 

angles A BZ, CBD, 21— AB will be to BC, a 
B O (chat is, BC) is to BZ. 


PROP. XII. Problem. 


Fig. 24. 1 right Lines given (AC, CB) to finda 
mean Proportional. 


Let the whole compovnd Line A B be bileied in 0 
and from the Center O a Circle be deſcribed througk A 
and B; from C erett a Perpendicular C F, meeting the 
Circumference in F. 
 Ifay, A is to CF, as C is to CB, 
. For let AF, BF be drawn 3 e 
3. right. angled. and from the Angle there is drawn the 
FO Perpendicular F C to the Therefore AC is to CF, 
4x4 w()CFiwCB. 


P. L. J. 6. 


HMO that it from any Point of the Cir. 
cumference (as F) there be drawn aP 
(FC) to the Diameter, this Fe r is a mean Pro 


WW (Ac. 
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Proportionals betwixt the two given Lines. 

—_—_— ſet themſelves 
with all their Might to the Solution of this Problem. Divers 
moſt ſubtil Ways of Practice are recited by Exz#ocius in his 
Commentary on Archimedes ; as thoſe of Plato, Architas the 
ſarentine, Menaechmus, Eratoflbenes, Philo Byzantius, Hero, 
Ajullonins of Perge, Nicomedes, Dioclus, Sperus, Papas; to 
whom the later Times have added Verner, Gregory of Saint 
Vincent, Renatus, Out of all theſe we ſhall ſelect 
Three more eaſy than the reit. 


Plato's Method. 


T is requir'd to find out two Means betwixt the given Fg. 29. 


Lines AB, BC. 

Let AB, BC de ſet in a right Angle, and be produced 
| Winfnitely towards X and Z. Then let two Squares (ſo our 
* I Clandins Richards hath it; for Plato hi made uſe of 
one Square only, but which had inſerted into its Side D E, 
a Rule moveable along 
taken, and the Angle D of one Square be applied to the right 
Line BX, in ſuch certain wiſe, that one Side may alfo paſs 
through A ; and to the Point E, in which the other Side 
cuts the right Line B Z. let a fecond Square be applied, 
which will paſs through C. I fay, that BD, BE, are two 
Means betwixt the given Lines AB, BC; thatis, 3 AB 
stoBD, fois B D to B E, and BE to BC. 

The Demonſtration is manifeſt from Corollary 1. Prop. 8. 
L. 6. for ADE is a right angled Triangle, and from the 
right Angle to the Baſe there falls the Perpendicular DB. 
Therefore by the faid Corollary, as AB is to BD, ſo is 
BD to BE; and for the ſame Cauſe, as BD to BE, ſo is 
BE to BC. Therefore betwixt the given right Lines A B. 
BC, there are found two mean Proportionals BD, BE. 
Which was the Thing to be done. This Manner of ſolving 
tie Problem is the of all to be underſtood. 


The 


See 


DE, let two Squares, I fay, be N. 26. 


— — _- — — 


- 
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The Method of Philo the Byzantine. 


27. ET the two given right Lines A B, B C, be ſet 
— at a right Angle ; chen let the Reftargle A BCD 
„and let DA, DC be produced infinitely, and le 
the Diameters B D, AC be drawn, cutting each other in B. 
From the Center E. through B, let 2 Circle be drawn, 
(a) Per 31. which, becauſe ABC isa right Angle (a) will paſs through 
4. 3. A and C. Then let a Rule be applied to the Point B, & 
that the intercepted right Lines B G, O. F. may be equal, 
I fay, that AF, G C, are two mean Proportionals betwin 
the given AB, BC; chat is, as A B is to AF, ſou A 
to G C, and G C to CB. 
(b) By the Demonſt. Becauſe G B. OF (5) are equal. O G, BF, 
Vill bealſoequsl. Therefore the Reftangles OG B, BO 
(e) Per that is, (e) the Rectangles DGC, DF A, are equal, 
Coro! x, Therefore as G D is to DF, fo (4) reciprocally AF is t 
p- 36.1, 34 GC, but G D is to DF (e) as BAto AF. Therefore a 
x wake © is to A F, ſo A F is to GC. Again, becaule | have 

6. already ſhew'd that A F is to G C, a8 B A is to AF; and 
ſince B A is to A F, as G D is to DF; that is, GC is to 
CB, AF will alſo be to G Cas G C is to CB. Therefore 
5. 4 l. 6. all four, BA, AF, GC, CB, are continually proportional; 
and therefore betwixt the given Lines A B, B C, two Means 
have been found. 2. E. J. 

Theſe two Methods of Solution, although they be inge. 
nious and eaſy enough; yet becauſe a due Application of 3 
Square and Rule is not made but by trying, they are not 
Geometrical 


6 CP 


The Method of Cartes. 


E T an Inſtrument of ſuch fort be provided, that two 
Rules may be open'd and ſhut about V. Let there be 
inſerted into theſe divers Squares connected together betwixt 
themſelves in the Points B, C. D. E. F. G. in ſuch fort, 
that in the mean while that the Rules Y X and Y Z — 
open d, the Square B C may impel the Square C D in 
rr 


in the Rule V X, and the Square DF, may impel F E, a 
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E F impel or force forward F G, and fo on: But fo that 
while the Rules X Y and V Z are ſhut, all the Points B, 
C, D, E, F, G, tend to fall upon one and the iame Point 
A. By this Inſtrument not only two, but alſo four and 
fix, yea, as many Means as you will, betwixt two given 
right Lines, may be found. Which thing can be obtain'd 
neither by the Sections of a Cone, nor by any Methods found 
out by the aboveſaid Authors. 

For two Means, three Squares are required ; for four 
Means, five Squares, and fo on. 

Let the leſſer of the given right Lines be transferr'd 
upon the Rule Y X, and let it be VB; the greater upon 
the Rule Y Z, and let it be Y E. Let the firſt Square be 
applied to the Point B, and be fixed there, and let the 
Rules be open'd, until the Side of the third Square paſſeth 

E. TI fay, that YC, V D, are two Means betwixt 
the given Y B, V E, that is that Y B is to V C., as YCis 
wYD, and YD to M E. 

The Demonſtration appears out of Corollary 2. p. 8. J. 6. 
For from the Nature of the Inſtrument, in the Triangle 
YCD, the Angle at C is a right one, and from it C B falls 
i upon the Baie Y D. Therefore by the ſaid 
Corollary, as 1 B is to Y C, fois YC to YD. Again, . 
becauſe in the Triangle Y D E, the Angle at D is a right 
one, and from it there falls the Perpendicular D C upon 
the Baſe YE, as VC is oYD, fois YDto YE. There. 
fore YB, YC, YD, V E. are four continual Proportionals. 
Betwixt the given Line therefore V B, V E, there have been 
found two mean Proportionals, Y C, Y D. Z. J 

It berwixt the given ones Y B, Y G, there be required 
four Means, the Rules, until the Side of the fifth Rule 
FG, paſſeth through G. There will be YC, YD, YE, 

YF, four Means betwixt Y B, YG. The Demonſtration 
is manifeſt from the ſaid Corollary. 

This Way, although the Inſtrument is more 
than Plates, is in very Deed an excellent one ; buth be. 
it doth nothing by bare Tryal, and becauſe it extends 
it ſelf unto four and fix, and as many Means as you will. 
The Deliacal Problem, to wit, the Duplication of the 
ube, is performed by two Means, and all the Bodies 
| are encreaſed or diminiſhed = © givin Proges-(2) foe 
| q 2.18. 
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3. plain Figures Mean. Hippocrates firſt open d 
N & 28 e and only — all — 


PROP. XIV. Theorem. 


Qual Parallelograms (XA, Z) which have one 
Angle (C) equal to one (O;) have their Sides 
alſo, which are about the equal Angles, recipre- 
cal; that is, (AC is to CB, as FO is to OI.) 
And if they have the Sides thus reciprocal, the 
Parallelograms are equal. 


Fig. 29, 30. 


Part I. Let I L and 8 B, being produced, meet 

in Q. The Parallelogram X is to the Parallelogram R. 2 

(b) Per ACistoCB(5); and Z is to R (ch, as FO to OL, 
7.7.6, But becauſe, by the Hypotheſis, X Z are equal, X is 
(c) By the to R as Z is to R. Tberefore alſo A C is to C B, as FO 

8 is to OL. Q. F. D. 

(d) By the Part II. As AC is to CB, ſo X is to R 0: Anda 
ſame, FO is to OL. ſo is Z to R. But already by the Hype. 
theſis, AC is to CB, as FO to OL. Therefore X is to N, 

as Z is to R. Therefore X and Z are equal. Q. E. D. 


[ Corollary. ** On this depends the Demonſtration of the 
„ inverſe Rule of Proportion. For in it there is always 
«« ſome Rectangle given, as X; and one Side of another 
equal Rectangle. as CB; and the other Side is ſought, 
«© As therefore AC, the firſt Side of the given Redangle 
is to CB, the given Side of the other Rectangle; o 
„ reciprocally, F C, the ſought Side, is to CL, the ſecond 
«« Side of the given Rectang 
„ CBxFC, is equal to the 
latter R 


PROP. XV. Theorem. 
Fic: 31,32. [5 Opal Triangles (ACL, FCH) which hurt 
one Angle (C) equal to one (O) have alſo 2 
ä des 


L 
by 
A 
th 
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Sides about the equal Angles reciprocal (that is, 
ACis to CB, as FO to OL. 

And if they have their Sides thus reciprocel, 
the Triangles are equal. 


Let the right Line LB bedrawn; the reſt of the De. 
monſtration is the ſame as that of the foregoing. 


Corollary. 


| 5 — — which have their 
A es ant Ae ei And fo con- 


"ies aalen from the two foregoing Propoitons. 


PROP. XVI. Theres. 


FF four right Lines (4B, FT; IL, BC) berg. 33. 
| proportional, (that is, if AB be to FI as TL 
bst BC) the Rectangle (Y under the Extremes 
(A3, BC) is equal to the Refangle (Z) under 

the | Means (FI IL.) © 

And if a Rectangle under the Extremes be 
equal to a Rectangle under the Means, thoſe four 
right Lines will be proportional. 


Part I. In he Reargls es X and Z. about the right, and 
therefore equal I, by the Hypotheſis, AB is to 
Fl, — 4 IL toCB. Therefore X and 2 (#) (a) Per 14, 
are equal. 2. E. D). J. 6. 

Part IT. Becauſe X and Z are now ſuppos'd equal ; 
therefore (5) about the E B and ], AB is to F I. (b) 3 the 
as reciprocally, I L to 9. E. D. eme. 


[Corcllary (r.) © Hence it is eaſy to apply the given 
Rectangle Z (c) to the given right Line AB; to wit. (c) 2 12. 
* by making AB: FI: : IL: BC. For BC is the ReR. J. 

8 — Z applied to the given right Line AB) 


„ Corollary (2.) ** Upon this Propoſition depends the 
Demanſtration of the _ Rule of Proportica, For in 
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EvcLry's Elements. 
« jt there is always given ſome : 
« another like R is ſought, one Side whereof is 
% given. It will therefore be, as BC, the firſt Side of 
« the Rectangle given, is to E O, the Side of 
« angle ſought ; ſo directly C E, the 
«© Rectangle given, is to OA, the 
«© Therefore leCEXOE is 
00 B CxͤOA. 


PROP. WII. Theorem. 


ITF the three right Lines (AB, FL, BC) be 
proportional, the Rectangle under the Ex 


And if the Rectangle under the Extremes be 
al to the Square of the Mean, thoſe three right 
nes are proportional. 


BC, and O is equal to FL; A 
is to BC. Therefore (a) the 
tremes AB, BC, is equal to the 
FL and O, that is, is equal to the Sq 


Part IT. This is demonſt in like manner 


ſecond Part of the foregoing. 
Corollary. 


FROM this, taken together wich the 13th, it is manifeſt, 

that if in a Circle, F C be perpendicular to the Diame- 

ter, the Rectangle A C B is equal to the Square of FE. 
ibn, be equal to the Square of C; then A: C 


2 r and C ꝗ be divided by A, the 


PROP. 
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PROP. XVIII. Problem. 


[JON a given right Line (RS) to deſcribe a Fig. 33. 
P 


olygon like, and in like manner poſited to a 
given one (B ©,) 


Reſolve the given Polygon BQ into Triangles. Upon (a) Per 
the given right Line RS, make the Angles (a) R. O, equal 23. J. 14. 


to the Angles B A. The Sides then will meet together in 
X. Upon XS make the Angles V, I, equal to the Angles 
T. C. The Sides then will meet together in Z. I lay, 
the hing is done. 

For becauſe the Angles R O, are equal to the Angles 
BA, the Angles E, K, muſt alſo be equal (per Corol. 9. 
p. 32.4. 1.) and becauſe alſo by the Conſtruftion, V is equal 
to T, the whole E V muſt be equal to the whole KT. In 
like manner becauſe O, I. are equal to A. C, reſpectively. 
the whole Angles Ol, AC muſt be equal. Ard becauſe 
V and J alſo are equal to T and C by the Conſtruction, Z 
and Q likewiſe muſt be equal (per Cor. 9. p. 32.4. 1) to 
T and C. Therefore the Polygons RZ, B Q. are mutu- 
ally Equiangalar. It remains, that we ſhew that their 


Sides allo are proportional. RS is to BF, * as SX to* Per 4. 
FL; and again, S X is to F L. (5), as SZ to FQ. 4.6. 
b By the 
ame, 


Therefore ex aquo RS is to SZ, as BF to FQ, Tc. 


Corollary. ** Hence is derived the Method of making 
„Maps or Charts, whether Geographical, or Chorogra- 
*« phical, or thoſe which Surveyors of Land make; and of 
2 traming Ichnographical Delineations of Fields, Buildings, 
Countries: for they are nothing elſe buc the Reduction 
* of great Figures unto like Figures which are of a ſmall 
** Compais, which is perſcrm:d by the Means of this 
* Propoſition. 


PROP. XIX. Theorem. 


147 


TH E Proportion of like Triangles (XA, Z) is Fr 36, 37. 


duplicate of the Proportion of their Sides 
(AC, FT) which are ſubtended to the equal 

Angles. | 
K 2 That 
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J. 6. 


5 


the firſt, to the third Proportional, A Q. See Definition 


Eick, Elements. Lib. VI, 


That is, if it be made ® as A C is to FI, fois F I to a 
third, AQ; the Triangle X is to the Triangle Z, as AC, 


10. 5. 
Becauſe the Triangles X, Z, are like, BA will be to LI 

(c)as AC is to IF. But by the Conſtruction, as AC is 
to I FE, fois IF to AQ. Therefore alſo BA is to LI, 


x Wat IF to AQ. Therefore in the Triangles QB A and 


(©) Per 1. 


() Per I, 
1. 6. 


Fig. 38. 


the Sides about the Angles A, I, (which, by the Def. 
nition of like Triangles, are equal) are reci There. 
fore QB A and Z are equal (. But the Triangle X is to 
QBA, as the Baſe A C to the Baſe AQ(F). Therefore 
X is to Z, as A C to AQ. Q. E. D. 


Hence is their Error to be corrected, who 
4 think that like Figures are in the ſame ion to one 
8 9 n 
like Triangles, but alſo Squares, Pentagons, Hexagons, 
re. 
«© betwixt themſelves, as 2 to 1, the Figures or Areas 
«© themſclves are as 4 to 1. If the Sides be betwixt them. 
<< ſelves, as 3 to 1, the Figures themſelves or Areas, are 
Das 9 to 1; to wit, ina duplicate Proportion of thoſe 


PROP. XX. Theorem. 
IKE Polygons (ABCDE, FG HII) are 
divided, (1 ) Into like Triangles (P, S, and 
9. T. and R,. V) in Number equal. (2.) And 


proportional to the Wholes. And (3.) The Pro- 
portion of the Polygons is duplicate to that of the 


Sides, (AB, FG) which are betwixt the equal 
Angles (B, G, and BAE, G FK.) 


Part I. Becauſe the Polygons are alike, they are mutually 
(per Def. 1. J. 6.) 8 and their 8 equal, 
BAR to GF K., and B to G, and B C D to G HI, and 
CDE to HI K. and E to K. Becauſe therefore AB is to 


(a) By the BC (a) a FG to GH, and the Angles B and G are equal, 


ſame. 


the T'riangles P, 8, (6) are like. In like manner it will be 


(b) Per 6. demonſtrated, that R and V are like. Then, becauſe the 


J. 6. 


Wholes, BCD, G H I. and the ſubdufted ones, BCA, 


S TFF. 8838 ORD 1888 aw 
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GH F, are equal, the remaining ones alſo, A CD, FHI, 

are equal. In the ſame manner I might ſhew that ADC, 

IH are equal. Therefore (per Corol. 9. p. 32. J 1.) the 

third CA D is equal to the third H F 1. Where alſo (e) (e) per 4. 
the Triangles Q and T are alike. The firſt Part thereof is j 6 


Part IT. Becauſe P and 8 are alike, the Proportion of P 
to 8 is duplicate to that of () CA to HF. But for the (f) By 8. 
ſame alſo the Proportion of Q_to T is duplicate to foregoing. 
the Proportion of CA to HF. Therefore P is to 8 as 
Qto T. In the ſame manner, I will ſhew that as Q is to 
T. ſo R is to V. Therefore, as one Antecedent, P, is to 
one Conſequent, 8, ſo all the Antecedents, P, Q. R, taken 

„ are to all the Conſequents, 8, T, V, taken to- 
gether; that is, ſo is Polygon to Polygon. Which was the 
other Part. 

Part III. The Proportion of P to 8 is duplicate (5) to (h) By the 
that of AB to FG. But the Proportion of Polygon tc ſ#r<going. 
Polygon is the fame with the Proportion of P to 8, as I 
have already ſhew'd. 2 alſo — Proportion of 
Pol to Polygon, is duplicate to the Proportion of A B 
to GS. Which was the third Part. all 


Corollaries. 


1. ALL ordinate or regular Figures, as Squares, Equi- 
lateral Triangles, Pentagons, &c. are betwixt them. 

ſelves in the duplicate Proportion of the Sides. For all re- 
gular Figures are like, as is manifeſt from Definition 1. 6. 

2. If in any like Figures whatſoever, the Sides A B, F G, Fig. 38. 
which are placed betwixt equal Angles, be known, the Pro- 
portion of the Figures is alſo known. As for Example; 
Let A B be of two Feet, and F G of fix Peet; and as 2 is 
to 6, ſo let 6 be to ſome other Number; to wit, 18. The 
leſſer Figure is to the greater, as 2 is to 18, or as 1is to . 
Now a third proportivnal Number is found, if (per Corol. 
3. P. 17. J. 6.) the ſecond of the given ones be multiplied by 
it ſelf, and the Product divided by the firſt. 

3. From the ſame Propoſition is drawn the excellent Me- Fi. 39. 
thod of encreafing or diminiſhing any Rectilineal Figure in 
2 given Proportion. As if I would make a Pentagon, 
whoſe Side is A B, five fold of ancther, Find a mean Pro- 
portional, B X, (i) berwixt the Terms of the Proportion (i) Per 13. 

K 3 given, “. 6. 
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2 given, AB, BC; upon this Frame, (2) a Pentagon like 


Fiz, 41. 


Fig. 30. 


Fg. 40, 41. 


to the given one. This ſhall be quintuple of the given 
one. 

For by the zoth, the Pentagon A Bis to B X. which is 
like to it, as AB, the firſt, is to BC, the third Propor. 
tional. 

Moreover, ſeeing the Proportion of Circles alſo is du. 
plicate to the Proportion of their Diameters, as will be 
ſhew'd, p. 2. l. 12. This Practice belongs likewiſe to 
Circles. 


Scholium. Seeing the Proportion of the Squares 

„K. is duplicate of the Proportion of their Sides O R, 

85 5 V ; from thence the duplicate Proportion of the Sides 

OR, SV, is wont commonly to be expreſs'd by the 
2 Proportion of OR q to SV.] 


PROP. XXI. Theorem. 


F leres A, (B) which are like to the ſame (C) 


are alſo like betwixt themſelves. 


This is manifeſt from Definition 1 1. Lib. VI. and from 
Axiom 1. Lib. 1. | 


PROP. XXII. Theorem. 


II four or more right Lines (FI, L, and 
OR, SV,) be proportional; like Figures, and 
in like Sort deſeribed by them (A B and EA) 
mz:ſt alſo be proportional. 
And Converſly. 


The Demonſtration of the firſt Part is manifeſt, For be- 
cauſe the Proportions of A to B and E to K, are duplicate 
to the Proportions of FI to LQ, and O R to SV, Which 
are, by the Hypotheſis, equal ; themſelves alſo muſt be 


equal. 


The ſccond Part is manifeſt alſo. 


[ Corollary. ** If che right Line AB be cut in any man- 
ner in C; the Rectangle contain'd under the Parts 


X 
X 
is 
Tl 
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« CB, is a mean i betwixt their 
« Likewiſe the contain'd under 
« and one Part, ACor CB, is a mean 


«« twixt the Square of the Whole, AB, 
« the ſaid Part, AC or CB, For (per Cor. 1. p. 8. J. 6. 
« jt is manifeſt, that AC: FC:: CF: CB. 


« fore AC Square: C F Square: : CF Square : C'B Square. 
4 


„ That is, A C Square : Rectangle AC B:: 
10 ACB: CB Square. 2. Z. D 


os Moreover, (per Cor. Z. 5. 8. J C.) BA: AF:: AF: 


« AC. Therefore B A: AF:: AFA: Ac q. That 


« is, T BAA: BAC Rectangle: : BA C Rectangle: f Per 17. 
« ACq. In the ſame manner ABA: ABC:: ABC: “. 6. 


« BCq. Q. E. D. 
PROP. XXIII. Theorem. 


. twixt themſelves a Proportion that is com- 
of the Proportions of their Sides (AC 
CB, and LC to CF.) 


That is, if you make CBtobetoO, as LC to CF, 
An RY 

Let IL, SB, meet in Q. Parallelogram 
X (a) is to the Parallelogram R, che, and R 


is (5) to Z, as LC is to CF; that is, as CB is to O. . 
Therefore ex aquo X is to Z, s ACistoO, Q. E. D. () * 


Corollaries. 
From hence, and from 34 J. 1. it is manifeſt. 


1. That Triangles which have one Angle {at C) equal, Fig. 4a 


have that Proportion betwixt themſelves, which is com.. 
of the Proportions of the right Lines AC to C B, 
e 68 Ren ons 
2. R b conſequen 

whatſoever, have betwixt themſelves hs P ion which 
is compounded of the Proportions of the to the Baſe, 
and the Height to the Height. And in the ſame manner 

we reaſon about Triangles. 
K 4 3. Hence 


6 


[i viangled Parallelograms (A, Z) have be. F. 4% 


Per 1. 


T52 Euc ID Elements. Lib. VI. 


Fig 42. 3. Hence the Proportion of Triangles and Parallelograms 
may be readily learned. Let X and Z be the Parallelograms, 
and their Baſes AC, CB, and CL, CF, be their Heights. 

(c) Per 12. Let it be made (c) as the Altitude C L, is to the Altitude 

- 6. CF, ſo is one of the Baſes CB, to O. The Parallelogram 
NX is to the Parallelogram Z, as AC to O. 


PROP. XXIV. Theorem. 


Fir TY every Parallelogram (as S, F) the Parallels. 

S grams which are about the Diameter (AB) to 
wit, (CL, OT) are both like to the whole Paral- 
lelogram, and to each other. 


By 27. 1. the Angles, C, S, and L, F, are equal. By 
the ſame, E is equal to l, that is, by the ſame, equal to 
A it ſelf; but B is common both to the Whole, S, F, and 
the Part, CL. Therefore the whole, 8, F, and the Part, 
C L, are Equiangular. It remains to be ſhew'd, that they 
have the Sides _ to the 2 Angles proportional. 

Becauſe in the Triangle BCE, BSA, CE is parallel to 
SA, BC (by Corel. 1. p. 4. I. 6.) will be to CE, as BS 
to S A: And CE will be to EB (by the ſame Core/lary) 
as SA to AB. But becauſe in the Triangles ELB, AFB A 
alſo, EL is lel to AF, EB (by the ſame Corollary) anc 
will be to E L, as A B to AF. Therefore x £quo C E is = 
to EL, as S A to AF. Therefore (by Definition I. L. VI.) G 
C L, and the Whole, C F. are like. In the ſame manner, - 

i 


J might ſtew OT to be like to the Whole, S, F. There- 24 
fore (per 21.1 6.) CL and OI are alſo like betwixt 1 
nen. N. b 
| PROP. XXV. Problem. A 
Fg.46. To change a given Polygon (A) into another 
* like to a given one (B.) 
Or to make a Polygon equal to a given one (A) 1 
and like to another grven one (B.) 


Upon C F, the Side of the Polygon B, a like one to 
which is required, (by 45 J. 1.) make a Rectangle Q equal 
ta B. Iden upon FI (by the ſame Propofition) make a 

| Rec. 
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Rectangle R equal to A. It is manifeſt, that CF and FI 
do make one right Line. Betwixt CF and FI finda mean 
Proportional F L (a). Upon this, (p. 18. /. 6.) make a 


Polygon like to the given one B, this muſt alſo be equal to J. 6. 


the given one A. 

For ſeeing by the Conſtruftion, CF, FL, FI, are three 
Proportionals, the Polygon B is to the Polygon like to it, 
which is made upon F L, as CF is to F I (per 20. J. 6. and 
Definition 10. J. F. that is, (per 1. J. 6.) as Q is to R. 
Therefore alſo by changing, as the Polygon B is to Q, 
ſo is the Polygon F L to R. But by the Conſtruction, the 
Polygon B is equal to Q. Therefore aiſo the Polygon upon 
FL, which is like to B, is equal to R; that is, by the 
Conſtruction, to the given A. That therefore is done 
which was required. 


PROP. XVI. Theorem. 


IKE Parallelograms (BD, FN) having a Fi. 44 


common Angle (A) are about the ſame Dia- 
meter. 


Draw the right Lines AE, CE. If you deny thae 
AEC is a common Diameter to the Parallelograms B D 
and F N ; let another right Line AGC, which cuts FE 
Sn 
GH. The Parallelograms F H. B D, will be therefore 
about the common Diameter A G C, and conſequently (by 
24+ J. 6. will be like. Therefore, (per Definition 1. J. 6.) 
will be like. Therefore, as B A to A D, fois FA to AH. 
But alſo, as B A to AD, fois FA to AN, ſeeing BD, 
FN, are like by the Hypotheſis. Therefore F A is to 
AH, as the ſame F A is to AN. Which is abſurd. 


P ROP. XVII, XXVII, XXIX. 


HESE Trouble to, and perplex Begin- 
4 DD nn RE | 


PROP. 
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PROP. XXX. Problem. 


O cut a right Line (AB) ſo that the 
whole 25 Hall be to one (AC) as 


Lib. VI. 


the ſame Segment is to the Remainder (CB.) 
That is, as Geometricians ſpeak, to cut a Line in ex- 
under 


treme and mean Proportion. 

By 11 L. 2. ſo cut A B̃ in C, that the R 
AB, CB, may be equal to the Square of AC. I fay 
the Thing is done. 


For by the 17th of this Book, as A B is to A C, fo is 
ACtoCcB 

The Force of this Section of a Line is admirable in the 
inſcribing and comparing regular Bodies. 


PROP. XXXI. Theorem. 


F from the Sides of a Rectangular Triangle 

(ACB) hke Figures whatever be deſcribed, 
that wwhich is oppoſed to the right Angle, will be 
equal to the two others (L, N) taken together. 


Here Propoſition 47. J. 1. is made univerſal. 


From the right Angle C, let the P CO be 
let down. Becauſe (pr 2. P 8. L. 6.) AB, BC 
B O, are three Proportionals, F ſhall be to the Figure re R, 
which is like to it, as A B the firſt, to BO the third Pro. 

10. L. 
* 


tional. . Definition 
p x0 becauſe (by the aforeſaid Corolla A, A 
A O, are three Proportionals, the Figure F ſhal al (by 
aforeſaid Propeſition and Definition) be to L, which is like 
to it, as BA the firſt, to AO the third — 

Leer 
ſame F is to L, as AB to AQ; F ſhall alſo be to R and L. 
taken together, as AB is to BO, A O, taken together. 
But AB is equal to the two. BO, AO. Therefore alſo 
F ſhall be equal to the two, R and L. Q E. D. 


Corollary. 


J. 
C. 
the 


Lib. VI. EvcLip's Elements. 
Corollary. 


ROM this Propoſition we can eaſily find one Rectilinear 
Figure, equal and like to any Number of Rectilinear 
Figures whatſoever, by the ſame Method, whereby, Prop. 
1. Schol. p. 47. J. 1. one Square is found equal to any 
Number of given Squares whatſoever. Only in the De- 
monſtration, let 31. J. 6. be cited inſtead of 47 J. 1. 


Corollary (2.) ** A Circle upon the Hypothenuſe of a 
«« Rectangle Triangle, is equal to two Circles deſcribed 
«+ upon the Sides, for all Circles are like amongſt them- 
«« ſelves ; and her as the Squares of their 
« Diameters, by the Second ot the Twelfth Book. 


Corollary (3.) “ From hence we may derive that Qua- 
„ drature of Lunets (or little Moons) which Hippocrates 
«« of Chis firſt taught. 


0 ao ag on, om and BACa 
« Semi.circle to the Diameter BC:BN A a Semi-circle 
« deſcrib'd on the Diameter AB; AMC a Semi circle 


angle BAC. And if the Line B A be equal to the Line 
« AC, and you let fall a Perpendicular unto the Hypothe. 
** nuſe BC, the Triangle B AO will be equal to the Lunet 
B NA, and the Triangle COA equal to the Lunet CM A. 


2 E. I. 
PROP. XXXII. 


THIS is hardly of any Uſe, and hath nothing 


remarkable in it. 


PROP. 
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EveLry's Elements. Lib. VL 


PROP. XXXIII. Theorem. 


JN the ſame or equal Circles, the Angles, whe. 

ther at the Cent (as ABC, FO D) or at the 
Circumference (as ARC, FS D) have that Pro. 
portion betwixt themſelves, which the Arches 
(AKC, FG D) on which they ſtand, have. Un. 
derſtand the ſame Thing of Sectors 


As for the Angles at the C nter, and the Sectors, it 
will be demonſtrated altogether in the ſame manner, in 
which, Prop. 1. of this Book, it was demonſtrated, that 
Triangles of the ſame Height are as their Baſes : Only 
where, Prop. 38. J. 1. is cited there, let Prop. 29. J. 3. 
be cited here. ; 

And becauſe the Angles R and S, at the Circumference, 
are Halves of the Angles ABC, F OD, at the Center, 
that which hath been demor ſtrated of theſe will be manifeſt 


alſo of thoſe; 
Corollery, . 


1. T* E Angle (BAC) at the Center, is to four right 

Angles, as the Arch BC on which it ſtands, is to 

the whole Circumference. 

For as BAC is to the right Angle BA F, ſo by this, 33, 

the Arch BC is to the Quadrant B F. Therefore the Angle 

BAC is to four right Angles, as the Arch B C is to four 
uadrants, that is, the whole Circumference. 

The Arches 1 L, B C, of unequal Circles, which do ſub- 
tend equal Angles, whether at the Center, as I AL and 
BAC, or at the Circumference, are like Arches, 

For the Arch I L is (by Corollary 1.) to its Circumfe. 
rence, as the Angle I A L, that is, BAC is to four right 
Angles ; and the Arch B C is to its Circumference (by the 
ſame Curo/lary) as the ſame Angle BAC is to four right 
ones. Therefore I L is to its Circumference, as BC is to its. 
Therefore (by Defir. 4. l. 6.) the Arches I L and BC are 
like. . 


3. The 


" JL Grrorn Seal 4 
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* hn —— . A C) do take away from 
n — n IL. BC. This 


Bras ke. I'OL) which contain equal 
by Corollary 2. the Arches BC. IL, and conſe. 


r the Angles C, 10 L, are like 


Elements of EUCLID 


BOOK KI. 
With Us the Seventh. 


the fix firſt Books Zaclia ſubjoins the Elements of 
Numbers, comprehended in the three followi 
the Seventh, Eighth and Ninth, to which he al 


adjoins a Tenth, r Quantities. 
We paſs immediately from to Solids 3 purpoſing to 
treat of Numbers ſeparately : Seeing it will, I ſuppoſe, be 
more commodious for Learners, if the Elements of Geome- 
try be not interrupted, by treating of any other Matter, but 
be had 3 — we ſhall cite the 
Propoſitions of this and the following Book, we ſhall not call 
theſe Books the Seventh, and the Eighth, but the Eleventh 
and the Twelfth, leſt if we ſhould depart from the every 
where received Order of Exc/id, the Citation of Propoſitions 
ſhould thereby be render'd more intricate. 

This Book in a fort contains two Parts : In the firſt, are 
laid the Foundation on which the whole Doctrine of the 
Solids, that is, of Bodies, depends. In the other, the Af 
ſections of Parallelopepids are propounded. 


This Eleventh Book of Elements ſets forth the firſt 
*© Principles of Solids. Nor can indeed the Properties of 
«« Bodies be known without it; and if we ſet upon almoſt 
% any Part of the Mathematicks, without the Knowledge 
he ad abc tate alma - * 


Igls 


— 
FE 


3 „147 
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« Loſs. For the Spherical Doctrine of Theodofins, Sphe 
» „ alſo, a great Part of Practical Geo 
« metry, Statics and- Geography, depends upon it ; and 
« what Things occur of any great Difficulty in the Art of 
« Dialling, in the Conic Sections, Aſtronomy, Dioptrics 
« or Optics, do all become more eaſy, the Principles of 
« Solids being once underſtood: So that thoſe who have 
« delivered the Elements of Geometry, leaving out and 
« ſetting aſide this and the following Book, are to be 
« reckon'd to have delivered the fame very imperfet᷑lly. 


DEFINITION S 


x. A Solid, or Body, is that which hath Length, Breadch 


2. The Extreme of a Solid is a Surface. | "ES 


3. The right Line [AB] is to the Plane [CC] right or 
perpendicular, when it males right A ogles BA C. BAC] 
bee C AJ in the Plane [CC] by which 


i touch d. 
4. A Plane is Wr 
he right Lines { to are drawn in one of the 


Fe right © Line (OL) 


the Fer 


+ by 
„ 


upon the Plane [L AI the Inchuntion of one to the other 
b the acute Angle [ A B C] which is contain d by the right 
Lines [A B and B CI which are drawn i» berk Fin or. 


pendicular to the common Section [O E.] 
7. A Plane is ſaid to be alike inclin'd to a Plane, 45 i 
ſome other Plane to another, when the faid Angles of thei 


ual. 
8. Parallel Planes, are thoſe which being continued 
ery way, are der, dust from each. other by equa 


9. Like ſolid Nectilinear Figures are thoſe which are 
contain'd under like Pianes, in Number equal. 
10. A ſolid right.lin'd Angle, is that which is contain'd Ff. 8. 
ese hoo 


EY Fig. 6. 7, 8. 


Fig. 8. 


Fu. 9. 


* — 3 92983 


EvucLiid's Elements. Lib. XI. 
not in the ſame Plane, meeting together in one 


are not 
11. Equal ſolid are thoſe, which being conceiv i 
P do agree or perfectly cu 
r Angje is ee 
ſo a ſolid Angle is an Inclination of Surfaces. Concerning 
both thereſore we muſt reaſon in the ſame manner. 
12. A Priſm is a ſolid Figure, comprehended by Planes 
which two oppoſite ones [O F E, AC B] are pz 
rallel, equal and like. 
13. A Parallelopepid is a Solid, comntain'd under fi 
Quadrilateral Planes, of which the Oppoſites are parallel. 
14. If fix Planes, in which the Oppoſites are parallel, 
be Squares, the Solid contain d by them will be a Cube. 


PROPOSITION I. Theorem. 


NE Part (AC) of a right Line cannot be in 
4 Plane „ (CB) out 


which 
Point. 


72 


It is clear of it ſelf. hom the Des of « Plane m 


| 8 W ee 3 


Fig. 11. 


For if n Sas, ad to the 
of meeting the other two, it will i I in 
* gets 


PROP: am. Theorem. 


T Planes (AB, CD) a En 
their common Section is a rigbt "Line. l 


mY, = 


828 buy 
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It is manifeſt from the Definition of a Plane. Ws 
But we may demonſtrate it thus. If E F, the e 

Section, be not a ri Line, he there by e 

Plane CD the ri n and in the Plane A B, the 


right Line E eee eee EOF, 
EQF, de EQP, The t W hich is abſurd. 


ROE IV. Theorem. 


— Lines (4X. nA 8) which cut each 
ather, it will alſo be” perpendicular to the Plane 
_ is drawn through them. 9 


it, let another Line, B Q, be | 

ee 
nd ts tips the ns AC, draw the Perpendicu- 
280 eee one —— 
221 0 Prof. 31. ſexes the Pin C0 
. or n 1 
jet. 5 fn 

aan BIO SLES C 


9 * Per 
„ Lay. ) Per 47. 
. — by the Cpnſtruction, . 
ORE 
SG O 
e n 4 1 (e) By the 
Aan. ſame, 
| | Ther BO Say qu BQ Squ. _ 
0 " 12 O Sd. 8 
3 4 W © twice 
U FE, 


L There. 


NToc trip Elements. 


| PROP. v. Theorem. + 


Ir three right Lines (BA, CA, PA) be per- 
fone right Line (AR) a th 


* 


For, if it may be, let one df 
Plane (RO) which. may cut, L. Q 
two, CA, FA, in the right Line A O. 
| ypothefis, R A ſtands perpendicularly upon the 
| Therefore RA makes a right Angle 
Gy Be _ J. 11.) But lf oy the 

1A £ Angles 
RAO are equal. Which i abutd 
. - PROP. VL. Theorem. 


RIGHT Lines (AB, CD) which are perpen- 
dicular to the ſame Plane (CF) are parallel. 


Tt might be taken for ranted,” as a Thing of itſelf 
known ; but we may 


RAB and 


it thus. 
BD 


FTP Se M 


. 


FATTY” 
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B D being join d, make in the Plane F E the Line DG 
to BD, and equal to BA; and let DA, 
GA, GB, be join'd. The right Lines BD, are 
equal to B D (a) and B A; and the B 6) (a) By the 
r Therefore (er 4. J. 1. — 


nn AB G, 
eral ts each other, and conſequently th 
G, A DG, are equal. e ADG walks 


8 . VII, Theorem. 


in the ſame Plane, is in 
one and the ſame Plane with them. 


2 8 But be that will 
migh granted. may 


2 Plane cut the Plane of the right Lines AB, 
CD, in the Points EF. If now E F is not in the Plane of 
AB, CD, EF will not be the common Section. Let 


EGF therefore be ſo. ee 4. 11.0 EGF 


cla a Space. Which is abſurd. 


Corollary: 


HENCE it follows, that if EF cut the Parallels A B. | 


CD, itis in the ſame Plane with them. For (by 


Definition 36. J. 1.) any two Parallels are in the ſame Plane. 


L2 PROP. 


is a right Line ; the two right Lines therefore E F, EGF, 
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PROP. VIII. Theorem. 


Er. 14. JT” of two Parallels (AB, CD) one (AB) be 
cular to a Plane E F; the other alſo 
(D) will be perpendicular to the ſame Plane. 


: It be taken for granted. It the Demonſtration 
. Lnnnins 


. E P. make 
„ G perpendicular to B D. Ie will alſo (ſee the Demos 


. 5? lontiny ot, Poop. 6.0 a5.) bo propane 
«+. Therefore (per: 4. 4.14.) G D R 
*<; the Plane ABD, that is, (by the f; 
e 
®.2 is a right But 
= — as with A 4-5 
= 11.)isa I *. 
. 


PROP. ix W 


Riegr Lines (AB EF) which ars par alle] 
60 the ſame rizhe Line (CD) althouth they 
EER 
berepixe themſetves. . - 


*Alkough it might be ee for granted yet we will . 
monſtrata it 


In the Plane of the Pueallels AB. CD, draw GK 
to CD. nnn 

E F, CD, draw HE perpendicular to C Therefore 

| (a) Pers a) CK is perpendicular to the Plane G KH. Therefore, 


s. — to CK, the ſame A G. EH 
ken (5) will be the Plane G H. Therefore 
Le Frege QE. 


AD. 
to 
Buse 
(per Dis. 
right ones 
D is perpen- 
E. D. 


D 
hich 
CD 


Fig. 16. 
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(c) Per 
6. J. 11. 


PROP. 
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PROP. X. Theorem. 


F two right Lines (AC, BO) be parallel to rg. 17. 
two right ones (DF,EF;) albeit they be not 


in the the fans Plane, they comprehend equal Angles 
(Cand F.) 


LetCA, CB, be made equal to F D, EF, and let D E. 

DDR e 
lel and eq will (a) be 

—— In like manner I might ſhew B E, CF, n 
parallel and equal. Therefore A D, BE, are alſo parallel 
(5) and equal, per Axiom 1. Therefore, per 33. J. 1. AB, (d) By the 
DE, are equal. Seeing therefore the Triangles BAC, egoing. 
E DF, are Equilateral to each other, the Angles C and F 


(c) are equal. Q. E. D. 1 * 
„ 
PROP. XI. Problem. ; 


12 draw a Perpendicular to 4a green Plane ig. 18. 
(AB) from a Point given without it (C.) | 


The Conſtruction. In the Plane A B, draw any right 
Line. as DF, unto which, from C, erect the P 
lar CE. Then in the Plane A B, through E, draw A E. l 
to the ſame DF, Then to AM, from C. 
draw the Perpendicular CG. I fay, that CG is perpen- 
dicular to the Plane A B. 
Through G let H G be drawn parallel to D F. By the 
Conſtruction. D E is lar to CE and E I 
icular to che Plane C E M (A4) x (4) Per 
alſo is H G (e). „ by Defir. 3. J 11. C'G ig 7.11. 
perpendicular to H G. But C G, by the CouſtraQion, 275 Per 
alſo icular to E M. Therefore () CG is perpen. f) Per 4: 
dicular to the Flane AB. Which was the Thing propoſed. 4 lf * 
| Scholium. In Practice thus. Let there be a Cord pig. 20, 
| „ Rule faſtned- to the given Point A: And from the 7. 12. 
„lame, let there be deſcribed by the end of it B in the 


« Plane given, the Circle BC FL. The Line A K, 
** which connects the given Point and the Center of the 


* Circle, „ Plane. 


+ 


4 


PROP, 


Fig. 21. 


r of the 
| Pains G. 292 FITS 
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PROP. XII. Problem. 


ROM a given Point (A) in any Plane (E 
By Ei fr, lar to the ſame 


any Point D, without the Plane E P, make DB 
P 


2 Aer And 
* AC parallel to 1 the 
N Den eaten 3 


Prop. — Oy 


— the given Point, s Porpendicube b 
ereted to the given Plane, if a Square OKEN be ap- 
plied to the given Point [and be turn'd round. ] 
PROP. XIII. Theorem. 
L tor drawn from the ſame Point cannot 


or would, 6. 
r (by Prop. 6.) be parallel. 


PROP. XIV. Theorem. 


Ir the ſame right Line (AB) be 
to two Planes (FG, 225 the Taue will 
be parallel. | 


_ and meeting the Plane L'Q in 

will be perpendicular-to both Planes, P 
fare/if A C, BE be join'd, the 
$1.) will be right ones. T 
BE, are parallel. Therefore A 
and conſequently CE, which hath 


a, 


65 B67. 


Lib. X.. Fvcilyd's Elements. 


PROP. XV. Theorem. 
Ir two _= Lines (B A, CA) touching each Nr. 28. 
other to be parallel to tuo right Lines which 
alſo touch one another (E D, FD;) the Planes 
likewiſe which are drawn through them will be 


Seeing therefore the Angles 1 G A, 
L 11. right; CAG, BAG, will alſo (« 


PROP. XVI. Theorem. 


Plane (E HF G,) cutting parallel Planes Nr. 23 
(AB, C D,) makes the Sections in them, 


EA, GF) parallel. 


A 


If not, ſeeing they be in the fame interſecting Plane, 
they will meet here, by Schol. Prop. 21. J. I. as in I. 
Wherefure ſeeing the whole Lines H E I,. F GI, be in the 
Planes A B, C D, theſe Planes alſo will meet in + p,, 1. 


I. Which is and contrary to Defin, 8. J. 11. 1. 11. 


L 4 PROP. 


Fig. 24. 


* 


* Per 2. 
J. 6. 
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PROP. XVI. Theorem. 


Arallel Planes cut right Lines (BD and GH), 
proportionally. 


Let the right Lines B H, GD, ts. is he 
PV, TQ; andli let BG be drawn meeting the Plane 
RS in F, and let FC, F [ be join'd. The Plane of the 
Triangle B G D cutting parallel Planes, makes the Sections 
CF, DG lel, by the foregoing, Therefore BC is ta 
CD, as B (e) to FG. Again, es, bo 
ting parallel Planes, makes the Sections, by the 
BH, F I, parallel. Therefore HI is to 1 G, 
toFG; that is, as I have 2 wi fes 
CD. 2. E. D. 


PROP. XVIII. Theorem. 


| I. a rizht Line (FE) be perpendicular to 4 


Plane 2 B;) all the Planes which are drawn 
through it are perpendicular to the ſame Plane 
(AB.) 


Let the Plane G C be drawn t h FE, making CD 
the common Section with AB; and let the Lines H K be 
drawn in the Plane GC, perpendicular to the common 
Section, C D. Now ſeeing, by the Conſtruction, H K 
is perpendicular to the ſame common Section to which F E 
is perpendicular, by the Hypotheſis, K H and FE muſt 


be parallel, by 29. /. 1. Therefore H K is alſo perpendi- 


cular to the Plane AB, per 8. J. 11. Therefore the Plane 


| K ferDefinition 4. J. II. 


Fig. 26. 


PROP. XIX. Theorem. 


17 two Planes (MF, G 2 Sn each other, 
be both perpendicular to t ame Plane (AB;) 
their common Section alſo witl be perpendicular 
to that Plane (A B.) 


For 


SETS eig gg. EE 
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For ſeeing, by the Hypotheſis, the Plane M F is 
pendicular to the Plane A B; it is maniſeſt, by Definition 
4, that there may be drawn in the Plane M F, from 
Point L, a Perpendicular to the Plane AB; namely, 
which from L, in the Plane M F, is perpendicular to 
common Section EF. Again, by the Hypotheſis, G D is 

to that Plane AB; D 
GD, may be drawn from the Point L, a P 
the Plane A B. ee Gam 6s Pele L or dame ems 
erefted only one Perpendicular to the ſame Plane AB.“ 
Therefore the Perpendicular to the Plane A B, which is 
drawn from the Point L, muſt be found in both the Planes 


d 


PROP. XX. Theorem. 


15 a ſolid Angle (A) is contain d under three Fig.-27. 


s 2840 CAD, 9 
of 05 15 greater than the third. 


If the three Angles be equal, the Aſſertion is manifeſt 
at firſt Sight ; and it is as certain, if they be unequal. 
For let BAD be the greateſt; and from BAD, cut off 
B AE, equal to BAC, and make the Line AC equal to 
AE. "And through E, let there be drawn a right Line 

AB and A D. in Band D. ard let BC, DC, 

be join'd. Becauſe, by the Conſtruction, the "Angles 
BAE, BAC, are equal, as likewiſe the Sides BA, AE, 
equal to the Sides B A, AC, the Baſesalſo BE, BC, will 


be equal (5.) And becauſe BC, CD, (. are greater than go) Per 4 


BD, the Ecual, BE, BC, being taken away, there re. 
mains C D greater than E D. But the Sides E A, AD, 


Therefore the Angle (4) CAD is grea Reer 

EAD. Seeing therefore the Angle B A C is equal, by 

Conſtruction. 4 the Angle BAE, thoſe two Angles to- 

+59 CAD, are greater than the Whole, AD. 
E 


PROP. 


are, by the Conſtruction, equal to the Sides, C A, A P. (4) Pers 
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PROP. XII. Theorem. 
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| Evcird's Elements. 
make fix Fifths of one right one. Therefore a ſolid Angle 
cannot be made of four ſuch Pentagons ; much leſs of more, 
Figures whatſoever. 


Corollary 2. Prop. 15. J. 4. are 
r 


equal to 


ever greater than an Hexagon, as of an Heptagon, 
gon, We. will be greater than four right ones. Wherefore 


it is manifeſt, that the reſt of the regular Fi 


PROP. XXII, XXII. 


RE very prolix, and tedious to Beginners, 
and ſcarce at any Time come into Uſe. 


PROP. XXIV. Theorem. 


THE Planes which contain a Parallelopepid 
are (1.) Parallelograms. (2.) The oppoſite 
ones are like. (3.) The Planes are equal. 


Part I. The Plane A F. cutting the Planes BD, FH, 
which by Defin. 13. are parallel, makes (a) the Sections 
BA, FE. parallel. Again, the Plane AF, cutting the 
Planes A H, B G. which, by the ſame Definition, are pa. 
rallel, (by the fame) makes the Section AE, BF, parallel. 
Therefore B AE F is a Parallelogram. By the like Argu- 
ment the reſt of the Parallelopepid may be proy'd to be 

Part II. Becauſe it is manifeſt from the firſt Part, that 
AB, BC, are parallelto EF, FG; the les ABC, 
EFG, muſt be (5) equal. Wherefore ſeeing 9 
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Sides alſo are equal, the oppoſite Parallelograms B D, FH 
ire like or fimilar. And the ſame of the reſt. b 

Part III. This is manifeft from the firit Part, and Fourth, 
or Eighth of the Firſt Book. 


PROP. XXV. Theorem. 


F a Parallelopepid (G F DT) or any Prifm Hr. 30. 
25 be cut by a Plane (NP) that is 


Parallel to the oppoſite Sides; there will be this 
Proportion, as the Baſe (D CP O) is to the Baſe 
(OPFE) fo is the ſolid (GP) to the ſalid (NF.) 


W 
Corollary. 
A Priſ the Planes, 
A hath « Seton _ pr ts hs — Plane 
PROP. XXVI, XXVII. 
ARE not neceſſary. 


PROP. XXVII. Theorem. 


Plane pa th the Diameter 
A ſite wee GEO cuts the Parakbppd = * 


into rwo equal Priſms 


Becauſe (a] BG, BE, are Parallelograms; CG, AE, (a) Per 
xe equi-diſtant from the fame B F. Ther-fore (5) they are 24. J. 11. 
alſo betwixt themſelves, and conſequently are in (Þ) Per 9. 
one Plane. Therefore the right Lines A C, E G, are (c) 
in one Plane. But now that a Plane drawn chrough chem ** * 
doth cut the Parallelepepid into two equal Priſms, is thus 
ſhew'd. Let the Priſm AEGCDH be underſtood to be 
ſo conſtituted upon its Plane AE CG, that the Angles D, 
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ual betwixt themſelves, the oblique ones will be 
— themſelves likewiſe. . 2 E. Db. * * 


PROP. XVII. Theorem. 


ALL Parallipepids whatever of equal Heighth; 
are berwtxt themſelves as their Baſes. 
Let G O and A be the Baſe een 


rallelogram O ual to A. 
Be of ke be nderiiood to b 
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Sides A B, C B, may lie ſo as to make one firait Line; 


and then EB, O B will alſo lie ſo as to make one ſtrait Line. 
Now, let Solids be imagin'd to be conſtituted u the 
Planes BQ and E C. in ſuch fort that the Solids K B. H A, 
may be one ee and K B,. PO, may make one 
Parallelopepid, and PO, CM, may make one Parallelope. 
pid likewiſe. The Solid H A, is to the Solid K B, per 25. 
J. 11. as A E to BR; that is, per 1. I 6. as AB toBC; 
that is, as I ſhew'd above, by the Hypotheſis, as EB is 
to BO; that is, by the ſame, as EC is to BQ that is, 
per 25. J. 11. as the ſame Solid K B, is to the Solid P O. 
Therefore the three Solids, HA, K B, PO, continue the 
fame Proportion, But now the Solia K B, is to the Solid 
PO, by the ſame, as the Baſe BR, is to the Baſe BQ; 
that is, per 1. J. 6. as EB is to BO; that is, as FB is to 
BG, as it was ſhew'd above, by the Hypotheſis ; that is, 
by the ſame, as the Plane F C is to the Plane BS; that is, 
per 25.4 11+ as the ſame Solid PO again is to the Solid 


CM. Therefore the tour Solids, HA, KB, PO, CM, 


are continually proportional. "Therefore, by Defin. 10. . 


5. the Proportion of the firſt H A, to the fourth CM, 


15 triplicate of the Proportion of the firſt H A, to the ſe- 
cond K B; that is, triplicate to the Proportion, per 25. 
J. 11. of A E to BR; that is, triplicate, per 1. J. 6. to 


the Proportion of the homologous Sides, AB to BC. 
QE. D. 


[Corollary (1.) ** Hence, if there be four right Lines 
* continual y proportional; as is the firſt to the fourth, 
4 ſo is a Parallelopepid deſcrib'd upon the firſt. to a Paral. 
— like, and in like manner deſcrib'd upon the 


(2.) “ Upon this alſo depends that moſt famous Pro- 
edlem concerning doubling the Cube; of which after. 
« wards, Scholium, p. 18. l. 12. 


(3.) Hence alſo is to be correfied the Error of thoſe, 


* who ſuppoſe that the Proportion of like Solids is the 
© ſame as is that of their Sides. For the Cube of a Line, 
* which is double to another Lire, is not only double to 
the other, but as eight to one. And the Cube of a 
„Pine, which is treble to another Line, 1: not only treble 
to the other Cube, but contains it 27 Times. For 1: 
* 2:4: 8=and ddd ds, as and. the ſame thing is 
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«© to be ſaid of all like Bodies whatſoever; as will appear 
«© afterwards. 

(4.) ** Hence the triplicate Proportion of any Quanti. 
«« ties whatſoever is the Propertion of the Cubes of the 
«« ſame Quantities. Let there be any two Quantities in the 
«« triplicate Proportion of the Quantities, AB, BC; they 
„ ſhall alſo be as AB Cube, is to BC Cube. ] 


Scholium. 
TIA which hath here been ſhew'd of Parallelopepids, 
will be demonſtrated, Book 12. Of Pyramids, Prop. 


8. Of all Priſms whatſoever, Corollary 2. Prop. 9. Of 
Cones and Cylinders, Prop. 12. Of Spheres, Prop. 18. 


PROP. XXXIV. Theorem. 


[FF the Parallelopepids (B M, CX) be equal, their 
Baſes and Altitudes are reciprocally proportion- 
al; (that is, the Baſe AM is to the Baſe FX, as 
reciprocally the Heighth FC is to the Heighth AB.) 
And if their Baſes and Altitudes be reciprocally 


proportional, they are equal. 


Part I. Firſt, let the Sides be perpendicular to the Baſes. 
If now the Altitudes of the Solids, BM, CK, be equal, 
the thing is manifeſt. 

If the Altitudes be unequal, from the greater, FC, cut 
off F E,. equal to BA; and through E draw the Plane EL, 

to FK. The Baſe AM, is to the Baſe F K, per 
25.4. 11. as the Solid BM, is to the Solid E K; that is, 
becauſe, by the Hypotheſis, the Solids BM, CK are 
equal, as the Solid C K, is to the Solid E K; that is, by 
the ſame, as CG is to E G; that is, per 1. J. 6. as CF is 
e ion, as CF to BA. 

. D. 
ken let the Sides be oblique to the Baſes. Let right 
Parallelopepids be erefted upon the ſame Baſes in the ſame 
Height, The oblique Parallelopepids will be equal to theſe. 
Wherefore ſeeing theſe, by the firſt Part, have their Baſes 
and Alcitudes reciprocal, thoſe alſo will be likewiſe. 
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Then let the Sides be oblique to the Baſes. Let right 
Parallelopepids be eretted upon the ſame Baſes in the ſame 
Height. Ihe oblique Parallelopepids will, per 29. and 30. 
III. be equal to theſe : Wherefore ſeeing theſe, by the firſt 
Part, have their Baſes and Altitudes reciprocal, theſe alſo 
ſhall be fo likewiſe. 2. F. D. | 

Part II. Let the Altitudes be unequal, and the Sides per- 
pendicular to the Baſes ; and from the greater, CS, take E F, 
equal to AB. The Solid BM, is to the Solid E K, per 32. & | 
J 11. a AM is to FK; that is, by the Hypotheſis, as { 
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CF is to AB; that is, by the Conſtruction. as CF is 0 

EF; that is, as C G is to (a) EG; that is, (5) as the (a) Per 1. 
Solid C K is to the ſame Solid E K. Therefore the Solids 4. 6 

BM and CK have the ſame Proportion to E K: Therefore (Þ) Fer 25. 
they are equal. Q. E. D. LOG 


Corollaries. 


AT Affections have been puſbetes of Barnes. 
pepids, Prop. 29, 30. 31, 32, 33, 34, do alſo agree 
to Triangular Prime, which are the Halves of Parallelope. 
pids. As is manifeſt from Prop. 28. Therefore, 
1, The Triangular Priſms, which are of equal Heighth, Fig. 37. 
are as their Baſes A, B. 
2 If they be like, their Proportion is triplicate to the 
Proportion of the Sides, oppoſite to the Angles. 
3. If they be equal, they reciprocate their Baſes and Al. 
titudes ; and if they reciprocate their Baſes and Altitudes, 
they are equal. 


Scholium. 


WHAT hath here, in Prop. 34. been ſhew'd of Parallelo. 

pepids, will be demonſtrated in the £2th Book of Py. 
ramids, Prop. 9. Of all Priſms whatſoever, Corollary 3. 
after Prob. 9g, Of Cones and Cylinders, Prop. 15. 


PROP. XXXV. 


$ very long, and ſubſervient to the following 
I 833 which we will demonſtrate with- 
out af, + 
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PROP. XXXVI. Theorem. 


A Parallelopepid (D H) made of three propor- 

tional right Lines (A, B, C,) is equal to a 
Parallelopepid (IN,) which is made of the Mean 
(B,) is Equiangular to the former. 


Let the Baſe F D, of the Parallelopepid D H, have the ; 
Side E F equal to A, and the other Side R D equal to C: 
And the Side E G, which ftands upon the Baſe equal to B. 
Thus the Parallelopepid D H will be made of the three 


right Lines, A. B, C. Then let the three Sides, . I 
X M, and conſequently all the reſt, of the Parallelopepid X 
IN be equal to the middle Line B: And the ſolid Angle a 
X, equal to the ſolid E; the Parallelopepid IN 


le 
will be made of the Mean Þ, and be Equiangular to the 
former. I fay alſo that it is equal. 

For, ſeeing, by the Hypotheſis and the Conftruftion, as 
FE is to LX, fo reciprocally, IX is to DE, the Baſes alſo 
(a) DF, IL. will be equal. Now, becauſe the ſolid 
Angles at E and X are equal ; if they be put within one 


another, (5) they will coincide ; and becauſe of the Equa. ] 
lity of the right Lines, EG, X M, the Points M and G, — 
will coincide. Wherefore both the Solids will have one ; 


1 Altitude ; to wit, the right Line, which is 
fall from the Points M. G, now become one, onto the 
Plane of the Baſe. The Solids therefore D H, IN, “ are 


equal. Q. E. D. 
Scholium. 


WE will further obſerve what is of great Uſe, that of 
three Lines drawn into or multiplied one by another, 
after what manner ſoever, a Solid of the ſame Magnitude 


ABC. CAB. BCA. 


1. 2. 3. 
In the preſent Scheme, the two firſt Letters deſign the 
Baſe ; the third, the Altitude. Let us compare the firit 
with the ſecond. 
The Baſe AB is to the Baſe CA, per 1. J. 6 as the Side 
B is to the Side C; that is, reciprocally, as the Heighth 
B is to the Heighth C. Therefore, by Prop. 34. 0 
| ABC, 
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ABC, is equal to CAB. 
In the ſame manner it may be ſhew'd that the firſt is 
equal to the third, and the third to the ſecond. 


PROP. XXXVII. Theorem. 


PArallelopepids which are like, and deſcribed in 
the like manner 7 proportional right Lines, 
will themſelves alſo be proportional; and con- 


This is manifeſt of itſelf. For the Proportions of Paral- 
lelopepids, by the 33d of this Pook, will be triplicate to 


thoſe Proportions which, by the Hypotheſis, are equal, 
which the Lines have betwixt themſelves. 5 


The Converſe is manifeſt of irſelf alſo. 
The Propofition is true of all forts of like Bodies, 
which will appear from Book the 1:th, to have betwixt 


themſelves a Proportion triplicate to that which the Sides 
have. 


PROP. XXXVI XXXIX. Theorems. 


TH ESE contain nothing remarkable, and are 
ſearce of any Uſe 


PRO P. XL. Theorem. 


TH IS is of a ſmall Uſe, and indeed no other 
than the 28th Propoſition in another View. 


Scbolium. 


FROM what hath hitherto been demonſtrated, we have 

the Dimenſion of Triangular Priſms, and of Quadran. 
gular or Parallelopepids ; to wit, if the Altitude be multi- 
plied into the Baſe. As if the Altitude be of 10 Feet, 
and the Baſe of 100 ſquare Feet, (now the Baſe is mea- 
ſured by Scho/ium, p. 36, or 41. J. 1.) multiply 10 by 
by 100, there will ariſe 1000 Cubic Feet for the Solidity 
of the given Priſm. . 1 

3 
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The Demonſtration is eaſy. For, like as a Rectangle 
ariſeth from the Multiplication of one Side by another, 
ſo a right Parallelopepid is produced from the Heighth 
drawn into the Baſe Therefore every Parallelopepid is alſo 
produced from the Altitude multiply'd into the Baſe ; ſee. 
ing by 38. /. 11. it is equal to a right Parallelopepid, con- 
ftizured upon the ſame Baſe with the ſame Heighth. 

Then ſeeing the whale Farallelopepid is produced from 
the Heighth into the whole Baſe ; the half of the Faralleio. 
pepid (that is, a Triangular Priſm by 28. /. 11.) will be 
produced from the Altitude multiplied by half the Baſe ; 
to wit, the Triangle ILK. 


THE 
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THE 


Elements of EUCLID. 


BOOK XI. 
With Us the Eighth. 05 


— 


HAT in the foregoing Books we have endeavour. 
ed to perform ; namely, to bring the Elements 
of the Mathematicks into a more eaſy and 

brief Method, will be to be endeavour'd in this Twelfth 

Book eſpecially ; the Doctrine whereof is moſt neceſſary, 

bat the Demonſtrations are ſo prolix, that they commonly 

make Beginners aimoſt to deſpair. We have fo propos'd to 
our ſelves to remedy this Evil, that in the mean while we 
will not depart from the Rigour of Geometrical Demon- 
ſtration. Which Thing, whether, or no we have attain'd, 
the Reader will underitand, if he ſhall compare this of 
ours with Caclid's Prolixity. 5 


% Now, after Euclid had in the former Book declared 
„ the Elements of Solids, and defined the Meaſures of the 
„ moſt eaſy Bodies, thoſe, namely, which are terminated 
*« with plain Surfaces : In this Twelfth Book he confiders 
Bodies bounded with curve Surfaces ; to wit, Cylinders, 
*« Cones and Spheres ; compares them betwixt themſelves ; 
and defines their Meaſures. This Book is indeed moſt 
«« profitable, becauſe it contains thoſe Principles on which 
** the chief Maſters of Geometry, and eſpecially Archime. 
* des, have built ſo many famous Demonſtrations, con- 
cerning the Cylinder, Cone and Sphere. 
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DEFINIiT1ONSS. 
- 


Pyramid is a Solid [Z L] comprehended under the 
Triangles [ALC], CLF, FLS, BLA] placed from 
one Plane [ Z] to one Point [L.] 

The Flane Z is called the Baſe. and may be either a 
Triangle or Quadrangle, or any other Figure, from each of 
the Sides whereof there ariſe Triangles meeting together in 
the Point L, which is called the Vertex, or Top 

As the Triangle amongſt Rectilinear plane Figures, ſo 
the Pyramid amangt folid ones is the firſt and moſt ſimple. 

2. If without the Flane of fome Circle [C L] there ſhall 
be taken the Point [A, ] and from it be drawn the infinite 
right Line [A F, ] touching the Circle in C; and this Line 
(the Point [A] remaining fix d) be turn'd about the Circum- 
ference of the Circle, until it returns thither, from whence 
it began to be maxed; the Surface deſcribed by the right 
Line [A C F] is term'd a conical Surface; and the Body, 
which is contain'd under this Surface, and the Circle [C L] 
is calPd a Cone, | 

Tue Vertex of the Cone is [A.] 

The Circle [CL] is the Baſe of the Cone. 

The right Line [A B,] drawn from the Vertex to 
Center of the Baſe, is the Axis of the Cone, , 

The Side of the Cone is the right Line [AC drawn 
from the Vertex to the Circamference of the which 
that it is wholly in the Surface of the Cone, is 
from the Production of the Figure. a 

A right * Cone is, when the Axis [A B] is perpendicu. 
lar to the Baſe, 

A ſcalene or oblique Cone, is, when the Axis [A Bl] is 
not perpendicular to the Baſe: 

A right Cone is alſo made by a right-angled 2 

CBA] turn'd round about one of the perpendicular Si 
8 B.] See Fig. 2. 

3. If an infinite right Line [CO F] be turn'd about, 
two Circles [C L. O Q equal and parallel, until it re. 
turns to that Place from whence it began to be mov'd, and 
remains always, whilſt it is mov'd, parallel to ir ſelf, the 
Surface deſcribed by the right Line [C OF] is called a 
Cylindrical Surface ; and the Body which is contain d under 
this Surface, and the two Circles, is call'd a Cylinder. 
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The Baſes of the Cylinder are the Circles [C L, OQ } 
the right Line [A B] which connects the Centers of the 
Paſes, is called the Axis. The right Line [OC] in the 
Surface of the Cylinder, touching both the Baſes, is called 
2 Side of the Cylinder. | 

A right Cylinder, is, when the Axis is perpendicular to ig. 4. 
to the Baſe. 

A ſcalene or oblique Cylinder, is, when the Axis is not Fig, g. 

icular to the Baſe. 5 

A right Cylinder, is alſo made by a Rectangle [OC BA 
2 about one Side [ BA. ] bs Fe, © 

4. Like Cones and Cylinders are „ Which have Fig. 20, 21. 
their Axes [A K. Z O] and the Diameters of their Baſes 
IBF. QR] proportional. 

5. A Sphere, is a Solid contain'd under one Surface, 
unto which Surface all the right Lines that are drawn 
from a certain Point within the Figure, are equal amongſt 
themſelves. That Point is call'd the Center. The Diame. 
ter of the Sphere is a right Line drawn through the Center 
unto the Surtace on both Sides. 

A Sphere is produced it a Semi.circle be turn'd about its N. C 
Diameter [A F] which remains in the mean while unmov'd. 

6. Magnitudes inſcrib'd in, or deſcrib'd about ſome 
Figure, whether they be greater or leſſer than the Figure, 
are then ſaid to end in the Figure, when they will at the 
lait differ from ic by a Quantity leſs than any given one 
whatſoever, or how ſmall ſcever. 

Therefore if thoſe Magnitudes which are inſcrib'd into 
ſome Figure will at laſt fall! ſhort of it by a Deficiency lefs 
than any given one whatſoever, the Magnitudes inſcrib'd 
are ſaid to end in the Figure; and if thoſe which are cir- 
cumſcrib'd about ſome Figure, will at laſt exceed it by an 
Exceſs leſs than any given one whatſoever, they ſhall be 
ſaid to end in the Figure. 
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PROPOSITION I. Theorem. 


TH E Proportion of like Polygons inſcrib'd in 
a Circle, is duplicate to the Proportion of the 
Diameters (AF, IC.) 


Let AO, BF; IR, LC, be drawn. Becauſe the Po. 
— rg te gay ty tee the Angles (OBA, RL1) 
will (per Defin. 1. I. 6.) be equal; and the Sides OB, BA, 
proportional to the Sides RL, L I. Therefore in the Tn. 
angles AO B, RI L(per6./. 6.) the Angles O and R are 


equal. Therefore alſo the Angles B F A and L CI, which 


ſtand upon the ſame Arches, BA, LI, are (per 21. / 3.) 


equal. But the Angles, F BA, C LI, in Semi circles, ar 


31. J. 3.) right ones. Therefore the other Angles 
So: 9. A © L 1.) BAF, LIC, are equal. There. 
fore becauſe the Triangles FAB, CI L, are Equiangular 
to each other, they are (p. 4. J. 6.) like: and B A will be 
to LI, as AF to IC. Now, becauſe, by the Hypotheſis, 
the Polygons are like, their Proportion will be duplicate 
(p. 20. J. 6.) to the Proportion of the Sides BA, LI. 
that is, as I have already ſhew'd, duplicate to the Proper. 
tion of the Diameters AF, IC. 2. E. D. 


Corollary. 


"PAX Circumferences of like Polygons inſcribed in a 
Circle are betwixt themſelves as the Diameters. 

Seeing it hath already been ſhew'd, that AB is to LI, 
as AFis to IC; OB will alſo be to RC, as AF to 
IC: And ſo of the reſt of the Sides. Therefore all the 
Sides together will be to all the Sides together, that is, 
one Circumference to another, as AF is to IC. 


A Lemma. 


POLYGONS inſcrib'd in a Circle, end in a Circle. In 
ſeribe a Square, as AC B D. Seeing this is half (pe 


Sabel. 5. 6. and 7. J. 4.) of the Square which is circumſcrib's, 


it will be greater than half of the Circle. lance” 


— 
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this be taken out of the Circle, there will be taken out of 


it more than half. Then each Arch being biſefted in E, 


K. I. H, inſcribe an Octagon: And let FG touch the 
Circle in E; which F G, let BC, D A meet in G and F; 
C F will be a Parallelogram, of which, ſeeing the Triangle 
CEA (per 41. I. 1.) is half, this will be more than 
half of the Segment CE A. In the ſame manner each of 
the 'Triangles, AK D, DIB, &c. is more than half each 
of the Segments. Therefore all the Triangles are more 
than half all the Segments. Therefore if you take theſe 
out of thoſe, that is, out of the Remainder of the Circle, 
more than half will be taken away. In the ſame way of 
arguing, if there be inſcrib'd in the Circle, Polygons of Sides 
always double in Number; I can ſhew that there will al- 
ways be taken out of the Remainder of the Circle more 
than half, Therefore the Remainder muſt at laſt be leſs 
than any given one whatſoever ; and conſequently the in. 
ſcrib'd Polygons will at laſt fall ſhort of a Circle by a 
Quantity leſs than any given one whatſoever ; that is, (per 
Defin. 6. J. 12.) will end in a Circle. 


PROP. II. Theorem. 


TH E Proportion of Circles is duplicate to the Fig. 6, 7. 


Proportion of their Diameters. 


The Proportion of Polygons inſcrib'd in a Circle without 
End, is (per 1. J. 12.) duplicate to the Proportion of the 
Diameters. But Polygons (by the foregoing Lemma in- 
ſerib'd in a Circle infinitely, at laſt end in the Circle. 
Therefore the Proportion of Circles is alſo duplicate to the 
Proportion of the Diameters. 


PROP, III, IV. 


4 RE prolix, and hard for young Beginners, 
and have no other Uſe, than that they ſerve 


to the Demonſtration of the Fifth, which we ſhall 


demonſtrate much more eaſily without them. 
| Lemmata, 
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A 
| 
| 
} 
: 
A 
5 


188 EvcLtry's Elements. Lib. XII, Lib. 


Lemmata, or preparatory Propofitions to Prop. V. 


Lemma I. 


Fig. 9. F two Triangular Pyramids be cut with Planes (O 8 B. 

R X Z) parallel to the Baſes (ABC, 1QV) which ſane 
Planes divide the Sides (C F, Q L) proportionally in (E and 
Z, then OS E. RX Z) will be betwixt themſelves, as the 
Baſes (ACB, IAV.) 

Becauſe the parallel Planes, OSE, ABC, are cut by the 
Planes B FC, AFB, AFC, the common Sections, 8 E, 
BC, and OS, A B, and OE, AC, (will be (per 16. L 11, 

lel. Wherefore the Angles OSE, ABC, and 8 O B, 

AC, and O ES, AC B. two and two, are (per 10. J. 11.) 
equal. Wherefore the Sections, OS E,. ABC, are like 
(per 4. I. 6.) In the ſame manner I might ſhew that the 
Sections RXZ,IVQ, are like. Therefore (per 19. 1.6) 1 
the Proportion of the Section AB C, to the Section OS E, } 
is duplicate to the Proportion of the Side B C, to the Side hi 
SE ; and the Proportion of the Section I VQ to R XZ, 70 
is duplicate to the Proportion of VQ to X Z. But the 

ons of BC to SE, and of VQ to XZ, are the . Le 
fame (for B C is to S E (by Corollary 1. per 4. L G C WY 
to EF; that is, by the Hypotheſis, as QL to Z L; that mo 2 
is, (by the ſame Coro//.) as VQ to X Zz. Therefore the 
Proportion of A B C to OS E, is the ſame with the Proper. if Peiat 


tion 1 VQto RXZ. 2. E. D. — 
Lemma Il 2. 
: Heigl 


RIS MS inſcrib'd inſinitely in a Pyramid (Z CA Wrl.1 
which hath a Triangular Baſe, end in the ſame Pyramid. ¶ that i 
Let the Side of the Pyramid be divided into a certain {MW SX TE 
Number of equal Parts, AB, BG, GF, and through B WW the P 
and G, there being made the Sections, G DN and BE, inſcri 
to the bate ZAC; let the Triangular Priims I to the 
EPMAOand GDNE BQ be underſtood to be inſcrib's Ii all of 
in the Pyramid. Theſe then being continued without the i they 
Pyramid, let there te underitood to be deſerib'd about the I the P 
Pyramid the Priſms CIBA, PXGB, NHFG. The 
Exceſſes of the circumicrib'd Friſms above the inſcribed 
ones, are the Solids IM, XK, HG, which, — 
8 , 


Fig. IO, 


SS ww — Fo FF = — — Dd 3 cha Oo - 


0 * — Wy TH ww 
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, are equal to the Priſm CI B A: For H G (per 28. 


J 11.) is equal to DB; and conſequently H G with XX. 


are equal to PX G B, that is, (by the ſame) to ME BA, 
Therefore the three, HG, XK, IM. are equal to the 
Whole, CIBA. But if A F be divided without End into 
more equal Parts, and conſequently the Number of Priſms 
be infinitely encreaſed, A B will become leſs than any given 
Line. Therefore (as it is manifeſt from p. 25. /. 11.) the 
Prim CI B A will become leſs than any given one. There. 
fore the Exceſs of their circumſcrib'd Priſms, (and much 
more of the Pyramid Z CAF, which is part of the Priſms 
circcumſcrib'd about it) above the inſcribed P:iſms, will be 
leſs than any given Priſm. Therefore the inſcribed Priſms 
(by Defin. 6. I. 12.) end at laſt in a Pyramid, 2. Z. D. 


PROP. V. Theorem. 


T Kangular ramids of the ſame Heighth 
have that Proportion betwixt themſelves, 
which their Baſes (ADR, ES Y have. 


Let the equal Altitudes of the Pyramids be repreſented Fig. 11. 


by the Side AP, EZ; which, on both Sides, let be divided 
into as many equal Parts as you will, but ſo that they be 
of the ſame Number ; and let there be made through the 
Points of the Diviſions, Sections parallel to the Baſes: Let 
Triangular Priſms, of the ſame Number, and the ſame 
Heighth, be underſtood to be inſcrib'd in both Pyramids. 
And now becauſe the Priſms, LA, I E, are of the ſame 
Heighth, the Priſm L A will be to the Priſm I E (by Co- 
roll. 1. p. 34.4. 11.) as the Baſe LOB is to the Baſe INK; 
that is, by (Lemma 1) as the Baſe QR A is to the Baſe 
SXE. fn the ſame manner I might ſhew that each of 
the Priſms inſcrib'd in the Pyramid QP AR, is to each 
inſcrib'd in the Pyramid SZEX, as the Baſe QA R is 
to the Baſe SEX. Therefore all of them together, are to 
al of them together, as Baſe is to Baſe. Wherefore ſeeing 
they at laſt end (per Lem. 2.) in the Pyramids themſelves, 
the Pyramids themſelves alſo will be as their Baſes. Q. E. O. 


PROP. 
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PROP. VI. Theorem. 


Fig. 12, 13. A- L Pyramids whatſoever, which are of equal 


Fig. 14. 


Fig. 15. 


Heighth, have that Proportion betwixt 
themſelves, which their Baſes (A B, CFO) have, 


Let their Baſes be refolv'd into Triangles, A, B,. C, F, 
O;: and the whole Pyramids into Tri r Pyramids, 
The Pyramid AX, is to the Pyramid O Z (by the fore. 
going) as A is to O; and the Pyramid BX. is to the Py. 
ramid OZ, as Bis to O (by the ſame.) Therefore the 
Pyramids AX, BX. together {that is, the whole Pyramid 
AB X) are to the Pyramid O Z, as A, B. together, are 
to O, By the ſame Argumentation, the Pyramid A BX. 
is to the Pyramid F Z (by the ing) 4s A, B, are to 
F: And AB X, is to CZ, as A, B, is to C. Therefore 
AB X. is to the three, O2 FZ, CZ, together; that 
is, to the whole Pyramid, OF, CZ, as, A, B, together, 
is to O, F, C, together, Q E. D. 


PROP. VII. Theorem. 


RY Pyramid is the third Part of a Priſm, 
which hath the ſame Baſe and Heighth. 


Firſt, let the Triangular Pyramid, BG A C, have the 
ſame Baſe and Heighth with the Priſm, BACFEO: Let 
BF, AO, AF, bedrawa The Triangles, BF C, B FO, 
are (per 34. J. I.) equal, Therefore the Pyramid, BF CA. 
is equal to the Pyramid, BFOA. For the ſame Reaſon, 
OE AF, is equal to the Pyramid. OB AF; that is, to 
the Pyramid, BOFA, for they are the fame Pyramids. 
Therefore B FCA. and OE AF, are alſo equal. hee. 
fore all three, BFCA, OEAF, OBAF, or BOFA, 
are equal. Therefore the three together are triple of one, 
B FCA. But thoſe three conſtitute the Priſm, BACFEO. 
That Priſm therefore is triple to the Pyramid, BFCA; 


that is, (per 5. l. 11.) toBGAC. 2. E. D. 


Then let any Pyramid whatſoever have the ſame Paſe 
and Heighth with the Priſm, AEFH: The Lines BC, 
BO, BE, and NI, NG, NH, being drawn, reſolve the 
Priſms into Triangular Priſms, and the Pyramid into Tri 


angular 


— _—_— bd n LACS ww 
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angular Pyramids. W hich being done, the Demonſtration 
is manifeſt from the firſt Part: For each Part of the Priſms 
will be triple of each Part of the Pyramids. And conſe. 
quently the whole Priſm will be triple to the whole Pyra- 
mid. Q. E. D. 


PROP. VIII. Theorem. 
TH E Proportion of like Pyramids (OACB, 
K HIN) ts triplicate to that which the ho- 
mologous Sides (AB, HN, ) have to each other. 


Firſt, let them be Tri : The Parallelograms, A M Fig. 16. 


and H Q being perſected, ſet upon them the Parallelopepids, 
AG, HL, in the Heighth of the Pyramids ; which ſeeivg 
the Pyramids are like, will alſo (as appears from Defin. . 

L II. be like. Then let EF, RP, be drawn; and 
through E F, CB, as likewiſe through RP, IN, the Pa- 
nllelopepid will be cut (per 28. J. t 1: into two equal Priſms ; 
each of which will be triple to the Pyramids, OACB and 
KH IN (by the foregoing). Therefore both together, that 
s, the whole Parallelopepids, AG, HL. will be fix-fold 
of the Pyramids. Therefore the Pyramids are proportion. 
al to the Parallelopepids. But (per 33. L 11.) the Propor- 
tion of theſe each to other is triplicate to the Proportion of 
the Sides, AB, HN. Therefore ſo likewiſe is the Pro- 
portion of the Pyramids, 


But if the like Pyramids ſhall be polygonal, let them be Ng. 17. 


reſoly'd into the Triangular ones, AR, BR, CRandOK, 
EK, FK. You may from 20. and 5. / 6. and Defin. g. 
L II. eaſily ſhew, that A R is like to OK, and BR to 
EK, and CR to FK. Therefore, by the former Part, 
the Proportion of the Pyramids, AR, OK, is triplicate 
to the Proportion of IM to PZ: And the Proportion of 
the Pyramids, BR and E K, is triplicate to the Proportion 
of MX to SZ; that is, again, by the Hy potheſis, of 
IM to PZ; and the Proportion of the Pyramids, C R. 
, is triplicate to the Proportion of X Q to 8ST; that is, 
again, of I M to PZ. Seeing therefore the Proportion of 
each to each is triplicate to the Proportion of I M to P Z, 
the Proportion alſo of all to all (that is, the Proportion of 
the whole Pyramid, AB CR, to the whole, OE FK) will 
be triplicate to the Proportion of I M to P Z. Q. E. D. 


PROP. 


192 


Fig. 18, 19. 


Euc rid Elements. Lib. XII. 


PROP. IX. Theorem. 
DUVAL Pyramids have their Baſes and Alti. 
tudes reciprocally proportional ; and thoſe 
which have them ſo, are equal. | 


Part I. Firſt, let the Pyramids be Triangular, B ACO, 
K HNL: The Parallelograms B E. H R, being ed, 
upon theſe ſet the Parallelopepids, BF, HP. Theſe will 
be (as was ſhew'd in the foregoing) fix-fold of Pyramids, 
which are, by the Hypotheſis, _ and conſequently will 
be equal betwixt themſelves. But now the Altitudes of 
theſe Parallelopepids HK, BA, are the ſame with thoſe of 
the Pyramids , and the Baſes BE, H R, are double to the 
pyramidal Baſes, (per n L, and con. 

uently proportional to . ing therefore by reaſon 
— 12 of the n B E is — HR, 
ſo (by the ſame) is reci ly HK, to BA; it will alſo 


de that, as the Baſe BCO is to the Baſe HNL, ſo, reci. 


procally, is the Altitude H K to the Altitude BA. N 
E.D 


But if the Pyramids have polygonal Baſes, let them be 
reduced into Triangular ones, retaining the ſame Alritudes ; 
and theſe will be equal to thoſe by the fixth. But the Py. 
ramids thus __ have, as we have now demonſtrated, 
their Baſes and Altitudes reciprocally proportional. There- 
fore the given polygonal Pyramids alſo have their Baſes 
and Altitudes reciprocally proportional. 2, E. D. 

Part II. Becauſe it is now ſuppoſed, that B CO is to 
HLN, as HK is to BA; BE will alſo be to HR. 2 
HK is to BA. Therefore the Parallelopepids, BF, HP, 
are (per 34. J. 11.) alſo equal. Therefore their ſixth Parts 
alſo, to wit, the Pyramids BACO, HENL, are equal. 


W iy * 
& Corollaries. 


WHY HAT hea been Grmentirand of Pyramids in Propefi- 
tion 6, 8. 9. does alſo agree to all Priſms whatſoever ; 
2 theſe are (per 7. J. 12.) triple to Pyramids which have 
the ſame Baſes and Altitudes, Therefore, 

1. In Priſms of the ſame Heighth, their Proportion is the 
ſame as that of their Bales. For this was ſhew'd of Pyn 


mids, Prop. 6. 
2. The 


xt 
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+ +: The Proportion of like Priſis is triplicate to the Pro. 
portion of their homologous Sides, For this was ſhew'd 
concerning Pyramids, Prop. 8. *' 
3. Equal Priſms have their Baſes and Altitudes recipro- 
cally zonal ; and thoſe which have them ſo are equal. 
For this is ſhew'd of Pyramids, Prop. 9“?;..... 
It is that theſe Things were paſs'd dver by Ea- 
clid, ſeeing they are the chief Things which can be deliver- 


ed concerning Re 


= 


ROM what has been hitherto demonſtrated is drawn 
the Method of meaſuring any Priſms or Pyramids 


The Solidity of a Priſm is produced from the Altitude 
lied into the Baſe ; and that of a Pyramid. from the 
third Part of the Altitude multiplied by the Baſe.. _. 

As it the Altitude of a Priſm be of 5 Feet, but the Baſe 
contains 25 ſquare Feet ; muitiply 25 by 5, and there ariſe 
cubic Feet for the Solidity of the Priſm. 


125 
For let there be a polygonal Priſm, as A H. And ler g. 16, 16 


the Triangle BAC be underſtood to be equal to its Baſe 
AE, and upon BAC, the Priſm B E to be ſet at equal 
Heighth with A H. The Prifms BE, AH will be (by 
Corollary 1. foregoing) equal. But the Priſm BE (by 
Schol. p. 40. J. 11.) is produced from its Altitude drawn into 
the Baſe BAC; that is, into AE, by Conſtruction. 
Therefore the Priſm ail alſo is _ 2 Baſe A E, 
multiplied by its Heigbch, which is ſuppoſed to be equal to 
reg ty of the Priſm B E. * 

From hence, and from the 7th, the Demonſtration of 
the ſecond Part is alſo manifeſt. | 


A Lemma to Propoſition 10. 


YRAMIDS and Priſms, which are inſcrib'd in Cones ' 


5 and Cylindets infinitely, do at laſt end in the Cones and 
linders. 

"This is demonſtrated as the Lemma of Propoſition 2. with 
the help of Propoſition 6. and of Corollary 1. atter Prepeſi tion 
9. if as their Planes inſcrid'd in a Circle, ſo here Pritms and 
Prramids which ſtand upon thoſe Planes as their Baſes, be 
Gontiniually taken away from the Cones and Cylinders. 


N PROP. 
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® RO. X. Theorem. 
.. FYERY Cone is a third Part of a Cylinder, 


Let a regular Polygon of as Sides as 3 
underſtood 40 be inſorid'd in the Baſe C L, eo pod ay 


'PROP. XI. Theorem. 


| \ Fig.20,21. CON ES of Heighth ( 
" as their Baſes (CL, SE.) 


Pyramids infcrib'd into Cones of „ are 2» 
their Baſes, 6. L 1:.) But Pyramids do at 
in Cones. Cones ; 7 


ſceing Cylinders are three-fold of Cones, which have 
fame Baſe and Altitude with them, they alſo will be as 
their Baſes, Q. E. D. ä 


Corollary. 


px he fame manner it_ma be demonſtrated, that 
Priſms and Cylinders of equal Heighth are betwixt 


— 
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PROP. XII. "Theorem. 


* Proportion of like Cones (BA and vie. 20, 21. 
N) is triplicgte to the Proportion of the 
Diameters (BF and R) which are in the Baſes. 


The ſame thing is to faid of like Cylinders. | 


In che Baſes of the like Cones, let Polygons be 


inſcrib'd, which Polygons conſequently will be like. The 

which are inſcrib'd upon theſe Polygons will alia 
be like 3 as may be eaſily ſhew'd. Therefore their Propor.. 
ITY 7.5.4; LG 

is, t roportion o 

33 1 al of the © is triplicate to the 
Propertion of the Diamegers BF, QR. 2. . D. 
The Theorem is maniſeſt of Cyl ſeeing they are 


PROP. XIII. Theorem. 


** linder (BT) be cut with a Plane (R-L, Fig. 2a. 
{ to £ Baſes (BD, CI,) one Part, 
| (BL) ſhall be to the 2 Fart, (R I,) as one 
r of che a (AO) 5s 60 the c. Sap 
„ of the Avis (OF. )) 
| I This Propdfitian is demontrited, weed... 
e eee eee 


- PROP. XIV. Theorem. 


CTLINDERS (AR and CI) of equal Baſes Fiz. 23, 24. 
are as their . Altitudes (LZ, 


170 f ome thing bppens „ Om 


Cut. off from the 1 Colle Cylinder AR, the Cylinder 
40, whoſe 8 
E Cyli A are ng 
4 Kinde a%y to the Cylinder AR, Þy 
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the froegulag) wLELwLZ; C1 alſo ſhall be to A R, 
2s L E is to LZ; that is, „ 

dy Conſtruction) as SF to LZ. 2 3 


PROP. XV. Theorem. 


Fig.24, 25, EVAL Cylinders (AR, D F) have their Baſes 
and Altitudes reciproc roportional ; and 
r bn are equal. The Jams 

thing is true of Cone 


This is demonſtrated, n 11. 2 for 32, and 
Propofition 


25. J. 11. there cited, there 
R * 2 


wines AS Enxclid Maths fat 
"PA MEAS Enid ating Lela 


9 — 0 = Opinter, al Pi 6 
Priſm, a of 
Baſes and Altitudes. — r 
Let F D and A R be Ey linders of different: Altitudes (for 
in thoſe of equal Altitude the Thing is manifeſt ) From 
| the higher, cut off AO'of equal Heighth with F And 
n ; 3s the Baſe U is to the Baſe 
MQ, ſoFN to X; and as the Altitude N D or BO 
is to che Altitade B R, ſo is X to Z. We muſt therefore 
Cylinder F D is to the linder AR, a 
the 


be cited here 


is w Z. The Cylinder FD is ts the Cylinder 40 

11. J. x2.) as the Baſe V is to the Baſe M Q; that 
, (by Conftrution)'as F N is t X but the Cylinder 40 
iu the Cylinder A R (per 1 13. 41) wBOw R , that 
. is, 


a Þo jan? 


FSF FAA Sr Fes E 


— 


SS =» 


FROR OAK 


Lib XIE Eu dri Elements. 
Conſtruction) as X to Z. Therefore, Propor- 
to of Equality, the C /linder.F D is to the Cylcader TB. 
FN to | 
" The Propoſition may be demonſirated in the fame manner 
of Prifuis, but from Cor. I. p. 9. and Cor. 5. 14. | 
A Cone hath alſo to a Cone, and a Pyramid to a Py. | 
an 125 ion which is of the Propor- | 
— por 3 | 
For (by Prep. 10, 7. J. 12 are Parts 
1 


. 2 iu - PROP. XVI, XVII. - . 3 


Aran Propoſitions, the moſt FRY of all | 
orher, have no cher. Uſe than to ſerve to the 
Prop. 18. we Hall — in 
auther more ed) Way. | | 


* * — #4 © 7 


Lemma to Propoſition 18. 


YLINDERS inſcrib'd m an * eqn ey" phere end in the Fig. 26. 
Let PZ V be greateſt Semi. circle of 
de the Oe AZ be 
Cut Z into a certain 


Nano 


OBRK, EDHS; which after. 
continued without the Semi- circle, let there be 


to D'S, thoſe 9 VH. Xxx. together, will 
— agle LB, that is, OR. Wherefore if 


198 


Evcitd's Elements. Lib. XII. 


EH, OR, will produce Cylinders inſeribed in the 
Hemiſphere ; and the circumſeribed will pro- 
duce Cylinders circumſcribed about the Hemiſphere, ſtand. 
ing one upon another; and av the Exceſſes of the circum. 
ſeribed ReQangles above the inſcribed ones, was the Rec. 
angle FV; ſo likewiſe thy Excefſes of the circumſcribed 
Cylinders above the inferibed' ones, will he the C 
which is produced from ihe R F T. But now the 
Altitude 6f this Cylinder will be made leſs thn any given 
Heighth ; and conſequently (as is manifelt from 13. . 12.) 


it ſelf will to be leſs than any ge wed if the 
— e — 33 

um , 
be infltitely enereaſed. l ene d 2 Exceſs of the cir- 


eum ſeribel Cylinders, and much. more of the 
it ſelf, is only u Furt of the ciceum 
above the i hed ras. will at lat become 
given one. Therefore (by Defiv. 6. J 12.) Cy 
nitely inferibed in an Hem * do 228 in the 
Hemiſphere itfelt. E. I. * 


leb than 


— & 


W the bes mauger i ahh be bse * way Ot! 
defs inſer — 
eee. fot nu 55 


"PROP. XVI”. Teck 


T E Proportion of. Spheres is 75 to the 
* of their Diameters RZ) 

The Radies's A B. YR, being divided into.» many equal 
Parts as you will, but of an equal Nomber, and there be. 
ing drawn: through the Paints of the Diviſions perpendicu- 
lar, Ge. Let Rectangles of an equal Number be under. 
ſtood to be inſcribed in dhe greater Semi girgles of the 
Spheres, which Rectangle bring turned about, dhe unmov'd 
Radius A B, V R, willibe conceiv'd to inſcribe in both the 
Hemiſpheres, a like Number of; Cylinders ſſanding _ up. 
on another. Now, betauſe K C is (pr Cor. . 3. % 6 to 
CF. 3 CFistaCB; * Ke 75 
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Bee 10. J. 5.) will be duplicate to that of K C to Cr. 
that is, to the Proportion of F C to CB. In like manner 
of ZE to. R. will be duplicate to the Pro. 
of XEtoER. But, by the Conſtraftion, KC is 
to C B, a Z E i to:ER. Therefore FC alſo i ta BC, as 
4 11 Rt BC, is to CO, as 
rr CO, a5 


way 


tion is. (r 12. 3 — re. panda of their 
Diameters, FI, X V, en 


K, RZ; for, as I have al- 
2 CO is to ES; that ia, as 


32 Alo the 
is tri to the Fropor i 
R'S Wherefore ſeeing the — 
end in char — the Pro. 


portion 1 and of the 
Scherer, will be. . of an Di: 


) 


of the Diameters being 
nown, 2 — os 
likewiſe. n 
that of the greater ten Feet ; let the Proportion of one to 
ten be continued through for Terms, 1, 10, 100, 100 
a3 1, the firſt is to 1000, e fourth, Term, ſo is the leſſer 
Sphere to the 
The of Cones, Cylinders and of the Sphere, 
vill be exhibited in the following Book out of 4rchimede:. 


Scholium. 
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Scholium. 
| A like plain Figures are encreas'd or diminiſh'd in any 


if given Proportion by one mean Proportional, ſo like 
—-W . ICS INNTF EY 


ir gs Sphere, or Cube, or any other Rody whatſoever 
be given, whoſe Radius, or Swe, is A. Likewiſe let an 
Proportion whatſoever of- A to B be given, as the d | 
or 2 to 1. A Body is to be diſcovered both double to t 


| -Betwixtthe Terms of the given — I. — 
rr ing 
70 Sbat was taught in the Scholium of Prop. 1 3- Ls. a 
Sphere, whoſe Radius is X, or other Body like to the gi 
one, which is made upon the Side X, will be double to th 


\ For ike Bil, wins Ralls, or Sly av A 
dave berwixt themſelves a Proportion which is trip] 

Proportion of A to X, (by Carollary, P "9 
Propoſition 12. and 18. L. 12.) that is, 
ae 
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R E A D E R. 


A's E IT there have appear very many 


I moſt excellent and admirable Men in the 
athematigal Sciences; yet the chief Glory of all 
bath akways, by a . common E T 
wen to imedes 0 0 1 
— there are tube commend, than who read 
him ; more who admire, than underſtand him. 
The Cauſes of which. Neglect ſeem to be theſe, 
the Bulk and Scarceneſs of Copies, ſome Obſcurity 
of the Tranſlation, which is direftly made out 
of the Greek Language, together with the Pro- 
lixity and Difficulty of his Demonſtrations. I 
Judged therefore that it would be for the Profit 
of ftudious Learners, if after my Illuſtration of 
the Elements, I ſhould ſubjoin theſe Theorems 
which had been ſelected by me out of Archime- 
des, and demonſtrated in a much eaſier and 
briefer Way. Furthermore, I have ſelected thoſe 
which bring along wit' them both more of Ad- 
miration and of Benefit ; and have in my De- 
monſtration took ſuch a Method, that, I hope, 
be who underſtands the Elements, will, without 


any 


To the READER. 
any great Labour, comprehend theſe maſt excel. 


lent Inventions of the Prince of Geometricians, 
T have alſo :dded at the End, thirteen Propoſi- 
tions, and thereby enlarged the Doctrine of Ar. 
chimedes concerning the Sphere and Cylinder 
Where, amongft other Thi ings, I demonſtrate, 
that the Seſquialteral Proportion is continued in 
the Three Bc bes. Sphere, a Cylinder and yr 
lateral Cone; both the latter 12 inſeribd 

the Sphere. Moreover, I have ad ed divers Things 
here and there, amongſt which ry -F2th 
ſition, and the Corollaries of Propoſition 14. 
arg. the chief; and ſeveral Scholiums.. 1 
* theſe. Diſcoveries whoſoever thou he, that 
art. a Candidate of. Geometry; and how much 
thog haſt. improv'd in Euclid, make Proof of in 
Archimedes. And when thou perceioeft thy ſelf 
to be fixed and raig'd I Fre in the Contempls- 
tron of the moſt no om raiſe up thy Mind, 
while it is ug already lifted up from theſ — 
Things, yet bigher, 215 direft it to that Truth 
which 3 15 Ori 1.75 e Immenſe, and ts 
other than the ineffable V 1505 9 
hom, I has we * hereaſter be * eter 
nally Happy Farewel. 
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Selected out of ARcHIMEDES. 


| DEFiNniT1ONS. 
Or an Explanation of certain Terms. 


ET there be a Circle. B ECG, whoſe Center is A, Fe. 23. 
its Diameter B C, which let the right Line E G 8 7 
=” at right Angles, (but not through the Center) in D. e . ‚ 
r AE, 48. 3.—Td 
This being ſuppos d, 5 ä | 
NOTE, (1.) That a Sector of a Sphere is that which 
from the Sector of the Circle AE CG, or 
B G, turn'd round about the Diameter B G: 
That a Segment, or Portion of a Sphere, is that Part 
it which is produced from the Segment of the Circle 
or EBG turn'd round about the fame Diameter BC. 
- The Vertex, or Top of the Spherical Portion EBG. 
is the Extremity B of the unmov'd Diameter; the Baſis, 
the Circle deſcrib'd by EG; the Axis, that Part of the 
Diameter B D, which is intercepted betwixt the Top B, 
and D the Center of the Baſe. 

4. When I name the Superficies of a Spherical Portion, 
or of a Body inſerib'd in it, or of a Cone, I always under- 
ſtand it without the Baſe ; and when I ſay the Superficies 
of 2 Cylinder, I mean likewiſe without the Baſes ; unleſs 
the Word [whole] be adjoin'd to [ Superficies ;] for then the 
Baſes alſo are to be taken in. 

Again, when I treat of Cylinders or Cones, I ſpeak of 
ns other than right ones, 1 75 
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Axioms. 


Fig. 1, 16. 1. Circuit of a inſcrit'd in a Circle is leſi 

es than the Circumference of the Circle. 

Fig. 1. 2. The Circuit of a Polygon deſerib d about a Cirele is 
than the Circumference of the Circle. 

Fie. 16. 3. And if a Polygon inſerib'd in a Circle, be turn'd 


i d in a — 


— 


PROPOSITIONS I, II. 
Axz not neceſſary. 


the Circumference of the Circle. In like manner 
the Polygons themſelves do at laft end in the 
Circle. | 

| Fe. IF, to wit, the Arches being biſected without End, more 


| Tal. Ar- and more Sides be circumfcrid'd about and inſerib'd in the 
chimed., Circle. 
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Fig. 2. 
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PROP. IV. Theorem. 


A Regular (e) Polygon (FINT N) circum 
ſerib'd about a Circle, is equal to a Triangle 
whoſe Baſe is the Circuit of the Polygon, and its 

Heighth the Radius of the Circl. © 
And a regular Polygon inſcrib'd in a Circle is 
equal to a Triangle, which hath for its Baſe the 
Circuit of the Polygon, and for its Heighth the 
Perpendicular (A O) let down into ane Side from 
I. The Radius A B, drawn to the Point of Contact, 
TD ent I F. Where 
ight Lines AF, AI, AN, &c. being drawn, 
the. Polygon be reſolv'd into Triangles ; the Radius AB 
will be the common Altitude of all ; and conſequently it is 
n are equal. Therefore a Trian- 
; equal to the Sum of the Sides FI, 
N. NT, Or and A B for.its Altitude, will (as is mani. 
feſt from x. J. 6.) be equal to them all, that is, to the whole 
ns 

Art 11. 
23 the other. oder | 5 
PROP. V. Theorem. 
A Circle is equal to a Triangle, which hath 
for its Baſe the Circumference, and for its 
Heighth the Semi-diameter of the Circle. 


Regular Polygons circumſcrib'd about 2 Cirele, and Tri. 
angles which bave for their Baſes the Circuit of the Poly. 
gon, and for their Altitude the Radius of the Circle, ar: 
always (by the foregoing Probofftion) equal. But Polygons 
circamſcrib'd infinitely about the Circle end in the Circle, 
(by the third of this Book ;) and in like manner T riangles 
(as T will ſhew by and by) which have for their Baſe the 
Circuit of the circumſcrib'd Polygon, and · for their Altitude 
the Radius A B, at laſt end in a Triangle, whiel hath the 
N Circum- 
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Circumference for its Baſe, and for its Alticede the Radius 

AB. Therefore (by the firſt) a Circle and a-Triangle, 

which bath the Circumference for its Baſe, and the Radius 
for its Altitude are equal. 
But that Triangbes contain'd under the Cireuit of the 
| Polygon, and the Radius of the Circle, end at laſt in a Fri- 
angle, Which is contain'd under the Circumference and the 
Radius, I thas new. T'riangles under the Circuit of the 
citcumſcrib d Polygon, and the Radius AB, are to the 
T which is under the Circumference and the Radius 
AB, (by 1. 4 6.) as Baile ro Baſe, that is, as the Circuit 
of the Polygon to the Circumference z fince this Tri 
and the other have a common Altitude. But the Circuit of 
the Polygon (by the thizd) = 7 mn 
There the oder Trina ad in thi 


3h, Corollaries. 


1 FROM this and 41, / 1. it is manifeſt that a Rectangle 
under the Radius, and. half the Circumiference, is 
equa}-to the Cirele ; that ons under the Radius, and the 
whole Cireamference, is double ; that one under the whole 
Cirenmaference and the whole Diameter is quadrupie therets. 
2 A Circle is to an infcritsd Square, as halt the Circum. V. 5, 4 4. 
ference (CDE) is tothe Diameter ; but to 2 Square circum- 
ſcd's, as the fourth Part of the Circumference i to the 


Diameter. 
For the under C DE, and the Radius CA or 
CF, that is, (by the ing Core/lary) the whote Circle . 
is to the GCE. to wit, the Rectangle under iy 
th WY F G and CF (ohac is, s/ the inferis/d Square BODE) as 
its (ow 1. 46) CD, half the Civcumference is to FG or 
CE the Diameter ; which was the firit Thing, And con- 
ſequently the Circle. is to the double the Rectangle Git CE, 
ri. (chat is, wo H, the circamitrid's Square) as CD E 38 
ly. the double of: dw Diamecer CE, or as the Quadrant C 
ar: d to the Diameter CE. 
— {3. ** Ot -Fignres Which are of equal Circemferences, Fig. 30. 
cle, e Circle is the mod capacious. Let the Circumterence 
gle *+ of any Potygen whatſoever (as for Inſtance of a Square)* 
the MW EG HI be to the Cireumterence of the Circle. I 
** lay, thay the Area of the Circle is greater than. that of 
the * the Polygon. For . 


Triangle, 


—_ WW Y 


" RR A725 4a 


. cal Reaſoning to Polygons of more Sides ftill, we 


Azcurmtpsss Theorems. 


% Triangle, whoſe Baſe is the Circumference, and its Al. 
« lygom is equal o/« Triangle, whole Baſe is the Compat 
« lygon is equal to a Tri , is paſs 
* of the Poly ; which, by the Hypotheſis, is equal to 
* the Circu of the Circle, and which hath for its 
% Altitude the Perpendicular F O, let down from the Cen- 
ter of the Circle unto the Side of the Polygon, which, 
«*« ſince it is always leſs than the Radius of the Circle, it is 
% manifeſt that the Area of the 71 171 1 
Area of the Circle. 2. E. D. in like manner, 
% amongſt all ſolid Figures contain'd under equal Surfaces, 
the Sphere may be demonſtrated to be the maſt capacious. ] 


PROP. VI. Theorem. 


TH E Circumference of a Circle contains the 
Diameter leſs than thrice and one ſeventh 
(or #8;) and more than thrice and I. 


tain the Diameter leſs thrice 


+ 
3 


tract the Limits even now ſet more more without Li. 
mit, ern 
portion. This bath been perform” Ludaiph & Calin, 
Grimberger, Metius, Snellius and others. chief Pro. 
Portions hitherto found I ſhall here ſubjoin. -.- 


Azcurmtpes's Theorems. 
« tiplied by 720, yieids the Circuit of a circumſcribed 
« Polygon of 360 Sides 1 and the Sine of half a Degree, 
the Circuit of an inſcribed Polygon of 360 Sides; and 
« ſoon for ever: It will not be difficult to underſtand, by 
„% what Means many ſuch Numbers inay be found, out of 
« the now given Tables of Sines and Tangents. ] 

The firſt Proportion, which is that of Archimedes, is 
thus: | 5 

The Diameter 7. 
The Circumf. is 22 ; which is greater than the true. 


The Diameter 71. 
The Circumf. is 223 ; leſs than the true one. 


The Proportion of 22 to 7, and 223 to 71, if they be 
reduced to a common Conſequent, (which is done after the 


fame manner, in which Fraftions are reduced to the fame 
Denomination) will be thus, 1562 to 497, and 1561 to 


Circumference, greater than the true one, will be 
and the Circumference leſs than the true, 1561. 

Both of them therefore differ from the true, by a Quan- 
tity leſs than „iy Part of the Diameter. But if the Pro- 
portion of 7 to 22, and 71 to 223, be reduced to a common 
Conſequent, there will ariſe the Proportions of 1561 to 
4906, and of r562 to 4906. 

Therefore the Circumterence being ſuppos'd to be 4906 
Parts, the Diameter leſs than the true, will be 1561, the 
Diameter greater than the true, 1562. 

Both therefore differ trom the true Diameter by Quantity 
leſs than x4%7' Part of the Circumterence. 

The Proportion delivered by M-tizs 13 much more accu- 
rate than this of Archimedes, According to this, 


The Diameter is 113. 
The Circumference 355. 


Amongſt all Proportions conſiſting of ſmall Numbers, none 
comes nearer to the true one ; for from this, the Diameter 
being ſuppos'd of 10,900,000 Parts, the Circumference 
comes to be of 31,415,929, Which differs trom the true one 
only in the firit Figure 9, and this by an Exceſs, but a little 
greater than two 9 Parts of the Diameter. b 

2 ut 
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Joo, ooo, ooo, 00, ooo, ooo, ooo. 
The Circumf. greater than the true. 


314.1592165, 318979, 311847. 7 
The Circumf. leſs than the true, 


314,1 $9265,35397 94323346. 


The Difference of both. the Circumſerences is one Particle 
of the Diameter denominated from a Number which con- — 
fiſts of a Unity and 20 Cyphers ; and conſequently, 2: 
well this as that, differs from the true Circumference by a I *" 

leſs than is the faid ſmall Part of the Diameter; 
to wit, one hundredth of a millioneth of a millionech of a E 
millioneth Part. Fe 
The Diameter, FE ſtay 
— Rt En ee—R.cuaaD 

The Circumf. greater than the true, 
14159,265 358,97 v323, ee, 338327,950285. 

a The Circumf. lefs than the true, 

$141591365358,979323.$46264,338327,950288, 


The Difference of both the Circumferences, betwixt 
which is the true one, is that ſmall Part of the Diameter, 
denominated from a Number which conſiſts of Unity and 
35 Cyphers ; which ſmall Part bears a leſs Proportion to 
the whole Diameter, than one little Grain of Sand doth to 
the whole Globe of the Earth. For the whole Globe of 
the Earth doth not conſiſt of fo many little Grains of Sand, 
as are the little Parts of the ſaid Sort which 26s cantan's in 
the Diameter. 

It is needleſs to go ary further. Nevertheleſs you may 

infinitely, if you be minded to continue Geometri- 
cal Reaſcning, an expedite Method of which is delivered by 


{The Circumference bring fuppts'd of 
I,000000,000000,000000,0 — — AY Parts. 
| The Diameter will be as near as may be, of 


©, 318 309 68618 3,7 90671,5 37767,926745,028724 Part.) 
Scholium. 
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H E moſt excellent Advan of the Proportion now 
T delivered, —— 222 


The Invention of the Diameter from the Circum- 
rence. 


ET the greater Term of one of the Proportions which 

have been now delivered in the firſt Place, the lefler in 
the ſecond, the Circumference in the third ; by theſe three 
Numbers let. there be ſought by the Golden Rule a fourth 
Proportional. That is the Diameter ſought. 

As if the Circumference of the greateſt Circle of the 
Earth be ſuppos'd to contain 25000 E Miles of 5280 
Feet each, and the Diameter be ſought ; the Terms will 
ſtand thus, 

355—113—25CO00— 7854. 
Multip'y now the ſecond by the third, and divide the Pro. 
duct by the firſt ; and there will ariſe 7854 Miles for the 
Diameter of the Globe af the Earth. 


The finding out of the Circumference from the 
ameter. 
L the leſſer Term of one of the Proportions above 
delivered be ſet in the ſirſt Place; the greater in the ſe- 
cond; the known Diameter in the third: And by theſe 
three Numbers, let there be ſought a fourth P i 
That will give the ſought Circumference. 

As if the Diameter of the Globe of the Earth be ſup. 
pos'd to contain 7854 Eg Miles; and the Circuit is 
ſought ;* the Terms will ſtand thus, | 
'4 113—355— 7854 — 25000, _ 
Then multiply the ſecond by the third, and divide the 
vrroduct by the firſt ; there will ariſe 25000 Miles for the 
Circumference of the Globe of the Earth. 

How little this Circumference exceeds the true one, was 
faid above ; to wit, by an Exceſs but a little greater than 
11 xe two ten- millioneth Particles of the Earth's Diameter ; 
* Withat is, by 9 or 10 Feet. But if we uſe the Ludo/phin 
5 Proportion, even the _ the Terms 8 

: 3 
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of 21 Figures; there will be found a Circumference inſenſ. 
bly differing from the true, not only when the given Dia. 
meter is ot 7854 Miles, ſuch as is the Diameter of the 
Earth; but alfo although the Diameter be ſuppos'd of an 
100 Millions of thoſe Miles. For this being ſuppos*, there 
will ariſ: a Circ: mference differing from the true one by 2 
Quantity about one hundred millioneth Part of a Foot. But 
it to find out the Circumference of the Globe of the Earth, 
we make uſe of the Proportion of Archimedes, the Interyal 
of the two Circumferences, the one greater, the other leſ 
than the true one, will exceed 20 Miles. Archimedes his 
Proportion therefore is not to be uſed but in ſmall Meaſures; 
nay, it will always be expedient to uſe that of Metin, 
which both confiſts of ſmall Terms, and is above a 1000 
Times more exact. 


The meaſuring of a Circle. 


THE Semi diameter multiplied by half the Circumie- 
rence, produceth the Area of the Circle ; as is mani 
feſt from Corollary 1. Propoſition 5 of this Book. 

As if the Semi.diameter of the Earth, which contain 
3927 Miles, be multiplied by half its Circumference, ty 
wit, by 12500, there will ariſe 49,075500 Miles Square 
for the Area of the greateſt Circle of the Earth. The 
Difference of the circular Area thus found from the true » 
had, if the Difference of half this found Circumference 
from the true half Circumference be mul:iplied by the gi. 
ven Semi- diameter ; or the Difference of this Semi.diameter 
from the true, be multiplied by the given Semi.circumference. 


The Menſuratign of Cylinders and Cones. 


I put this here, becauſe it depends upon the Menſuration 0 
L a Circle, A Cylinder therefore, and any Priſm whatſc- 
ever, is produced from the Altitude multiplied by the Baſe: 
A Cone and Pyramid, trom the third Part of the Altitude, 
multiplied by the Baſe ; for they are third Parts of Cylin. 
ders and Priſms, having the ſame Baſe and Altitude with 
them, by 10, and 7. J. 1:. | 

Let the Baſe of a Cylinder or Cone, be of 50 Square 
Feet, and the Height of 100 Feet. Multiply 100 by 50 
and there ariſe 000 Cubic Feet for the Sotidity of the Cylin- 
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der. Multiply the third Part of the Alticude 100, which 
is 337 by 50, there ariſe 16665 cubical Feet for the Solidity 
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PROP. VII. Theorem. 


THz E Circumferences of Circles have the ſame vi. 6, 7. 
Proportion betwixt themſelves 1 their“. 12. 
Diameters have. 


For the Circuits of like Polygons, which may be in- 
s; WW ſcribed in a Circle without End, are always betwixt them- 
1, ſelves, as the Diameters A F and 1 C (by Corollary, p. 1. J. 
o 12+) But theſe Circuits (by the 3d Propofition of this Book) 
end at length in the Circumference. Therefore their Cir- 
cumferences alſo are betwixt themſelves as their Diameters. 


QE. B. 
PROP. VIII. Theorem. 


TH E Superficies of a Priſm, as well that which 
1 is circumſcrib'd about, as that which is in- 
of [crib'd in aCylinder, is equal to a Rectangle, whoſe 
WM Heighth is Te Side of the Cylinder, but its Baſ® 
, equal to the Circuit of the Bok of the Priſm. 


co Part I. The Superficies of the circumſcribed Priſm x. 3. 
touches the Cylinder according to the Lines EA, NF, 
oe. which 20x the Sides of 4 Cylinder ; but theſe (becauſe 
ypotheſis the Cy li is a right one) are right to 
te Plane of the Baſe, and conſe wendy 1 be alſo (by De. 
finition 3. L. 11.) to the Lines C U. E. But they 
ee 21fo equal betwixt themſelves. — one Side of 
de Cylinder is the common Heighth of all the Reciangles 
"= CO, OM, M H. &c. Therefore the Superficies of the 
. circumſcribed Priſm is equal (as is manifeſt from 1. L. 6.) 
"i to a Reftangle contain'd under the Circuit of the Eaſe of 
* the Priſm, and the Side of the Priſm or Cylinder. f 
| Part II. The Reaſon of this is the ſame. For the Side 
of > rate © agg Go cums inde of the Reſt: 
BDIK, KIP Q, &c. which conſtitute the Super. 
1 kcies of the inſcribed P 
; PROP. 
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PROP. IX. Theorem. 


TH E Superficies of a regular Pyramid circum 
ſerib'd about à right Cone, is equal to a Tri. 
angle, which hath for its Baſe the Circumfercnce 


(FHLD) of the pyramidal Baſe, but its Heighth 
the Side of the Cone (BG.) 


And the Superficies of a regular Pyramid in- 
ſeribed in a right Cone, is equal to a Triangle, 
which hath for its Baſe the — loc of the 
pyramidal Baſe, but for its Heighth the Perpen- 
dicular (BO) let down 8 the Top unto @ Side 
of the Baſe. 


Part I. Let there be drawn onto the Contacts G, K., 
M. the right Lines BG, BK, B M. Theſe will all be 
Bides of a right Cone, and conſequently equal. And, be. 
cauſe. (by the Hy potheſis) the Axis B A is perpendicular to 
the Plahe of the Baſe FK D. the Plane alſo G BA (per 18 
4. 11) will be perpendicular to the Plane F KD. But 
HG (per 18. l. g.) is perpendicular to A G, the common 
Section of the Flanrs FK Dand G84. Therefore H G 
(as is gathered from D-fiv. 4. J. 11.) is alſo perpendicular 
to the Plane GB A. and canſequently is alſo perpendicu- 
lar to BG. Therefore the Side GB of the Cone, is the 
Heighth of the Triangle F BH. la the ſame manner the 
Side of the Cone will be the Heighth of the reſt, HB L, 
LBD, &c. Therefore the Triangle comprebended under 
the Circumference F H L D, and the Side of the Cone is 
equal to the Superficies of a Pyramid circumſcribed, with. 
out the Baſe. Which was the firk Part. 

11. The Demonitration of this Part is almoſt the ſame 
with that of the former. 


PROP. X. Theorem. 


1 HE Superficies of a regular Pris Circum- 
ſcrib'd about a right. Cylinder, ends (Def. 6. 

L. 12.) in the Superficies of the Cylinder ; and the 
Saperficies 
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Superficies of a Pyramid circumſerib'd about a 
right Cone ends in the Superficies of the Cone. 


Part I. The Superficies of Priſms deſcribed Fig. 3. 
ab ut and inſcribed in a Cylinder without end will have at 
lait a Difference betwixt themſelves leſs than any which 
can be given. Much more therefore will the Superficies of 
a circumſcribed Priſm differ from the Superficies of the Cy. 
linder, which is in the middle between the inſcribed and 
circumſcribed Superficies, by a Difference leſs than any 
given one whatſoever ; that is, (Def. 6. I. 1:2.) will end in 
333 Superficies, whilſt it continually exceeds it 

Part II. This may be ſhewed in the ſame manner from F. 4 
the geh and 3d of this. 

in the Figures there are only exhibited the Halves of the 
Cylinder and Cone, left a Multitude of Lines ſhould breed 
Confuſion, But the Cylinder and Cone are to be conceiv'd 
in the Mind entire, and as having theſe circumſcribed Priſms 
and Pyramids encompaſſing them. For thus it more clearly 
appears that plain Surfaces circumſcribed arc greater, ao. 
cording to the third Axiom. 


A Lemma to the following Propoſition. 
ET AB, C D. E F, be proportional, and let K B be . y. 
half A 6, and E G, double E F; KB, C B. E C, n © 7 
alio be proport:onal. | 
The right Line K B is to AB, as E F is to EG. There. 
fore the Rectangle KB, EG (per 16. /. 6.) is equal to the 
Rectangle AB, EF. But this (by 17. J. 6.) is equal to 
the Squa-e of CD. Therefore alio the Rectangle K B. 
EG is equal to the Square of CD. Therefore (by 17. . 


6.)KB, CD, EG are proportional. 


PROP. XI. Theorem. 


A Circle, whoſe Radius (GH) is a mean Pro-Fig.s, 6. 
fortional betrwixt the Side of a right Cylinder 
(BC) and the Diameter of the Baſe (BD) is 
equal to the cylindrical Super fictes. 
Let the regular, and conſequently like Polygons, NM. 
RS, be underſtood to be circumſcribed about the Circles 


ABN, GPH; and upon the Polygon N M, let a hoy 
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be coneeiv'd to be erelled, with which the Cylinder is ch 
cumſcribed. Becauſe B D, GH, BC are, by the Hype. 
theſis, proportional, A D alſo, (or AN) GH, and the 
double of BC will, by the Lemma, be No 
the Triangle contain d under A N, and the Circuit of the 
Poly M N is equal to the Polygon circumſcribed N N 
(by the fourth of this Book.) And the Rectangle under 
BC, or EF, and the ſame Circuit N M, (that is, as is ma. 
nifett from 41. L. 1. the Tri ander the Circuit N M, 
and the double of B C) is equal (by the eighth of this Book 
to the Syperficies of a Priſm circumſcrib d about the Cylin, 
_ But a Triangle under the Circuit N M and AN, i 
to the Triangle under the Circuit N M, and the double of 
BC 1. /. 6.)as AN is to the double of BC. There 
fore the Polygon N M alſo is to the Superficies of a Priſn 
circumſcrib'd about a Cylinder, as AN is to the double a 
BC. But becauſe I have already ſhewed AN, GH, and 
the double of B C to be proportional, the Proportion d 
AN to the double of BC is (by Def. 10 J. 5.) duplicate to 
the Proportion of AN to G H. Therefore the Polyga 
N M hath to the Superficies of the Priſm a Proportion du 
plicate to the Proportion of AN to G H. But the Poly. 
yon NM hath alſo to the Polygon like to it, GRQS, a 
roportion duplicate to the Proportion of AN to GH, 
as is eafily gathered out of 1. J 12. Therefore the Poly. 
N M bath the ſame Proportion to the Superficies of the 
riſm, which it hath to the Polygon GRQS; which cov 
ſequently is equal to the Superficies of the Priſm. In the 
ſame manner I might ſhew, that the priſmatic Superficies, 
which are circumicriptible infinitely about the Cylinder, 
are always equal to the Polygons which may be circum 
ſcribed infinitely about the Circle GP H. Wherefore ſeeing 
both the priſmatic Superficies (by the zoth of this) end in 
the Surface of the Cylinder, and the Polygons in the Circle 
GPH (by the 3d of this) the Superficies of the Cylinder 
alſo will be equa! to the Circle G P H. L. E. D. 
From this admirable Theorem, a Circle is preſented, 
— . — — Superficies. 


Carollaries. 
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TH E Superficies of a right Cylinder is equal x. 5, 6, 
to a Rectangle contained under the Side (BC) 
and the Circumference of the Baſe. 


The double of B C (as hath been ſhew'd above) is to 
GH, as GH is to BA, or AN; that is, (by the 7ih of 
this) as the Circumference P is to the Circumference © N. 
Therefore the | riangle under the firft, to wit, the double 
of BC; and the fourth, to wit, the Circum erence BN, 
is equal to a Lriangle under the ſecond G H. and the third, 
to wit, the Circumference P, as appears from 16. J 6. 
But the Triangle under G H, and the Ci-cumference P, is 
(by the 5th ot this) equal to the Circle G PH, that is, by 
the 11th of this) to the cylindrical Superficies. Therefore 
alſo the Triang e under the double of B C, and the Cir- 
cumference B N. (that is, as appears from 41. J. 1 the 
Rectangle which is under BC and the Circumference B N) 
will be equal to the cylindrical Superficies. 2. E. D. 

From this Core/lary it is manifeſt, that the Properties of 
ReQtangles are common to them with cz lindrica Super ficies. 
Therefore let this be Corollary 2. 

2. The cylindrical Superficies (BM, Q N) which are of Fig. 20, 21. 
the ſame Height, are betwixt themſelves as the Diameter J. 12. 
of their Baſes (BF, QR.) 

For the Rectangles under the Circumference (C L. SE 

and the equal right Lines FM, RN, to which (by Cero//. 
1.) the cylindrical Superficies are equal, are betwixt them. 
ſelves (by 1. J. 6.) as the Baſes, to wit, the C-r:umfe:ences 
CL, SE; that is, as the Diameters BF, R, (by the 
7th of chis.) 

3. The cylindrical Superficies (CI, AR) which have 
equal Baſes, are betwixt themſelves, as their Alticudes 
(VI, BR.) | 
For the Rectangles contain'd under the equal Circumfe. Fiz. 23,24. 
rences G B, MC. and the Sides TI, B R, to which {by J. 12. 
Corell. 1.) the cylindrical Surfaces are equal, are betwixt 
themſelves (by 1.1.6. as TI, BR. | 

4. Like cylindrical Surfaces (B M, RI) have betwixt Fig. 20, 21. 
themſelves a Proportion duplicate to that which (BF, QR, J. 1a. 
the Diameters of the Baſes have. ; 

Seeing 


The ſame 
Figure; 


+ 
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Seeing the Cylinders are ſuppos'd to be like, M F will 
be o I Q (by Defin. 4.4. 12.)as BF is to QR; thats, 
(by the 7th of this) as the Circumference C L to the Cir. 
cumference SE. Wherefore the Rectangles alſo which are 
contain'd under the Circumferences C L, SE, and the Side 
MF, IQ, will be like ; and conſequently they will have 
betwixt themſelves (by 20. J. 6.) a Proportion duplicate to 
that which MF hath to 1Q; that is, BF to QR. 
Therefore the cylindrical Surfaces alſo have the ſame. 

5. Cylindrical Surfaces (BM, RI] have betwixt them. 
ſelves a Proportion compounded of the Proportions of the 
Sides (FM, IQ, and the Diameters of the Baſes (BF, 
QR,) as is manifeſt from 23. /. 6. and the 7th of this. 


Fig. 24. 25. 6. If cylindrical Surfaces (AR, F D) be equal, as the 


4. 12. 


Diameter (A B] is to the Diameter (FN) fo reciprocally 
(by 14. 4 6.) the Altitude (F H) will be to the Altitude 
(B R,) and converſly. 

7. Laſtly, from the ſame firſt Corollary is had the Mea. 
ſare of a cylindrical Superficies ; to wit, if the Circumfe- 
rence of the Baſe be multiplied by the Altitude. As if the 
Altitude be of 20 Feet, the Cireumference of the Baſe of 
6 ; multiply 20 by 6, there arife 120 Square Feet for the 
cylindrical Superficies, 


PROP. XII. Theorem. 


HE Superficies of a right Cylinder is to the 

Baſe (A BN) as the Side of the Cylinder (CB) 
is to (BO) the fourth part of the Diameter of the 
Baſe. 


Let GH be a mean Proportional betwixt BC the Heighth, 
and B D the Diameter of the Baſe, and conſequently (by 
Lemma before Prop. 11 of this) a mean Proportional be- 
twixt AN and the double of BC. The Circle GP H, of 
the Radius GH, is (by the 11th of this) equal to the 
Curve cylindrical Superficies CD. But the Circle GP H 
hath to the Baſe of the Cylinder ABN a Proportion dupli. 
cate (by 2 J. 12.) to the Propottion of GH to AN; that 
is, the ſame which the double of B C hath to the Radius 
BA (by the Hypotheſis, and Dgf. 10. J. 5.) that is, the 
ſame which B C hath to B O, the fourth Part of the Dia- 

; meter. 
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meter: Therefore the cylindrical Superficies alſo is to the 
| ABN, — the fourth Part of the Diame- 


b ter, 2. E. D 
e 
Corollary. 
TIE Soperficies of = Cylinder which hath its Sides 
ual to the Diameter of its Baſe, is tour fold of the 
Baſe. Burt if the Side be a fourth Part of the Diameter of 


me Baſe, the Superficies of the Cylinder will be equal to 
me Baſe. Both theſe are manifeſt from the Propoſition. 


PROP. XIII. Theorem. 
Ci 
| A portional berwixt the Side (BC) of a rig 


Cone, * the Radius of the Baſe (AC) is — 
zo the conical Superficies. 


Let regular Polygons, E F, I N. be underſtood to be 


circumſcrib'd about the Circles A CG, OPL, and a Pyras 
mid circumſerib d about the Cone to be erected upon the 
Polygon E F. 


angle under A G, and the Circuit E F, to the Triangle 
under B C, and the ſame Circuit, is alſo duplicate to the 
Proportion of AG to OL. But the Triangle under AG 
and the Circuit E F, is equal to the Polygon L F (by the 
4th of this:) Aud the Triangle ander B C and the fame 
Circuit E F (by the gth of this) is equal to the Superficies 
circumſcribed Pyramid. Therefore the P 
Polygon E F, to the Superficies of the Pyramid, is 
alſo duplicate to the Proportion of AG to O L. But the 
troportion of the Polygon E F to the Polygon I N, which 
by the Conſtruction, like to it, is (per 1. I. 12.) alſo du- 
plicate to the Proportion of AG to OL. * the 
ygon 


rcle, whoſe Radius (OL) is a mean oc ha 9.8. 
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Pol E F hath the ſame Proportion to the Superficies o 
the Pyramid, and to the Polygon I N, which conſequently 
are equal, In the ſame manner I might ſhew, that the 
Super ſicies of Pyramids, which may be circumſcribed about 
a Cone infinitely more and more, are always equal to Poly. 
ns which may be circumſcribed infinitely about the Circle 
OF L Wherefore ſeeing both the Surfaces of Pyramids (by 
the 10th of this) do at laſt end in the Surface of the Cone, 
and Polygons (by the 3d of this) in the Circle OPL, the 
Super ſicies of the Cone and the Circle OP L, ſhall likewiſe 
be equal 2. E D. 
From this excellent Theorem a Circle i is found which is 
equal to a conical Surface. 


Corollaries. 
Pig.q, 8. HE Superſicies of a right C ns, 5 qu a Tri. 
* . angle comprehended under the Side of the Cone 
[BC] W Baſe [C 
Let OL, the Radius, be a mean Propo 
AC and BC. Then becauſe (by the 7th 


cumference CG is to the Circumference 
AG is to the Radius OL. 


6.1 
—_ 
22 ths) he 


RD 

z that is, by the H ypothefis, as 
OL is to BC; the Triangle under it, the 
Circumference C G, 1 


the firſt. to w 

fourth 'S — 
from 16. l. 6.) will be equal to the I rian 

and 

rcle 


B 
gle under the ſe- 
cond, to wit, the Circumference P, the third OL; 
that is, (by the 5th of this) to the Circle OP L; that is 
to the conical Superficies (by the 13th of this) BCD, 
E. D. 
LE. 0. this Corollary it appears that conical E urfaces have 
the ſame Properties with Triangles. And fo it follows. 
Fig.20, 21. 2. That the conical Superficies CB AF. QX RI having 
L. 12. their Sides [B A, Q X] equal, are betwixt themſelves as 
— of tht Bain (HG, QR.] And,. 
Fig 23,24 3. Thoſe which have equal Baſes, CFT, AZB, are 
J. 12. e AZ.] And. 
4. Ibeſe conical Superficies [B AF, QZ RI] which are 
Fig. 20, 21. like, have betwixt themſel ves a Proportion duplicate to that 
J. 12. which is betwixt the Diameters of the Baſes. , And, 
The ſome 3. All conical Superficies whatſoever have betwixt them- 


Figere, ſelves a Proportion which is compounded of the r 


2 
> 
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TA „ t 
8 And, 


All whi hich is demonſtrated from 8 as above we 
deduced the Coro/laries concerning the cylindrical Surface 
out of the firſt Corollary there. 

7. —4 we may meaſure a right conical Surface, if Fig. 25. 

y the Side F C by half the Circumference of the J. 12. 
Baſe. As if the Side be of 5 Feet, the Circumference of 
the Baſe of 20; multiply 5 by 10, and there will ariſe 
o Square Feet for ie The Demon. 
e is manifeſt from the ſame in Corollary. 


PROP. XIV. Theorem. 


THE Superficies of a right Cone is to the Nx. 8, 9, 
Baſe, as the Side (BC) is to (AC) the Rav thi. 
dius of the Baſe. 


Between the Side BC and AC, the Radius of the Baſe, 
let O L be a mean Proportional, Therefore the Proportion 
of BCto AC, is duplicate to the Pro of OL to 
AC) Defiz. 10. J. 5.) Now (by the 13th of this) a Circle 
of the Radius OL is equal to the conical Superficies CBD. 
But the Proportion of this to A CG, the Baſe of the Cone 
41 12.) duplicate to the Proportion of OL to AC; 

y is the ſame with the Proportion of BC to 
de. Therefore the P of the conical Superficies 
CBD is to the Baſe AC G, asBCis to AC. 2. E. D. 


Corollaries. 


HE Superficies of a right Cons — by 
| equilateral Triangle turned ff the Per- * 


pendicular (KA) js double w the Baſe (DT.) 


For the Side K B is equal to B D, and conſequently 
. Radius of the 


2. The 
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a 2. The Superficies of a Cone produced by 4 
right-angled equicrural Triangle (EBD) is to the 
Baſe, as in a Square the Dianmter is to the Side. 


For the Perpendicular B A being drawn, the right Angle 

B (by 26. L 1.) is biſected, conſequentiy ABD is 

| balf right. But ADB i alſo an half right Angle (by Co. 

roll. 11. p. 32-4.z. Therefore DA, BA, are (by 6. J. 1.) 
epual ; and conſequently BD is the Diameter of the Square 

AK, whereof AD is the Side. Now the fame AD is 

the Semi.diameter of the Baſe PT, ſeeing the Perpendicu. 

lar A B (by 26. J. 1.) biſects E D. From which, and this 

Fourteenth, the Corollary is manifeſt. 


o what follows. 
Fg. % IN Trias le, NPV, br deere be drawn Q pa. 
I fay, that the Rectangle under PN and NVA equal to 
the Rectangle under PQ, QD, together with the Red. 
angle under NQ. and the NV. A puc together. 
Draw N A perpendicular to the Side NP. and equal to 
NV; and the Rectangle N O being completed, let the 
Diameter PA be drawn. 2 
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QE parallel to N A, which cut PA in B. Th 
;; let C F be drawn parallel to N P. Becaufe A N is equal 
to NV, it is manifeſt that QB alſo is equal to QD. from 
282 p. &. J. 6.) Therefore the Rectangle ON is 
PNV, nd FQis PQD. It remains that 
urn the Rectangle OB, E C, BN, are equal to 
the under NQ, and the two NA, BQ; that 
is, to the under NQ, and the two Lines NV, 
QD. But that .is manifeſt ; for the Rahe t under N Q 
andNA, QB is * (per 1. /. 2.) to theſe three Rect. 
les ; that under and C A (that is, the Space EC) 
—_ In the Space B N) and 
r BN. 
_ — which (per 43. J. 1.) is 
is manifeſt. 


equal 6o BN. — therefor 
PRO P. XV. Theorem. 


F a right Cone be cut by the Plane QS B, pa- N. 11, 12. 
rallel to NZO; I ſay, that the Circle GHM 

whoſe Radius G H is a Mean berwixt Part of 

the Side V., and ND, NV taken together, 

the Radius's 0) of the Circles DS B, NZO, is equal 

to the conical Surface intercepted berwixt the pa- 

rallel Circles DSB, NZ 0. 


Let G F be the Mean betwixt PN and N V. Likewiſe 
let G K be the Mean betwixt PQ and QD; and let there 
be deſcribed the Circles G FL, GRT. 29 the 13th 
of this) will be equal to the conic Su PB, and 
the other to the Superficies NOP. The le PNV 
(by the Lemma) is equal to the Rectangle P Q D, together 
with the Rectangle under N Q_and N V ap, taken toge- 
ther. Bat becauſe (by the Conſtruction) G F is a mean 

betwixtP N, NV; the Rectangle PN Vi- 
equal to the Square of G F (by 19: J. 6.) And becauſe 
GK is (by the Conſtruction] a Mean betwixt P Q, Q. 
the Reden, gle (by 17. J. 6. & "fb rb -hqpfiey ws 
| of GK: And becauſe G „dy the Hypotheſis, is a 


betwixt QN and QD. ee the Reckasg e 
8 Oy 17-4. ne NV. i oe. 


15 
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is equal to the Square of G H. Therefore the Square of 
G is alle Gs ro the Square of G H, and to that of 
GK. Therefore ſeeing Circles are betwixt themſelves (by 
J. 1:.) as the Square of the Radius's, the Circle GL 
U ual to the two Circles G K T. G HM taken 
together. But (by the 13th of this) the Circle GL F i; 
equal to the conical Superficies NO. Therefore the coni- 
Superficies NP O is alſo equal to the two Circles G KT 
GHM. But QPR, one Part of the Superficie; 
NPO, is (by the ſame) equal to the Circle GKT, 
Therefore the remaining Part, which is com be. 
twixt the parallel Circles ZZ, SS, is to the Circle 

G HM. 2.E.D. | 


A Lemma to what follows. 


IGHT Lines (B H, CGI which in the Circle intercept 

equal Arches (B C, HG) are parallel. "Ms. 

For let C H be drawn. Becauſe the Arches BC, HG 
are by the Hypotheſis, „the alternate Angles 
29. 4. 3.) BHC, G CH, will be equal. Therefore (by 
28. J. 1.) BH, and CG are parallel. 2. E. D. 


PROP. XVI. Theorem. 


ET there be inſcribed in a Circle a regular 
Figure of an even Number of Sides, and let 
it be equilateral; let E B be drawn from the Ex- 
tremity of the Diameter unto B, the End of the 
Side next to the Diameter ; and let the right Lines 
BH, CG, DF, join the Angles which are equal, 
diſtant from 4A. 
T ſay, that the Rectangle contained under the 


ty 


Diameter AE, and the Subtenſe E B, is equal 1 


the Rectangle of one Side of the inſcribed Figurt 
AB, or BC, Ec. and of all the joining Lines 

BH, CG, DF, taken together. 
Draw CH, DG: Becauſe BH, C G, DF intercept (b 
16. L. 3.) equal Arches BC, HG; CD, GF, 115 
l Lines 


212 =SEHM 
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Lines (by the Lemme) will be parallel. By the fame Ar- 
ment BA, CH, DG, EF, are parallel. All the Triangles 
therefore (by 27, and 15.4. 1.) BAK, EHL, LCM, 
MGN, N DO, OFE, are Equi-angular. Thetefore ( 
4. J. C.) as BK is to K A. ſo is HE to KL; and as H 
is to KL, fois CM to ML: and as CM is to ML, fois 
GM to MN; and as GM is to MN, fois DO to ON; 
and as D O is to ON, fois FO to OE. Therefore (by 
12. J. 5.) as one of the Antecedents BK, is to one of the 
Conſequents K A ſo all the Antecedents B K. K H,. CM, 
MG, DO, OF, (chat is, all the joining Lines BH, CG, 
DF) are to all the Conſequents AK, K L. LM. MN, 
NO, OE, (that is, to_the Diameter AE.) But (by 8. | 
16.)as BRisto AK, fois EBtoBA. Therefore as all | 
theſe together BH, CG, DF areto AE, ſo is EB to BA. | 
Therefore (by 16: /. 6.) the Redangle under B A on one 
Part, and all the joining Lines BH, CG, DF, on the other, 

is equal to the Rectangle which is under AE and E B. | 


QED. Hs > O03 
P ROP.: XVII. Theorem 


TE T there be inſcribed in DAF a Segment of ri. 14. 
a Circle, whoſe Baſe DF is perpendicular to 
the Diameter AOE, a Figare equilateral, and of 
an even Number of Sides; and let there be drawn, 
as in the foregoing, the Line EB. 
I, that the Rectangle comprehended under 
EB and AO, part of the Diameter, which is 
the Axis of the Segment; is equal to the Refan- 
gle, which is under one Side of the inſcribed Fi- 
gure, and all the joining Lines BH, CG, c. 
taken together with DO half the Baſe DF. 


The Demonſtration is the ſame with that of the foregoing. 


— I Y- 


=_ x 6 2H T” WH WV 


Lemma 1. to what follows. 


[ET there be inſcribed in the greateſt Circle of a Sphere Fig. 13. 
' a ar Figure, which hath its Sides meaſured by the 
= number Four 3 and ftands about the Axis AE; which Axis 
| remaining unmov d, let the Circle be turn'd round together 


b C 


— 


ine Figure: 
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I fay, that there will be inſcribed in the Sphere a Body 
contain'd under conical Superficies. 

It is maniteſt (ſee Defin. 2. /. 12.) that BA, HA, like. 
wiſe DE, EF, deſcribe entire Superficies of right Cones. 
Then, becauſe the Lines C B, GH, and GF, CD, being 

uced, do concur on both Sides in the fame Point of the 

iameter A E, n out, 

and cuts the j Lines perpendicular t is mani. 

ſeſt that the 12 CB. GH, Ee. Jo deferibe Parts of 

right conical — which are intercepted berwixt the pa- 

rallel Circles, r 
Superficies. 


in the Spherical 


Lemma 2. 
ET DAF be the 
Sphere whoſe Axis Let 
this a Figure all the Sides equal 


and let it be turn'd round about the Axis A O.- 
I fay, that a Bod contain d under conical Superficies will 


This is proved as he fog Lows, | 


PROP. XVII. Theorem. 


L T the ſame Things be fuppoſed which wer 

in the firſt Lemma; 50 let the right Line 

(EB) be 4 from the of the Diame- 

ter unto the End of the Side next to the Diameter. 
T ſay, that a Circle, the Square of whoſe Ra. 

- dius (IJ) is equal to the Rectangle AE B, con. 
tained under the Diameter AE, and the Subrenſe 
EB, ts equal to all the conical ' Surfaces inſcribed 
in the Sphere. 


That is 2 Circle whoſe Radius (I) is a mean Proportional 
betwixt AE and E B. 

Becauſe the right Lines BH, CG, DF, ate equal to the 
right Lines BK, CM, DO, taken twice, (by 1. J z.) 
the Rectangle under one Side of the Fiore brd el in the 

reateſt Circle, (to wit, under &. B. or BC, CP, or 

E) od under a} he joining Lives ther, B H, CG, 
DF, "is equal to. che Redialghe nmder: A — BE a 
with that which is under BC and the Compoung tf 
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I ſay, that a Circle, whoſe Radius is a. mean 


h Proportional betwixt (E B) and (AO) the Axis 
of the Segment, is equal to all the conical Super. 


ficies inſcribed in the ſpherical Segment D A F. 
The Demonſtration is altogether the ſame with that of the 
foregoing; only for Propoſition 16. let Propoſition 17. be cited. 


| PROP. X. Theorem. 
Como al. Superficies inſeribed in a Sphere, do 
at length end in the Superficies of the Sphere. 


Let there be given a Superficies as ſmall as yoy will, as X. 
Tt is manifeſt chat within the ſpherical Superficies A C EG. 
there may be given ſome other Concentrical there, which 
fills ſtort of this by a Quantity leſs than X. Let ACEG, 
DPLM, be the greateſt Circle of both, as cut with a 
Plane through the Center. Let there be drawn the Diame. 
ter ADE, and in D let N Q touch it. If the Arch AE 
be biſected in C, and again the Remainder be biſected. and 
ſo on, there will be left at laſt the Arch AB as is maniteſt 
of itſelf) leſs than the Arch AN. If to this Arch the right 
Line A B be ſubtended, it is manifeſt, that it will not reach 
to the Circumference PDM L, and that it will be a Side of 
an Equilateral Figure of an even Number of Sides inſcribed 
in the Circle CAGE, no Side whereof reacheth unto the 
Circumference PDM L. Wherefore if all be turn'd round 
about the Diameter AE, it is manifeſt that there will be in. 
ſcribed in the exterior ſpherical Surface, conical Surfaces, 
which include the ſpherical Surface, which is concentrical to 
the other, and conſequently, by Axiom 3. of this, are greater. 
Becauſe therefore the ſpherical Surface DP L M falls ſhort 
of the ſpherical Surface AC R G, by a Quantity leſs than 
the given one X ; much more will the conical Surfaces fall 
ſhort of the faid ſpherical Surface ACE G by a Quantity 
leſs than the given one X. and (by Def. 6. J. 12.) conſe. 
quently will end in the Superficies ACE G. 2.E.D. 


PROP. XXI. Theorem. 


* 


(CONICAL Superficies inſcribed in a ſpherical 
Segmem DAF, end in the ſpherical Superficies 
of the yen fel > 


This 


S & S=tH9 


8 


gore rg g 8 


ee 


AxchiuEp Es“ Theorems, 
This may be demonſtrated by the ſame Reaſoning as the 
foregoing Was. 


PROP. XXII. Theorem. 
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1 T was demonſtrated, Prop. 18. that a Circle, Fis. 16 


whoſe Radius is a mean Proportional betwixt the 
Diameter AE, and the right Line E B, which is 
drawn from the Extremity of the Diameter unto the 
End of the Side AB, next to the Diameter, is equal 
zo all the conic Superficies inſcribed in the Sphere. 

T ſay, that this Circle ( ſee Def. 6. I. 12.) ends 
at length in a Circle, whoſe Radius is AE, the 
Diameter of the Sphere. 


For if more and more Sides be infinite'y inſcribed in the 
greateſt Circle (which then being turn'd round about A E, 
oduce conical Superficies) _it is manifeſt, that the Side 
AB becomes at length leſs than any given right Ine and 
conſequently. that the Sabtenſe E B approaches to the Dia- 
meter A E within a Diſtance leſs alſo than any given one: 
from. whence it comes to paſs that the Difference of choſe 
AE, BE, becomes likewiſe leſs than any given one There. 
fore much. more ſhall the mean Proportional berwixt A E, 
BE, which is always greater than B E, differ from 4 E at 
by a Deſect leſs than any given one. Therefore the 
Circle alſo whoſe Semi-diameter is a Mean betwixt A E and 
BE, Will at length differ from a Circle whoſe Semi.diame. 
ter is A E, by a Detect leſs than any given one whatſoever, 
that is, will end (Def. 6. J. 12.) in it. 2. E. D. 
This, which is clear enough of it ſelf, there is no need to 


demonſtrate more operoſely. 


PROP. XXII. Theorem. 


7 was demonſtrated, Prop. 19. that a Circle, p;,. 17. 


whoſe Radius is a mean Proportional betwixt 
EB and the Axis of the Segment AO, is equal 
to all the conical Superficies inſcribed in the ſphe- 
rical Portion D AF. 
| P 4 Pertex 
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T ſay, that this Circle ends in a Circle, whoſe 
Radius is the right Line AD, drawn from the 
Vertex of the Segment unto the Circu ce of 
the Circle DFN, which is the Baſe of the 
Segment. 

For becauſe it now appears from the foregoing Demon» 
tration that E B doth at length end in A E; it will alſo be 
manifeſt that the mean Proportional betwixt E B and AQ 
doth at le end in the mean Proportional betwixt AE 
and AO, that is, ( Coroll. 2. p. 8.1.6.) in AD itſelf, 
It is therefore manifeſt that the Cirele alſo whoſe Radius is 


a mean Proportional betwixt E B and AQ, doth end in the 
Circle of the Radius AD. Q E. D. 


A Lemma to the following Propoſition, 
F the Diameter of one Circle be double ſo the Diameter 
of another, the one Circle will be ſour. fold to the other. 
I his is manifeſt from Prop. 2. J. 12. and Defin. 10. J. 5, 
PRO P. XXIV. Theorem. 


HE Su 


es 0 here is 1 id 
e ee 


This moſt noble Theorem of Archimedes, we ſhall, from 
what goes before, expeditiouſly demonſtrate in this manner. 
Let an ordinate Figure, the Sides whereof are meaſured 
by the number Four, be underſtood to be inſcribed in the 
greateſt Circle of a Sphere abaut the Diameter A E. Let 
this Figure be turn'd round abqut A E, and ſo produce coni- 
cal Surfaces inſcribed in the ſpherical Surface, and let E B 
be drawn. It hath been demonſtrated above (18. of this) 
that all conical Surfaces inſcribed in a Sphere are equal to the 
Circle, the Square of the Radius whereof js equal to the 
ReQargle ak B, that is. whoſe Radius is a mean Propor. 
tional betwixzt AE and EB. And this will always happen, 
although the [nſcription be infinitely continued.  Wherefors 
ſeeing che inſcrib'd conical Surfaces (by 20. of this will at 
length end in the ſpherical Surface, and the Circle whoſe 
Radius is a Meen betwixt AE and E B. will at length end 
(by 22 of this) in the Circle whoſe Radius is A E; the 
ſpherical Surface it ſelf alſo (ly 2. of this) will be equal 
to 
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to the Circle of the Radius A E; that is, by Aer 
Lemma, to four Times the greateſt Circle AC EG. Q. 

He the hall read rchimeder, will find that the Way hers 
aſed in demonſtrating this moſt noble Theorem, is much 
horter and clearer than that of Archimedes, 


Corollary. 


R O M this admirable Theorem, whereby Archimedes 
hath purchas'd to himſelf an immortal Name amongſt 
the Geometricians, a Circle equal to a ſpherical Surface is 
obtain'd ; that, to wit, whoſe Semi.diameter is the Diameter 
of a Sphere, or whoſe Diameter is double to the Sphere's 


Diameter. 
Scholium. 

E are now well provided for the meaſuring of a ſpheri- 
W cal Surface, the chief amongſt all Curve ones. And 
it is 47 r theſe two Ways. 

reateſt Circle of the Sphere be meaſured, (ac. 
A4 to 2E Fr Prop. 6. of this) and let it be multiplied 
by 4. SA if the greateſt Circle of the Orb of the Earth 
be found to contain 49,075,500 ſquare Miles, or more ex- 


aly, 49,081,250 ſquare Miles, then, according to this, 
196,325,000 iles are contam'd in the whole ehe- 
rical Surface. 


3 The Diameter of a Sphere multiplied by he Cre: 
ference of the greateſt Circle gives you the ſpherical Super- 
icies. A mg to which, if the Earth's Diameter con- 
it of 7,853 Miles, and conſequently the Cireumſerence of 
the Circle conſiſts of 25,000, the whole ſpherical 
Surface will be in the ſame Miles 196, 325,000; for 7,853 
x25,000=196, 325,000. 

The Demonſtration from Corel. x. Prop. 5. of 
this; for a Rectangle under the Diameter of a Sphere, and 
the Circumference " 39 Circle, is 2 
that Corollary four. fold ot 


PRO P. XXV. Theorem. 
* Surface of any ſoberical Portion whatever 


(as DAF) 1s 5 to a Circle, whoſe Radius 


is the right Lin (AD) drawn from the Vertex of 
the 


Fig. 


17. 


234 


Aci zs Theorems, 
the Portion to the Circumſer 


ence of the Circle 
(DFN which is the Baſis of the Segment, 
Let a Figure, Equilateral and of an even Number t 
Sides, the Baſe being ſet aſide, be imagin'd to be inſerib d in 
the Section of the greateſt Portion about the Axis AO ; thi 
Figure being turn'd round about A O, will inſcribe conical 
Surfaces in the Portion. Let the right Line E B be drawn 
alſo as above (in 13 and 19 of this.) All the conical Sur. 
faces now inſcribed are equal (by the 19th of this) to the 
Circle whoſe Radius is a mean Proportional betwixt E B and 
the Axis of the Segment AO. And this will always hap- 
pen if the Inſcription be. infinitely continued. Wherefore 
ſeeing both the conical Surfaces inſerib d in the Segment end 
at length (by 21. of this) in the ſpherical Surface of the 
Segment, and the Circle whoſe Radius is a Mean betwixt 


E B and A O0, ends (by 23.) in the Circle of the Radiw 


AD; the ſpherical Surface of the Portion alſo D AF (by 
2.) will be equal to the Circle of the Radius A D. 9. I. D. 

This is another of the more noble Inventions of Archine. 
des, which, as the former, we haye demonſtrated in a much 


ſhorter and clearer Way, than he did. 


_..,P ROP. XVI. Theorem. 
HE Superficies of a right Cylinder circum 
ferit'd about the Sphere (as the Cylinder 
HSV) is equal to the- Surface of the Sphere. 
And if a Cylinder and Sphere be cut by Planes 
endicular to the Axis (BG;) each Segment of 
the cylindrical Sz; face will be equal to each Sg 
ment of the. ſpherical Surface. . 1 


Part I. Becauſe the Side H P of the Cylinder is (by the 
Hypotheſis) equal to PS, the Diameter of the Baſe ; thc 
cylindrical Surface H $ will be (by Covell. p. 1 3. of this) 
fourfold of the Baſe j; that is, of the greateſt Circle of the 
Sphere inſcrib'd in the Cylinder; of which, ſeeing e the 
24th of this) the ſpherical Surface it ſelf is alſo four-fold, 
this will be equal to the cylindrical Surface, Q. Z. D. 

Part II. Let the right Lines B O, G O, be drawn. B 
cauſe the Angle BO G (by 31. J. 3.) is right, . 

5 
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Angle in the Semi- circle, and O C falls perpendicular from 
it upon BG ; BO (by Coroll. 2. p. 8. J. 6.) will be a mean 
Proportional betwixt G B and BC, that is, betwixt I T 
and H I. Therefore the Circle of the Radius B O (by 11. 
of this) will be equal to the cylindrical Surface H'T. But 
the fame Circle is alſo (by the foregoing) equal to the Seg- 
ment of the ſpherical Surface OBK. Therefore the cylin. 
drical Surface H T, and the ſpherical O B K, are equal. 

Then becauſe it is ſhew'd in the ſame manner that the 
cylindrical Surface H X is equal to the ſpherical QBR, 
the remaining cylindrical Surface I X will be equal to the re- 
maining ſpkerical Surface QO K R, which is intercepted 
berwixt two parallel Circles. 

And from theſe the Propofition is manifeſt of all Segments. 

[Corollary. ** Hence the Superficies of a Cylinder cir- 
* cumſcrib'd about a Circle is double to the Baſes.] - 


PROP. XXVII. Theorem. 


＋ H E Segments of a ſpherical Surface divided rig. 18. 


by parallel Circles have that Proportion a- 
mongft themſelves, which the Segments (BC, CD, 
DA, AE, EF, FG) of that Diameter (BG) 
which is perpendicular to the parallel Circles have 
amongſt themſebves. 


It follows from the foregoing. For by that the Segments 
of the ſpherical Surface O PK. OO KR, MOR N. Ge. 
are equal to the cylindrical HT, IX, LN. &c. But 
theſe (by 13. /. 12. have the ſame Proportion betwixt them- 
ſelves, which the Segments of the Axis BC, CD, DA, 


2 Therefore thoſe alſo have the ſame Proportion. 


| 


ROM hence the Proportion of Zones and Climates Fig, 19. 


betwixt themſelves becomes known. For they are to 

one another as the Segments of the Axis, which are known 
from the Table of Sines. 

From the ſame alſo we learn to meaſure the Segments of 

a ſpherical Surface. For becauſe both the whole Surface of 

the Sphere is known from Scho/. Prop. 24. and the Propor. 
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tion of the Segments, the ſame as that of the Parts of the 
Axis, is alſo given ; it is manifeſt that each of the Segment; 
become known. 

Now both the ing, and all the reſt of the Theorems 
which follow, are altogether fingular and admirable, and 
well worthy that thoſe who are ſtudious of Geometry ſhould 
give all Diligence to underſtand them. 


A Lemma to the following. 


| a Plane (QN) touch a Sphere in (O) a right Line (AO) 
4 the Center to the Contact, is perpendicular to the 


1 N the touching Plane and the Sphere, be cut 
through the Contact with two Planes, which in the Sphere 
may produce the Circles OG, OD, but in the Plane QN, 
the right Lines CO, IO, which ſhall touch the Circles in 


PROP. ti Theorem. 


VERY Sphere is equal to a Cone (ZO) whoſe 
— (XO) is equal to the Radius of the 
Sphere ; and the Baſe (Z) equal to the Superficies 
of the Sphere. 


Let ſome Polyedral Body be underſtood to be circum- 
ſcribed about the Sphere, and let the ſolid Angles thereof 
be cut off by new Planes the Sphere. Which being 
done, there will ariſe another Polyedral Body containing the 
Sphere, but leſs than the 8 and conſiſting of more 
Angles, and having a Surface compounded of more T 
Planes in Number, but leſs in Magnitude. If the ſolid 
Angle of this Polyedrum be again cut off by new Tangent 
Planes, and the An gles of the third Polyedrum thence ariſing 
likewiſe, 2 for ever ; it will come to paſs at length, 
that both the Polyedrum will exceed the Sphere by a Solid 
leis than any given one whatſoever ; and the Surface thereof 
compounded of Tangent Planes (which, as I faid, are end- 
leſly leſs in Magnitude, and more and more in Number than 
they were betore) will exceed the ſpherical Surface alſo by a 

Plane 
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leſs than any given one whatever. Both which Things 
they might be demonſtrated, yet becauſe they are 
themſelves manifeſt enough, I ſhall for Brevity.ſake take 
gran ings being thus ſtated, we proceed. 
gn'd is compounded of Pyramids, 
mon Top whereof is the Center of the Sphere, and 
ſes are Tangent Planes, which conſtitute the Surface 
the Polyedram. Ard becauſe the right Lines drawn 
the Center A unto the Contacts of each of the Planes, 

the foregoing Lemme) perpendicular to each of the 
; therefore the Heighth of all the Pyramids, where. 
Polyedrum conſiſts, will be equal; to wit, A B the 
Sphere. If therefore the Plane X be ſup. 
the Surface of the Polyedrum itſelf, and upon 
erefted a Pyramid at the Heighth MN, which 


Fr 


e. 


FF 
2 


8 


Planes 
of the 
Radius 


Pyramids (repreſented by 
the Sphere ; but the Baſes 


above) do a Sphere, and the Pyramids 
will ſhew by and by, do end in the Cone Z O; 
alſo (by 1. of this) will be equal to the Cone. 
the P ids X N end in a Cone. I thus ſhew: 
of Polyedrums end in the Surface of the 
was taken for above, But the Baſes 
X N, are always ſuppos d equal to the 


of 
ZO is, by the Hypotheſis, equal to the 
Sphere; therefore the Baſes X alſo will end in the Baſe 
and conſequently ſeeing the Pyramids X N to 
Cone, which, by the Hypotheſis, is of equal Heighth (by 
—_— 12.) as the Baſe X is to the Baſe Z, 


Py 
The Demonſtration of this Propoſition and the following, 
is diverſe from that which Archimedes made uſe of, 
which indeed is very ſubtil and ingenious, but 171 44 
* t; 
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difficult ; to which there are premiſed two Poſitions 
are manifeſt, and eleven Propoſitions, beſides others, — 
few, on which they depend. But the Theorem itſelf, 23 
propounded by Archimedes, is thus ; Every Sphere is four. 
fold of a Cone, which hath a Baſe equal to the greateſt 
Circle of the Sphere, and its Altitude equal to the Radius, 


Scholium. 


RO this el Theben ds deni Ge ddt ente 


of the moſt noble of ſolid Figures. For if the fixth 
Part of the Diameter, or the third Part of the Semi-diame. 
ter be multiplied by the Surface of the Sphere, already 
known by Scho/, Prop. 24. there will ariſe the Solidity of 
the Sphere. | | 
Suppoſe the Superficies of the Earth be found to contain 
196,325,000 ſquare Miles, and let the third Part of the 
Semi- diameter confiſt of 1309 ſuch Miles, Multiply the 
two Numbers together, the Product 256;989,425,000 
ton cubic Miles of the Earth's So. 


ty. 

For ſeeing a Sphere (by this Prop.) is equal to a Cone 
whoſe Altitude is the Radius of the Sphere, and its Baſe 
the Surface of the ſame Sphere, and the Solidity of the 
Cone (by Scho/. Prop. 6. of this) is produced from the third 
Part of the Altitude (that is, of the Radius of the Sphere 
multiplied by the Baſe (that is, the Surface of the Sphere) 
the Sphere's Solidity alſo is obtain'd from the third Part of 
the Radius multiplicd into the Super ficies. 


PROP. XXIX. Theorem, 


FHVERY Sector of a Sphere is equal to a Cone, 
whoſe Altitude is the Radius of the Sphere, 
and the Baſe the ſpherical Superficies of the gector. 


Firſt, let the Sector A E CG be leſs than an Hemiſphere. 
Let a right-lin'd polyedral Body be underſtocd ro be circum- 
ſcrib'd — the Sector. Now, if all the remaining Ratio. 
cination be carried on after the fame manner as was done in 
the foregoing, the Thing ſought will be concluded in the 
ſame manner. This Thing alone will require to be ſhew's, 
upon which indeed the n z to wit, 
that the Superficies of the Polyedrum, w is C „ 
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by Axiom 3. of this) the whole Surface boon of 
than the whole ſpherical Surface. There. 
Surface compounded” of Planes will alſo be 
half the ſpherical Surface E C G. 
the Sector A EBG, be greater than an Hemiſ- 
Sectors taken together, are (by the foregoing) 
to a Cone whoſe Heighth is the Radius of the Sphere, 
the whole Superficies ; that is, (by 11. J. 12.) 
which have the ſame Heighth, but have their 
the Segments of the ſpherical Superficies 
. Bee cas — AECG, that 
is leſs than an Hemiſphere, is by Part I. equal to a 
Cone, whoſe Altitude is the Radius, and its Baſe the Sur. 
ECG. Therefore the other Seftor E A BG, is equal 
to the other Cone, whoſe Heighth is the Radius, and its 


Baſe the remaining ſpherical Surface E B G. Q. E. P. 
| Corollary. 


EEING (by 25. of ths) the Supe ECG is equal 

to the Circle of the Radius C 1 
EB G equal to the Circle of che Radius B G; the Sectors 
AECG, and AE BG, will be equal to Cones, whole Al- 
titude is the Radius of the Sphere, and their Baſes, Circles 
of the Radius's CG and BG. 


Scholium. 


fl 
TH 


HEH 


Ir z of Sectors (as appears 
trom Scho. Prep. 6. of this) if the third Part of the Ra- 
dius be multiplied dy the ſpherical Surface of the Sectors, 
which is already known from Schol. Prop. 27. or by the 
Circle of the Radius CG or BG; and of Segments, if the 
Cone EAG be meaſured, and be taken away from the 
* if ic be leſs than an Hemiſphere ; but * thereto, 


if it be 
dine The 


Things is deduced the meaſuring both of FI. 23. 
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The Segment (M Q RN) which lies betwixt two Circles, 

whether parallel or not parallel, is meaſured ; it the Seg. 

ments QBR and MBN already known, be ſubſtrafted one 
out of the other. 


PROP. XXX. Theorem. 
AY Hemiſphere (EO BD) is double to the Cone 
(EBD) which hath the ſame Baſe and Alti- 
tude with it ſelf. 


| The Cone, whoſe Baſis is the Hemiſpherical Superficie 
EOBD, and its Alcitude the Radius A B, is to the Cone 


p 
double to the greateſt Circle (by 24. of this) the Cone alſo 
which hath the Superficies E OB D for its Baſe, and the 


Radius A B for its „is double to the Cone E BD. 
But (by 28. of this) the Hemiſphere is equal to a Cone 
which hath the Radius for its Altitude, and the . hemiſphe. 


rical Superficies for its Baſe. Therefore the Hemiſphere is 
alſo double to the Cone K B D. 2. E. D. 


PRO P. XXI. Theorem. 


[ET a Sphere be divided into ten s 
IL BG, ISKG, by the Plane IT'D GT which 

doth not paſs through the Center A; and let the 

— BO be perpendicular to the cutting 
ne. 

As the Altitude O B of the Segment ILBG, 
is to the Radius of the Sphere AB; ſo let OK, 
the Altitude of the other Segment, be made to the 
other Line K N. 

In like manner, as O K, the Altitude of the 
Segment ISKG, is to the Radius AK or AB, 
fo let the Altitude O B of the other Segment be 
made to the other Line B D. Which Things 


being ſuppos'd, I ſay, _ 
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1. The Cones ING and I DG whoſe Alti- 
tudes are ON, OD, and IDGT, their common 
Baſe, are equal to the ſpherical Segments. 

2. There is the ſame Proportion of the Seg- 
ments as there is of the right Lines DO, NO. 

3. — 7 ISKG ts to the greateſt Cone 
IX e inſcribed in it, as NO is to KO; and the 
Segment ILBG is to the greateſt Cone IBG in- 
ſerib'd in it, as DO is to BO. 

Part I. Let the Sphere and Cones be cut by a Plane 
through the Diameter BK. There will be produced in the 


Sphere the Circle BL KG, and in the Cores the 
Triangles BIG, IK G. And becauſe BOK, the Diame- 


ter is (by the Hypotheſis) perpendicular to the Circle QT, 


I have already ſhew'd the Pro 
duplicate to the Proportion of BI to I O, and conſequently 
(by 2. 4. 12.) equal to the Proportion betwixt the Circles 
deicrib'd by the Radius's BI, IO; DA will alſo be to 
BA, as the Circle of the Radius BI, to the Circle of the 
Radius I O. Therefore the Cone under the Altitude D A, 
and for the Baſe, the Circle of the Radius 10; that is, 
the Circle QT, is equal to the Cone under the Altitude B A 


(by 15. J. 12.) which hath for its Baſe the Circle of the 


Radius BI ; is, (by Coroll. 29. of this) the ſpherical 
Sector A I BG, Wherefore if the ſame Cone I AG be 
added, as well to the Sector A1 BG, as to the Cone under 
DA, and the Circle QT, the W holes will be equal, to wit. 


Q the 
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the ſpherical Segment I LB G, will be 
whereof one is that which is under the 
Altitude D A, and the other IAG is 
QT, and the Alricude O A, But theſe two Cones ( 
G. ro 
DG. 2. J. 


the Circle QT. 


PROP. XXXII. Theorem. 

of] fight Cylinder (G K) is both in Solidity and 

the whole Superficies to the Sphere about 
which it is circumſcribd, as 3 to 2. 


Let BQ be the common Axis of the Sphere and Cylin. 
der, and EB D the greateſt Cone inſerib'd in the Hemiſphere 
E OB D. Becauſe the Cylinder E K (half of G K) is (by 
10. J. 12.) triple to the Cone EB D, while the Hemiſphere 
is double to the ſame Cone, (by 30. of this) it is manifeſt 
that the Cylinder EK is to the Hemiſphere as 3 to 2. 
Therefore alſo the whole Cylinder G K, is to the whole 
Sphere QE BD, as 3 to 2. Which was the firſt Pact. 

Then becauſe the Side of the Cylinder K N is equal u 
GN the Diameter of the Baſe, its Supet ſicies without the 
Baſes will be four-fold (by Coro, p. Iz. of this) wy 

* 
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Baſe M I, and conſequently taken her with the Baſes, 
5 whole — of the Eylinder, will be fix. 
Baſe M I, which is equal to the greateſt Circle 
. But the Superficies of the Sphere is four- 
greateſt Circle. Therefore the whole Su | 
the Cylinder G K is to the Superficies of the Sphere, as 
to 4, or as 3 to 2. Which was the other Part. 
Therefore a Cylinder is both in Solidity and the whole 
Superficics to the Sphere, about which it is circumſcrib'd, as 


3 t 2. L. E. D. a 
Scholium. 

T is an Argument what a Value Archimedes puts 
12 this Theorem, that he would have a Sphere fend 
na Cylinder ſet upon his Tomb. And perhaps amongſt 
ſo many other famous Diſcoveries, this chiefly and above all 
others pleas'd him for this Reaſon, to wit, becauſe there 
was one and the ſame rational Proportion both of Bodies, 
and of the Surfaces which contain them. We have de- 
monſtrated a like Identity of Affetlion betwixt Rings, and 
the Surfaces of Rings, in the Fourth Book of our Cylin. 

Licks and Annularies, Prop. 13, 14, 15. And another fa- 

| WH mous Example of the ſame hath alſo offer d itſelf to me in 

we Sphere itſelf. For I have found, that like as a Sphere 

| Wiztoa right Cylinder which encompaſſeth ic (which will ne- 
ceſſarily i 


) as 2 is to 3, and this both in reſpect 

of Solidity and. Surface ; ſo likewiſe the Sphere hath to an 

Equilateral Cone encom it, that Proportion which 4 
1 WF fath ro 9g; and this both in regard of Solidity and Super. 
,  ficies. From which this alſo follows, That the ſeſquialte- 
n Proportion found by 4rchimedes in the Sphere and Cy- 
linder, is contained in three Solids, Sphere, Cylincer and 
Equilateral Cone. The Demonſtration of both which 
Things, with ſome other Theorems of my own, in which 
the wonderful Nature of t! e Sphere will more appear, 1 
ſhall ſubjoin in the thirteen following Propoſitions. 

PROP. XXXIII. Theorem. 
HE ies of a Sphere is double to the Fig. 25. 
Superſicies of a ſquare Cylinder inſcrib'd in 
ve ſame Sphere. 
Let AKL be the Square inſcrib'd in the greateſt Circle of 
Lphere, from which gurn'd round, there is deſcribed a 


Q 2: ſquace 
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ſquare Cylinder ; and let A L be drawn as a Diameter com. 
mon to the Cylinder and Sphere. Becauſe the Square A L 
is (by 47. J. 1.) equal to the equal Squares AK, KL, it 
will be double to one AK. Theretore alſo the Circle of the 
Diameter A L. is (by 2. J. 12.) double to the Circle, whoſe 
Diameter is AK; to wit, to the Circle C N. But the Su- 
perficies of the Sphere is (by 24. of this) four-told to the 
Circle whoſe Diameter is A L; for that is the greateſt Circle 
of the Sphere, ſeeing AL is the Diameter of the Sphere. 
Therefore the Superticies of the Sphere is eight-fold of the 
Circle CN: But becauſe LK, K A (by the Hypotheſis) are 
* the cylindrical Superficies A C L is (by Carell. p. 12. 
this) quadruple of the Circle CN. Therefore fince the 
Super hicies of the Sphere is eight-fold of the ſame Circle, 
it will be double to the cylindrical Superiicies. Q. E. D. 


PROP. XXXIV. Theorem. 


TH E Superficies of a Sphere hath that Pro- 
portion to the whole Superficies of a 


Cylinder inſcrib'd in it, which 4 hath to 3. 


Let the ſame Things be ſuppos'd which were in the fore. 
going Demonſtration. Becauſe, by the Hypotheſis, L K, 
the Side of the Cylinder, and AK the Diameter of the 
Baſe thereof, are equal, the cylindrical Superficies C L will 
be quadruple (by Corell p. 12. of this) to the Baſe CN, 
and conſequently the whole Superficies of the Cylinder is to 
both Baſes CN and 8 L, as 6 is to 2. But the Superficies 
of the Sphere is to both Baſes together, CN, SL, as 8 is 
to 2, ſeeing in the foregoing it was ſhew'd that it is to one 
Baſe as 8 to 1. Therefore the Superficies of the Sphere is 
to the cylindrical Superficies CL, as 8 is to 6, or 4 to 3. 


E. D. 
% Corollary. | 
H E whole Superficies of a right Cylinder deſcrib'd 


about a Sphere. is to the whole Superficies of an Equi. 
lateral Cylinder inſcrib'd, as 2 is to 1. For the circum. 


{crib'd is to the ſpheric Superficies as 12 is to 8 (by 3z. of 


this.) But the Spheric is to the Inſcrib'd, as 8 is to 6 by 


this preſent Propoſition. Therefore the Circumſcrib'd is to: 


the Inſcrib'd, as 12 is to 6, or 2 to 1. 
| PRO. 
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: A Portion of any ſpherical Superficies whatever p;,. 26. 
(as ILBG) hath the ſame Proportion to the er 25. 


| Superficies of the greateſt inſcribed Cone, which 


(BG) the Side of the Cone hath to (G O) the Ra- 
dius of the Baſe. 


Becauſe (by 25. of this) the Superficies of the Portion 
ILBG is equal to the Circle of the Radius BG; the Pro. 
portion thereot to QT, that is, to the Baſe of it ſelf and 
of the Cone, will be duplicate to the Proportion of the 
conical Su ies IB G to the ſame Bate QT. Therefore 
it is manifelt, (by Definition 10. J. 5.) that the Superficies 
ILBG is to the conical Superficies IB G, as the {ame 
conical Superficies I B G, is to the Baſe QT. Wherefore 
ſeeing the conical Superficies I B G, is to the Baſe QT. as 
BG (by 14th of this) is to G O, the Superficies of the Por. 
tion will alſo be to the conical Superficies I B G inſc1ib'd in 
it, as B G is to GO. 2. E. O. 


PROP. XXXVI. Theorem. 


T hath that Proportion to (EB D) the Superfi- 
cies of the greateſt right inſcribed Cone, which in a 
Square the Diameter hath to a Side; and that Pro- 


bed, as the Side in a Square hath to the Diameter. 


the foregoing. For EO B D the Superſicies of any Portion 
whatever, ard conſequently of the Hemiſphere, is to the 


conical Superficies inſcrib'd, as BD is to DA. But BA DK 
is a Square whoſe Diameter is B D. and the Side DA. 


becauſe the Square E C is (by 47.1. 1.) double to the Square 
EB or GI, the Circle of the Diameter E C alſo is (by 2. 


Q3 1. 12.) 


Ul 


HE Superficies of the Hemiſphere (E O BD) Fg. 24. 


I. The Demonſtration of the firſt Part is manifeſt from Fig. 6. J. 4. 


— - 
_”_— - — — 
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J 12.) double to the Circle whoſe Diameter is G I, that is, 
to theCircle HG DI. But (by 24. of this) the Superficies 
of the Hemiſphere included in the Cone EBC, is double 
to the ſame Circle. Therefore the Circle of the Diameter 
E C is equal to the hemiſpherical Surface Wherefore ſet ing 
the conical Superficis E B C is (by 14 of this) to the Circle 
of the Diameter E C, to wit, to its own Baſe, as the Side 
B E is to E O, the Radius of the Baſe ; it will be alſo to the 
hemiſpherical Superficies inſcribed in it, as B E is to EQ; 
that is, as the Diameter in a Square is to a Side. Q. E. D. 


PROP. XXXVII, Theorem. 


A Sphere hath the ſame Proportion to a ſquare 
conical Rhambus circumſcribed about it, both 
in reſpect of the Solidity and Surface, which in a 
Square the Side hath to the Diameter, 


Let the Square E B CF be circumſcrib'd about HG DI, 
the Circle of a Sphere, from which Square, as 
turn'd round about the Axis B F, let a conical Rhombus en- 
compaſſing the Sphere be produced. 

As E B, a Side of the Square (ſee Fig. & J. 4.) is to the 
Diameter E C, even ſa let 8 be made to R; (ſee Fig. 13. /. 
5 J and let this Proportion be continued through four Terms, 
S, R. Q. O; the Proportion then of S to O will be tripli- 
cate to the Proportion of StoR; that is, of EB to EC, 
and the Proportion of O to R will be duplicate to the Pro. 
partion of O to Q, or of R to S; that is, of EC to EB; 
and conſequently (by 20: J. 6.) O is to R as the Square of 
ECisto EB; from whence (by Scho/: Prop. 6. and 7. J. 4.) 
Q is double to R. Theſe Things being thus ſettled, let the 
Sphere E BCF be underſtood to be circumſcribed about the 
conical Rhombus. Thus the Sphere HG D I will be to the 
Sphere E BCF (by 18. J 12.) in the triplicate Proportion 
of the Diameter GI or E B to the Diameter EC; that is, 
(as I have already ſhew'd) it will be as S to O. But the 
Sphere E BCF is to the conical Rhombus inſcribed in it (by 
30 of this) as 2 is to 1; that is, (as I have ſhew'd above) 
as O is to R. Therefore by Equality of Proportion, the 
Sphere HG DI is to the ſame Rhombus which is deſcribed 
about it, as Sis to R; that is, as in a Square the Side E B 
is to the Diameter E C. Which was the firſt Part. Then 
from the ſecond Part of the toregoing, it appears, that the 
Superficies 
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superſicies of the Hemiſphere is to the Superficies of the 
Cone E B C, and conſequently the Superficies of the whole 
Sphere is the Superficies of the whole Rhombus EBCF, as 
in a Square the Side is to the Diameter. Therefore the 
Sphere, as well in Solidity as in the Superficies, is to the 
ſquare Rhombus E B CF, as in a Square the Side is to the 
Diameter. Q. Z. D. 


PROP. XXXVIII. Theorem. 


HE Superficies of the Portion (BG XK D) Fs. 27. 
which contains an Equilateral Cone (B K D) 
is double to the Superficies of the ſame Cone. 
This is manifeſt from 35. For the Superficies of the 
Portion BG K D is to the inſcrib'd conic Superficies (by 35. 
of this) as BK is to B A. Bat becauſe the Cone BK D 
ſuppos'd to be Equilateral, K B is to B D, and conſe- 
quently double to B A. Therefore the Superficies B GK D 


is alſo double to the inſcribed conical Superficies. 2, E. B. 


Let Z be the Center of the Sphere, and B K D the Equi. Fig. 27. 
lateral Cone inſcribed, and K Z A O the Axis common to 


. —— . 
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| 
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Therefore the Circle OK D is alſo (by 2. L 11.) to the 
Circle QT, as 4 is to 3. Therefore four Circles, OB K D, 
that is, (by 24- of this) the whole (| pherical Superficies DG 
28888 as 16 is to 3. But (Corofl, p. 14. of 
this) the Superficies of the Equi teral Cone B K D js to 
*he Circle C T. to wit, its own Baſe, as 2 is to 1; and 
contequently the whole Super ficies of the Cone. B K D,. 
that is, including its Baſe, iz to the Baſe, to wit, the Circle 
QT, as 3istOq, or 9 to 3. Therefore, ſeeing I have 
ſew's that the Superficies of a Sphere is to the ſame Circle, 
as 16 is to 3. the Superficies allo of the Sphere DG will 
be to the whole Superſcies of the Equilateral Cone, as 16 


is to 9. Q. E. 
Or otherwiſe thus : 


8 by Carol. 3. Pr. 18. J. 4.) the Side B D of the 
Equilateral Triangle cuts off a fourth Part of the Axis 
A * * ſpherical Super ſicies B O D will be a fourth Part 
7. of this, and conſequently the Superficies BGDE, 

* "Ranch Parts of the Superficies of the whole 
Wherefore it the whole Superficies be ſuppos d to be 16, 
Superficies BGKD will be 12. But (by the foregoing) 

e Superficies BGK D is double to the conical Superficies 


BKD and conſequently is to it, as 12 to 6. Therefore 


the whole Superficies of the Sphere is to the conical BK D, 
a« 16 is to 6. Then becauſe the Superficies of the Cone 
BK D (as being Equilateral) is (by Cerel. 1. Pr. 14. of this) 
double to the Baſe QT, it is manifeſt. that the conical Su- 
per ſicies B K D (to wit, without the Baſe) is to the whole 
Superficies of the Cone, as 2 is to 3; that ir, as 6 to g. 
T.:erefore by Equality of Proportion, the whole Superficics 
of ti e Sphere is to the whole Superficies of the Equilateral 
C.ne inſcrib'd, as 16 tag. L E. O. 


PROP. XL. Theorem. 


TH E Superficies of the Sphere bears the Pro- 
portion to the whole Superficies of an a 
teral Cone circumſcribed about it, that 4 dot 


Let there be circumſcrib'd about the greateſt Circle 5 a 
Sphere BPA!, the Equilateral Triangle DOF, by which as 
tura'd round about the Axis OA B, let there be produced an 
Equilateral Cone, circumſcriped about the Sphere. Ard 


ler 


AxeniunEps's Theorems, 

et there alſo be circumſcribed about the Equilateral Triangle 
DOF, the Circle NDLOF, which, as is manifeſt, is con. 
centrical to the former ; and let the Axis OA B be produced 
to N. Becauſe BN is a fourth Part of the Axis ON, as 
is manifeſt from Corel. 3, Pr. 15.1. 4.) ON is double to 
BK. Wherefore the ion betwixt Circles being du- 
plicate (by 2. /. 12.) of the Proportion of the Di 
the Circle BP M will be to the Circle NDLOF, as 1 to 4. 
But it hath already been ſhew'd in the foregoing Demonſtra- 
tion, that the Circle NDLOF is to the Circle QT, the 
Baie of the Equilateral Cone inſcrib'd in the Sphere F L, as 
4 is to 3. Therefore, by Equality of Proportion, the 
Circle BPM is to the Circle QT, as 1 is to 3. But the 
whole Surface of the Cone DO is (by Corol. 1. Pr. 14. 
of this) triple to QT. 'Therefore the whole Superficies of 
the Cone is pine-fold of the Circle BHM. Wherefore ſeei 
the Superficies of the Sphere T P is quadruple (by 24. 
this) of the ſame Circle BP M. the whole Superficies of the 
Equilateral Cone D OF is to the Superſicies of the Sphere 
zo which it is cireumſcrib'd, a: gis to 4. 2. E. D. 

Corollary 1. From this Demonſtration it is manifeſt 
* that the Axis BO, of an Equilateral Cone, circumſcrib'd 
« about a Sphere, is one and a half of the Diameter of the 
Sphere EK, or as 3 to 2. ; 

2. % That QT, the Baſe of the Cone DO F, is alſo 
one and an half of both Baſes of the Cylinder circum. 
© ſcrib'd about the ſame Sphere. For QT is to BFM, 
as 3 to 1. Therefore QT is to BHM twice, as 3 is to 2. 

„ 3. That the Superncies of the Cone DO F is one and 
an half of the Superficis of the Equilatrral Cylinder cir- 
** cumſcrib'd about the ſame Sphere. For that “ is double * Per Co- 
to QT. while this is quzdruple to BFM. Therefore 7“. . 5. 14. 
** the conical Super ficies will be to the ey linurical as twice of this. 
z to four times 13 that is, as 6 to 4, or as 3 to 2. 24 and 


26 of this, 
PROP. XLI. Theorem. £ 
T HE whole Superficies of an Equilateral Cone Fi. 38 
cireumſeribed about a Spbere, is quadruple to 
the whole Superficies of a Cone inſcribed in the 
fame Spher e. | 
By the foregoing. the whole Superficies of the Equilateral 


Cone DOF circumſcrib'd, is to the Superficies of the Sphere. 
{8 
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as 9 to 4; and the Supe: ficies of the Sphere is to the whole 
Superficies of the inſcribed Cone SK T. as 16 to 9 (by 39. 
of this.) Therefore by Permutation of Equality of Pro. 
jon, the whole Superficies of the circumſcribed Equi- 
teral Cone is to the whole Superficies of the Equilateral 
inſcribed, as 16 to 4, or az 4 to 1. 2. E. D. 


PROP. XLII. Theorem. 


Sphere hath that Proportion to B T C, an 
Equilateral Cone inſcribed in it, which 32 
hath to 9. 


Let the Sphere and Cone be cut by a Plane paſſing through 
the common Axis KO, producing in the Sphere the 
Circle OF K I. and in the Cone the Equilateral Triangle 
BEC. Then a Plane being drawn thro' the Center A, 
lar to OK, let the Hemiſphere FG KI be cut off, 
which let the greateſt Cone FK I be underſtood to be in- 
| ſcribed. Now becauſe (by Cor. 5. 5 15. J. 4.) the Si 

BC of the Fquilateral Triangle cuts off a fourth Part of the 
Axis OK, PK will be to A K, as 3 to 2, that is, a8 9 to 
6. But the Baſe QT is to the Circle OF KI, that is, to 
the Baſe N D. as 3 to 4, that is, as 6 to 8, as 
from what was demonſtrated, Prop. 39. Wherefore Lang 
the Proportion of the Cone B KC tothe Cone F K1, is {by 
Schol. 2. P. 15+ J. 12.) compounded of the ion of the 
Altitude PK to the Altitude AK (that is, of 1 
of 9g to 6) and of the Proportion of the Baſe QT to the 
Baſe N P (that is, of the Proportion of 6 to 8) the Cone 
BKC will be to the Cone FK I, as 9 to 8. Wherefore 
ſecing (by 30 of this) the Sphere CG is quadruple of the 
Cone F K I, the Equilateral Cone B K C will be to Sphere 
CG, . 9 to 32. 2. E. D. 


PROP. XLUI. Theorem. 
N Equilateral Cone circumſcribed about 4 
Sphere, 1s eight-fold of an Equilateral Cone 
inſcribed in the ö = Sphere. A 


Let SK T and DO F be the Equilateral Cones inſerib d 
and circumſcrib'd, and let OKB be the commen Axis. 
Then let as well both „ 
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Plane the Axis 3 their Sections will be two 
Auer; Canes ghee rugddieer youre re About 
the Tri DOF likewiſe let there be underſtood to be 
- HW deſcrib'd the Circle NDOF, and let the Axis OK B be 
| BY produced unto N. Now becauſe the Side DF of the Equi. 
lateral Triangle doth (by Cor. 5. p. 15. 4.4.) cut of NB, : 
the fourth Part of the Axis ON, it is manifeſt that ON is 
double to BK. In like manner, becauſe the Side 8 Tot the 
8 2 of BC, the fourth Part of 
the Axis BK, NO will be to BO, s FK is t CR; and 
ing, as NO is to BK, fois BO to CK. But 
to BK. Therefore BO is likewiſe double 
Therefore hecauſc of the Similitude of the Tri. i 


DOF, SKT, be like, and on 
ir Proportion js triplicate to ropor tion of 
meters DF and ST ; which is that of 2 

DOF will be to the Cone SKT, as 8 to 1. Q. E. D. 


PROP. XLIV. Theorem 


A here hath the ſame Proportion both in re- N. 28. 
pect of Solidity and Surface to the Equilate. 

ral Cone D O F circumſcribed about it, which 4 

bath to 9. 


The Sphere T'P is (by 42. of this) to the 
Cone SK T inſcribed in it, as 3 is tog But (by the fore. 
going) S K T., tne Equilatera! Cone inſcribed, is to DO F. 
the Equilateral Cone circumſcribed. as 1 is to 8, chat is, 
9 to 72. Therefore 4142 of Proportion, the Sphere 
TP is ta DO F, the Equilateral Cone circumſcribed, as 
32 is to 72, that is, as 4 tog. But in Prop. 40. we de. 
monſtrated that the Superficies of a Sphere is to the whole 
Superficies of an Equilateral Cone circumſcribed, as 4 is to 
4 9. Therefore a Sphere, both in Solidity and Superficies, is 
le to an Equilateral Cone circumſcribed about it, as 4 is to 9. 


I hat therefore which Archimedes was ſurpris'd at in a 
sphere and Cylinder encompaſſing it, we have alſo now de- 
5. WW monſtrated in a Sphere and an Equylateral Cone encompaſſing 
a WF it, to wit that there is the ſame rational Proportion of the 
Solidities betwixt themſelves, which there is of the _ 

or 
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For as he found that the Sphere js to the Cylinder, as we 
in Solidity as Superficies, as 2 to 3; ſo we have nc 
taught, that the Sphere is, in reſpe& both of Solidity a 
Surface, to an Equilateral Cone encompaſling, as 4 to 9. 
- ſhall, without much _ demos 

te, the Proportion, to wit, t quialt 
which Archimedes ſhew'd to be betwixt the Sphere and Cy 
linder; is continued by the Equilateral Cone circumſcribe 
both in the Solidity and Superficies ; and ſo we ſhall put 
End to the preſent Work. 


9 RO p. XLV, Theorem. 


8e the Fi- N Equilateral Cone circamſcribed abaut | 
gart, Sphere, and a right Cylinder in like man 
Treatiſe, circumſcribed about the ſame Sphere, and 11 
ſame Sphere it ſelf, continue the ſame Proper 
tian; to wit, the Seſquialteral, as well in reſpef 
of the Solidity as of the whole Superficies. 


For by 32. of this Book, the right Cylinder G K encom. 
the Sphere, is to the Sphere, as well in reſpect of 
idity, as of the whole Superficies, as 3 is to 2, or as ( 
to 4. But by the foregoing, the Equilateral Cone BAD 
circumſcribed about the Sphere, is to the Sphere. in both 
the ſaid reſpects, as 9 is to 4. Therefore the ſame Cone is 
to the Cylinder, both in reſpe& of Solidity and Surface, as 
9 is to 6. Wherefore theie three Bodies, a Cone, Cylinder 
and Sphere, are betwixt themſelves, as the Numbers , 6, 
4» and conſequently continue the ſeſquialteral Proportion, 


Q. E. D. 
[PROP. XIII 


HE fame 1eiquialteral Proportion holds betwixt an 

= Equilateral Cone and Cylinder circumſcribed about the 

ſame Sphere, in reſpect of their whole Surtaces, their ſimple 
Surfaces, their Solidities, Altitudes and Baſes. 

This Propofition is manifeſt as to the whole Surfaces and Se. 
fidities from the foregoing ; as to the fimple Surfaces, from 
Cor. 3. Pr. 4c. / his; as to their Altitudes and Baſes, 
from Cor. 1. and 2. of the ſame goth Propoſition ] 
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APPENDIX 
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PART I. 


E often find that — the de- 
monſtrating one important Propoſiti 
{rg 7s Chain 5 
have no other End, but to demonſtrate that 
principal One: If we can all at once demonſtrate 
thoſe capital Propoſitions without ſuch a long 
ſeries of preparatory Demonſtrations ; we ſhall 
doubtleſs retrench many uſeleſs Things, n 
Time, and render this Appendix of ſome OI 
vice to the young Student. 

There are two primary Propoſitions, of which 
Des Cartes writes in a Letter not yet printed, 
as hinted in Page 65. of Dr. PELL's Algebra; 
In ſearching the Solution of Geometrical Drefti- 
ons, I akways make uſe of Lines, Parallel and 
P „ as much as poſſible, (i. e. as 
many Lines as are uſeful) and I conſider ng other 
Theorems, but the 47th, L. 1 and 4th, L. 6. 


of 


APPEND 1x 


of Euclid ; and I am not afraid to ſuppoſe mum 
unknown Quantities, that I may reduce . pre- 
poſed Dueſtion to ſuch Terms, as to depend on m 
other Theorems, but theſe two. 

Obſerve in how Eſteem the ingenioug 
Des Cartes held theſe two Theorems ; to the fu 
of which, moſt of the preceding Propoſitions i in 
EucLi1p are preparative, and which we ſhal 
Eſſay to demonſtrate independently of any «f 


them. 


{= . 
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PROP. XVn. Theorem. 
every right-angled Triangle (A BC) the 
Square of the Side (AC) which is oppoſite to 
ri 


1 


N 
the right it equal to the two Squares bf 
the other Sides AB and BC) taken together. 


In this are two Varieties ; Firſk, when the two Sides AB 
and B C are 5 

On the Side A C erect the Square A CD E, on the Side i 1. 
AB ect the Square AB D G, on the Side B C etect the 
Square B GEF. | 

Demonftration. "Tis evident at firſt View of Figure 1. 
that one half of the Square of AB or BC, is an exact 

of the Square of A C. conſequntly four halves of 
the Squares of A B and B C, which are both their whole 
Squares, are equal ww vv hr the Square of A C, 
which is the whole Square of AC. 2.E. D. 

Secondly, when the Sides A B and BC, are nnequal. N. 2 
Make two equal Squares BDEF. BDGH on the Line 
BD, equal to A H and BC, the two leſs Sides of the given 
Triangle; in the firſt, on AC, ereft the Square A CIK; 
in the other, on A B and B C, ere& the Squares ADBL 
SBC and BCHM={JAB; and laſt of all, draw the 
Lines AC and BG. 

—_ R -Demon- 
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Demonſiration. Firſt, Tis evident from the Conſtruction, 
that the Squares BDEF and BDGH are equal. 
Secondly, *Tis obvious at firſt View, 
BDEF — Square of A C by four righ 


— by Axiom 7. equal to one another, and 


= ABC. 
iy, FE "Tis equally evident, BDGH exceeds the 
Squares of AB 


uently, by Axim 7 
Friangle &B C, and 
aforeſaid. 

Fourthly, Wherefore, by Ariem 3. if from Equals, (the 
Squares B B ns rigs H) be caken away Equls (he 


ä Ne 


Or Algebraically thus : 


Let the biggeſt Square made of the Sum of the Sides 


288 
DAC HH 


OAB=BBpPpl fy, HH=B B4PP. 
DBC SPP * 


1. SSH Hz BC, which 2 BC=4 Triangles. 


2. SSS B pPTz BC. by B4-CxB-þC. 
3. HH n 


4. HHB NP. 2. E. 5. 


A like uſeful Theorem of fignal Service in the whole 
Theory of Compound Motions, I ſhall ſabjoin. 


In every Parallelogram the Sum of the Squares 


of the two Diagonals is equal to the Sum of the 


Squares of the four Sides. 


To prove this by Trigonometry requires 21 Operations, 
by Analyfis, or Algebra 15, which M. 4. Lagny has reduced 
to 7 Steps. : 

Howbeit 


Ar rp n 511. 


Hombeit the Reaſonableneſs of this Theorem may appear Fig. 3. 


from this Conſideration, that all Triangles on the ſame 
or equal and betwixt the ſame Parallels, are equal, 
compared with the 12th and 1 3th of the ſecond Hook. 

In chis are two Varieties ; Firſt, When the Parallelogram 


we”, ion is eyident from th L 
332 
Secondly, But when the Angles of the are 


oblique, draw the prick'd Lines AG, BF, CH. DE, which 
ing Perpendieulars betwixt the ſame Parallels, are all 
: Alſo G B and DH, which 
? . | 


. are alſo equal to A F and 
EC, perpendicular betwixt the equal Parallels, let each 

, and each of the laſt 4 ==, alſo A D=BC 
call x ; conſequently B E=x—z. 


Sim! BC=e x. 
Wo AD=zx x. 
210 AB» x. 


DSD SE, 
Sum ax == Sam Dia. q. 295+: xx+: x2. 
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PROP. W. Theorem. 


Tales which are E angular to one ano- 
nee 


Sides afo that „„ 
proportional. 


This I take to be the fame with the firſt Definition of the 
ſame Book. 


leABC be laid on the Tri ADE, 

A, beczuſe equal in both, y coincide, 
C fall on the Line AE, 20 A Ben A D, 
8 and becauſe the Angle C=Angle E, and the 
e will be parallel to D E, 

Defin.: 1. Book * 

Then ſuppoſe A B a third of AD, make B F another 
third, and parallel to D E draw FG, en parallel to A D, 
draw GH and CI; by which Parallels, the Sides A E and 
DE will alſo be divided into three equal Parts, by Axiom 12. 
Therefore it will hold as, 


AB: AD::AC: AE AC: AE::AB: AD 
4 12 I 5 15 8 BST 
that i : i that is, 


18, 
AB: 3A B: : AC: 3AC Ac: zAC: AB 343 


AB: AD: -BC=D1: PE E51. D E. AC: AR 


ö 3 9 3 
that is, 9 that is, 
AB:3AB::DI :3DI DI: 3 DI:: AC: 3 AC. 


LE. 


£1-3- 3 Frag-. 


APP EN DI X. 
84 To Triſect an Arch of a Circle BC. 


This has been by ſundry Antient and Modern Geometri- 
cians accounted impoſſible to be done by the Euclidean Geo- 
metry, which makes uſe of only a Circle and ſtrait Lines ; 
howbeit, we will attempt it, and afterwards a Demonſtration 


Quarter the Circle, and extend the Diameter BG to P; Fig, 5, 
parallel to it, draw CX and CR to EX ; then take 

the Diameter 5 G in the Com „ and move the Ruler on 

the Point C till FP be exactly equal to BG, then draw 
CFOP, ſo will G O be a third of BC. 


Demonſtration. 


w 1s 7 4 * 7 . 


EZ. Nowbecanſe E O is 
Diameter, and 
| EO, * 


than a Qua- 
Lr 


NA. | 
Leaſt the foregoing Demonſt?ation ſhould appear too con- 
ciſg to ſome, I will attempt it after another Manner, from 
ke follo ing 2 ö | 
+ «© That the Meaſure of the Angle CPB, at a Point 
«© without the Ci 
« the inte 


R 3 For 
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A Synopſis of the moſt uſeful and 


famous Propofitions in Eyclid' 


firſt Six Books, | 


OOK I. has Propoſitions 32, 35, 37, 41, 44, 45+ 47- 
I. 82—ͤ— — 4. Fo 6, I2, 13. 14. 
III. — 16. 20, 24, 22, 31, 32, 35» 36. 
IV. — ie, 11, Iz; 13, 14, 15» 16. 
15. 16, 17, 18. or the fore. 
going Compend. thereof. 


/ 


Ws — — — 


Vl. All the firſt 6, 8, 13, 14, 16, 19, 31. 


ty 


* 
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APPENDIX 


Extraordinary Propoſitions not to be met with in 
EvucLip, whoſe Demonſtrations are omitted 
on purpoſe to Exerciſe the Genius of young 


1. IN every Triangle the Rectangle of any two Sides is 
I equal to the Rectangle of the Perpendicular from the 

faid Angle, and the Diameter of the circumſcribing Circle, 

i. 6. as i : one Side : : other Side : Diameter. 

2. The Area of any Triangle about a Circie, is equal to 

3. An H inſcribed is a Mean betwixt a Trigon in. 
ſcribed, and a Trigon circumſcribed, Ez fic de paribus. 

4. In any Tri the Difference of the Squares of two 
Sides, is equal to a of the Baſe, and that Segment 
of the Baſe, which parted, in the middle of the other Part 
K Tn. 

5. The Square of the Mean, and the Square of half the 
Difference of the Extremes together, is equal to the Square 
of the half Sum of the Extremes. 

6. If ina Circle two Lines be inſcribed, interſecting each 
other, the Rectangles of the Segments of each Line are 
equal; and the Angle at the Point of Interſection is mea. 
ſured by half the Sum of its intercepted Arches. 

7. If to à Circle two right Lines be adſcribed from a 
Point without the Reftangles of each Line, from the ſaid 
Point to the Convex and Concave are equal, and the Angle 
at the Point is meaſured by half the Difference of the inter. 


9. Ifa plain Triangle be inſcribed in a Circle, the Angles 
are one half of what their oppoſite Sides do ſubtend; and 
1 f : - ; 
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A _ 2 * 1 L. 


Eaſy Equations ariſing by con 
moſt of the Propoſitions # 


nN=32=10 and x. 


The Reaſon| — In Species. In Numbers 
— — — — — — 
| 1 = | po= 7+ 3 
„ 22 
1— 3 2 — 7= — 3 
1— 2 4 — 3= TO 7 
e 7= 4+ 3 
2— 6 = — 3= 7 4 
12 2 14= 10 4 
1—2 8 | 2namzx |] 6= 10— 4 
bo | z+x 10+ 4 
2 2 2 
* Rx — 10— 4 
2 1 2 
Tx ⁶ 11 | z=2m—x 10= 14— 4 
7 wn 12 X— 2M— 4= 14—19 
8 +x 13 xD zr 10 6+ 4 
13—22 14 X=ZE—2% 4= 10— 6 ; 
2XXx '5 x = = 4 16= 28—12 
3X4 1 m 21==1 jan O—_zc 
n 141 —— — 164244 9 


265 


1 Quantities and Numbers, whey eby | 
Bock of : Euclid are invented. Let m=7 


7 6 "Fropofitions of the 
The Reaſon | game 2 Second Book. 
1X6 18 
ixx | 19 
1X m 20 
IX = 21 
IX1 22 
2X 2 23 
7x8 24 
S—_— 
4 — | 35 
* 
9 
25+ — | 26 
4 
x 2 |. 27 
27 7 | 28 
3X 3 29 
294-22» | 30 
oe 15 
22+23 32 
32 2 33 
2 $ 


: = 
4 
>. 
| : 
= 


: 
i j 
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10. To biſect a Line. 


(266) 


* EA EA K 


PRACTICAL GeoMETRY 


— 


PART II. 


* _ — — — — — 
* * 


* 


S to the Demonſtration of theſe Practical Problems, 
I've OD Eo i ain . Student 
may exerciſe his own Genius of, 
and „b gong our. cm By m the fore. 
ing Books of EUCLID; to makes the Mind, to whet 
Appetite of our Mathematical Student, and to arhuſe and 
improve him in eaſy and practical Problems of Geometry, 
is the main Deſign of this Ap 
And leſt we go over what is already done, I think it not 
amiſs to give a Synopſis of all the Pragical Problems both in 


the Propoſitions and Corallaries of the Book, re. 
7 may be 


Poreenwn . Ons give Line to meke an Equi 
lateral Triangle.- 
To meaſure race bie Diſtances, fee 4. and 26. all 
L. 6. Prop. 8. 
:. To draws Line equal to-a given one. 
3. From a to cut off = Jeſs. 
4. To play at Billiards, 
6. To maſye aciibic Akimdes, ** alſo L. 6. 4. 
2. Ig Bien « Lins 


11. To erect a L. 

12. To let fall a P 

11. That Rays of Lader — take the ſhorteſt Courſe. 

e but in the Point it touches 
rt 


22. To make a Triangle of three Lines given. 


— 


22. To 


a 
9283 
- * * = 


S 2 785 K f 
K 


IZ 
ml S:3iof ef 


11.1 


31. To draw Parallels. 
3. To determine the Parallax of the Stars. 


To find the Number of rig 


26. To divide the Area of aP 
36. Figures of equal Compaſs may have different Area's. 
38. To divide the Area of a Triangle; that Bodies move 
equal Area's in equal Times, 

40. And are urged by a Centripetal Force. 

41. To find the Area of a Triangle, L. 2. 13. 


42. To make a Parallelogram wit! an Angle equal to a given 


one, and equal to a Triangle given. 
. On a e equal to a 


given, and to have an equal to one 
Triangle given and 9 have — _ 


45- On a given Line, ; fn wich 6 gre Ang, to make a 
equal to any ftrait-lin'd F 

To find — lin'd Figure exceeds another. 
46. To make a Square on a given Line. 

47. To add any Number of Squares. 

* 


nes 


z any two Sides of 
Triangle, to the third. 

of the Table of ines, Tangents and Secants, 

3. 3. L. 4, Ce. 


"Se ce 


1. To cut a Line in extreme and mean Proportion, Z. 6. 30, 
14 To find a Square equal to any right lin d Figure. 


In the Third Book. + 


1. To find the Center of a Circle. 
12. To find the Point where two Circles touch each other. 
. 
5. Te draw T to a Circle. 


20. To 


22. About what Quadrangle a Circle can or cannot be de 
ſcribed, 


L. 6: 4- 
25. To perfect an Arch into a Circle. 
30. To biſect a given Arch. 
31. To prove whether a Square be true. 


33- On a Line to form 1 given 
34. From a Circle, 5 containing any given 


Angle. 
35. — Paradoxes folv'd ; to draw a Cir. 
cle through any es Prins e Cnc 


which ſhall diametrically cut 
| In the Fourth Book. | 


> Ys Fo infczibe 8 Line in a Circle, | 
2. To inſcribe a Triangle in a Circle. 

3. H — Crs”. 
4. To inſcribe a Circle in a Triangle. s 
2 To circumſcribe a Circle about a Triangle. 

6, 7- To inſcribe and. circumſeribe a Square in nts 


Circle. 
8, 9. To ;nſcribe. and circuralctibe 8 Circle about a 
I0. To make an Iſoſceles. Triangle, whoſe Angle at ſhows 
is double the Angle at the Vertex. * 
11. To inſcribe'a regglan Pentagon, or any in 
a Circle: On a Line — 8 * 
1z. To circumſcribe a regular Pentagon, or an oly 
17 14. T6 inſcribe in; or circumſcribe a Cir about a re- 
gular Polygon. 
15. On a Line given 5 Hexagon, a elbe 


it, or an Equi ngle in a Circle: 
16. To inſcribe a regular Quindecagon, 1 
lar Figures. * 
On a given Line to deſcribe any regular Figure. 
What Number of 2 will fill a Space, i. 6, 
whoſe Angles about one Degrees. 


oint, juſt make 360 
| In 
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In the Sixth Book. 


1. To divide a Trapezium. 

6. To make Similar Triangles. 

9. To divide a Line in a given Proportion. 

19. To divide a Line as another is, or into any Number of 
Parts equally. 

11. To find a third Proportional to two given Lines, alfo 
the Sum of infinite Proportionals. 

2. To find a fourth Proportional to three Lines given. 

13. To find a mean Proportional, or two Means betwixt two 
given Lines divers Ways, L. 12. 18. 

14. Ta demonſirate the Inverſe Rule of Proportion. 

16. To demonſtrate the Direct Rule of Proportion. 

18. On a right Line to deſcribe a Polygon like and alike ſitu- 
ate, to a given one. Hence the drawing and reducing 
Maps. See 20, 21. | . 

19. Similar Figures are in a duplicate Ratio of like Sides. 
See 20. 23. L. 12. 2: 

15. To make a Polygon equal to a given one, and like to 
. Figures, and to ſquare the 

31. To add or j d Figures, and to the 
Eunets of Hippocrates. | 


In the Eleventh Book 


11. To draw a i to a Plane. 

12. To erect a Perpendicular on a Plane. 

21+ A Demonſtration of the Five regular Bodies. 

33. Like Bodies are to each other, as the Cubes of their 


homologous Sides, L. 12. 9. 
In the Troelftb Book. 


18. To encreaſe or diminiſh Solids. 


By this Synopſis, and the following Appendix, it will 
appear what a large Apparatus towards a Syſtem of Pra#i. 
cal Geometry is already Extant in our Language, for want 
of which there has been. theſe many Years paſt, no ſmall 
Complaint : Eſpecially if to this be added Le C/erc's Geo- 
metry, Hawney's Complete Meaſurer, and Langley Practi- 
cal Geometry; to the firſt of which, I am not à little in 
deht for ſeveral of the following Problems. TAG 

. em 


= —— — 
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Problem I. 
O divide a right Line (AB) into any Num- 
Tf equal Parts, fappoe 8. os 


For this purpoſe have in readineſs a Namber of equi. 
diſtant Parallels drawn and numbred from © to 12 or 20, 
with the Diſtance of AB gi Set one Foot of the Com- 
M d 0.0, and turn the other till it 
hth Parallel ; unto which two Feet apply a 
1 AB, which the will 


Problem II. 


0 he Ar _ 
T he . Triangle, _ 


Fa ire herpes ergy 
tract each Side ſeverally from that half Sum: Multiply that 
half Sum and the three Differences continually, and out of 
extract the ſquare Root, which is the Area 
the given Triangle. Py | 

Having the Diameter of the inſcribed Circle, multiply 
by a fourth of 
ſought. 


it 
the Sum of the three given Sides for the Area 
Problem III. | 


HN the Area of any Triangle, to find 
the Diameter of the inſcribed Circle. 


Divide the ſaid Area by a fourth of the Sum of the three 
Sides ; the Quotient is the Diameter of the inſcribed Circle, 


Problem IV. 
O reduce any Figure into a Square; or te 
1 make a Square equal to a Parallelogram, 
Triangle, Trapezium, Polygon or Circle, &c. 


By the Rules of Menſuration, caſt up their Area's, the 
ſquare Root whereof is the Side of the Square ſought. 


o 


5 IF 
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Parallelogram far 
| Rhombus, — — 


de- — — 


3 


a 
n which multiplied, 
4M their Area 

. 6 a 
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| — — V. Sine, 


v. B. If it be an i Figure, reduce it into Triangles, or Trapezia's, by drawin 
Lines within — — Corner; then 1 ſaid Triangles 7 75 inte 
_ Squares, which Squares add by 47. I. or 14. 2. Exclid, | 


— — 


Arr zx DI x. 


Problem V. 


Oo t Line (E 
TZ ve Sabre) en 


* 


: Arch of a Quadrant. x 


Suppoſe then that the Diameter=7, its half 3.5, the 


Square of which is 12.25 ; which is 24-5» 


ſquare Root is 4.949, the Chord of the 


ſay, as 9:10::4X4-949: 21.995, the Circumf, 
' 2152, or 21.985. + Again, 4.95 i f 
ſomething greater than the Chord, which W 40, and divide 


which is greatet 


by 9, as above, gives 22 ; ſo that by this Proportion, as 


9: 1o, a like Anſwer with Archimedes is alſo diſcover'd, i. 4. 


leſs than as 22 7, and greater than as 213? to 7- 


EFS. FB Freer »r wÞ » 
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Concerning Squaring the Circle, 1 
offer ſome fery Eaſy 


and Practi- 
cal Obſervations 3 g. 


1. & Circle is to a 


d Triangle, whoſe 
Baſe is A. Nr, Circle and its Per- 
1 


pendicular 
2. gon circumſcribed is greater, —— 
bebe cee 


ef > — 

s of a Pol circumſcribed is ter, 
223 . gre 
This right-angled Triangle 


mference of a Circle. 
aforeſaid, will be lets than 
14 gu 177 inſcribed: 
ference of this Circle (which is the Baſe 
of this Triangle) is greater than the Compaſs of any in- 


ſcribed, and leſs than the Compaſs of any circumſcribed Po- 
lygon ; e liste eee | 


| Becauſe every inſcribed Figure, which is leſs 
— is alſo leſs than the Triangle ; and every 
circumſcribed . the Circle, is alſo greater 
than the therefore the ſaid Triangle 
is 8 Bat actually to find a right Line ex- 
actly r — is not yet difcover'd Geo. 


7. 


Howbeir, I ſhall offer an eaſy Approximation to the 
young Student, whom I deſire ns Phe. the Cireie a Poly- 
of 1 000. 10000 or 43200 Sides, i. e. the half Minutes 
in 360, ſo ſmall a Part of a Circle will inſenſibly appreach 
to, or become very nearly a ſtrait Line; nay, the Product 
of the Sine and Tangent of one Minute multiply'd by the 
faid 43200, will agree in the laſt 7 Figures, i e. 6283185. 
whereby we obtain the — of the Circle, whoſe 
— is 1000000, to the like Number of Figures exact. 
Pra and may to as many more Places, it we add the W] ꝙU 
together, and whe the half for the Circle's Circum- 
* * will be leſs than the Tangent-Produc, or cir. 
cumſcribed Polygon, and greater than the Sire Predut, or 
inſcribed Polygon, 


8 For, 
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For, according to the preceding third Propoſition out of 
Archimedes, the Circuits or Poly circumſcribed about 
and inſcribed in a Circle, do at end in the Circumference 
of the Circle ; in like — GG Fey themſelves do 
at laſt end in a Circle. 


n 


To this I ſubjoin certain Practital 
Remarks on Regular * 
their Angles and Sides. 


Rr Eguiar Pol may be delineated ſeveral Ways 1 rd, 
By the Angle at the Center; Secondly, By the Angle at 


the Figure 3 Thirdly, By the Angle of the Triangle K. the 
To find Each. 3 

Divide 360 by the Number of Sides, the Quotient is the 

my at the Center, whoſe Complement to 180 is the Ang 
at the Figure, o is the bn 
at the Triangle : By this one may make a 
for as many Polygons as be pleaſes. 

Polygons of odd Number of 3 
by the help of 7/o/celes Triangles, whoſe Angles. at the Baſe 
are Multiples of that at the Top. 

Double, the An at 8 

If the * Triple, — the JHeptagon. 
at the Baſe Quadraple, Baſe will be JFnneagon. 

Quintuple, I the Side. of a Endecagon. 


The Number of Degrees of the Angle at the Vertex, is 
found by dividing 180 by the Number of Sides in the Poly. 
gen to be inſcribed, the Quotient gives the ſaid Angle ; 
which doubled, tripled, Sc. will give the Angle at the Baſe. 

Seeing Polygons inſcribed are the Chords of the Angles 


| at the Center, which Chords are always double the Sine of 


half the Angle at the Center. Therefore in the Table of 
Natural Sines, hunt out the Sine of half the Angle at the 


Center, which doubled, is the exact Side of the Polygon, 


in ſuch Parts as the Radius contains cooooon0, Cc. 


A Table 


A PP EN DIX 
A Table ws the infriting and deſcribing Polygons. 


Angles 
at the 
Triangle. 


30 
1 
3 
60 
647 |, 
67% \ 
72 
7311 
75 


The Uſe: 

To zafcribe a Heptagon Ci, whoſe Radius is 70. 
ſay as Tabular Redius 1000: Heptagen $6 7: : ſo is 
the Given Radius: Side Heptagon ſought 433. 

; To deſeribe a H 22 find the Radius 
proper ; ſay as the Tabular Heptagon $67 : Tabular Radius 
100: dog Auqrrges, to the proper Radius ſought 


— Problem VI. 
7 make a Circle (AD G) nearly equal ta a 
given Square (AE CF.) 


275 


Draw the Diagonal AC, which divide into 10 equal Fix. g. 


Parts ; 8 of them is nearly equal to the Diameter of the 
Circle fought : Wherefore in the middle of the Diagonal 
AC, and with the Radius of 4 „% enchant 
the Circle A BG. W.W. D. 


Or thus more briefly ; 
Bifet EC in D, and draw AD, the Diameter of the 


Circle he. 
. Problem VII. 


12 make an Iſoſceles Triangle (BCE) equal 
10 a given Square (ABCD.) 
S 2 Extend 


276 
Fig. 8. 


Fig. 9. 


Fig. 10. 


Fig. 11. 


ArPEND IX. 
Extend the Side C D to E, making DE=CD, 
eee e W. I. 


To make an Equilateral T equal to a Sq 
adviſe to make the Side of the Triangle ber we 
the Side of the Square; but it is ſomewhat too little. 

Problem VIII. 
Thin a given Triangle (X LM) to inſcribe 
4 ne (VOS) 


and 
D. 


N 
half of 


ie the Square (RS TV) to inſcribe an 
Equilateral Triangle (RZT.) . 


N inn on V. 25 x Cen. 
ter, with the Extent VX, draw the Arch ZXY ,-then 
draw the Lines RZ, Z , RY, which form the Triangle 
RZY. .. d. 
Problem X. 
APouT Equilateral T riangle (48C) to de- 
fe Bp Rouen (AFDG.) 
Biſect B C in H, and draw AHD; 1 


HC, and biſe& A D in E ; through E draw FEG at right 


Angles, making FE and F G each==ED, then draw the 

Lines A F, FD, DG. and A G, forming, the Square. 

W. W. D. & * F . 
Problem XI. 


4 a Square (LMNO) to draw a fo 
angle (PR) whoſe Angles ſhall be 
to the ſeveral Angles of a Triangle green (S1. Tr) 


Extend 


an 
ſo 


APpPrEN Dr x. 


Extend N O to PQ, then make the Angle R i 
and R MIV, then draw the Sides RL F and RM Q, 
ſo is RP Q the Triangle. . . D. 


Problem XII. 


O inſcribe an Equilateral Triangle ( AFG) 
in a given Pentagon ABCDE.) 


Find its Center H, and draw the Circle about it ; then Fig. 13: 
inſcribe a Triangle in that Circle, which will alſo be the 
Triangle in the Pentagon. FW. . D. 

Or, 

With the Radius A H, and Center A, draw the Arch 
H M, which biſect in K, and draw AK F, the Side of the 
Triangle fought, 


Problem XIII. 


Te inſcribe the Square (MNO P) in the Pen- 
tagon (ABCDE.) 
Extend the Perpendicular A Q and BC til each x; 
other in F ; mak che Peper F I 24 AB get te f 10 


half AF; then draw B H and BI, — AQ in Land 
K, ſo will LE be the Side of the Square ſought. 


Problem XIV. 
Of four given Lines (A B=, BC=9, C D=8, 
A D=18) the greateſt being leſs than the 


Sum of the reſt, to make a Quadrangle which 
may be inſcribed in a Circle. 


In every Quadrangle inſcribed in a Circle, the dum of pi. 18. 
the les made of the Sides, containing oppoſite Angles, 12 
have the Proportion to each other as the Diagonals , 


7, . as, 


72 108 14 6 
DCN TDA B to AB CTC D 4, ſo is C A to DB 
180 198 13+ 154 
8 3 Alſo, 


Fig: 17. 


App FEN Df. 


Alſo, 
144 54 72 10s 162 48 
ADC+ABRC : BCED+DAB: : AD X BC ABCD: Ac 
198 180 = 19012 
The Root is 13 + 
Again, 
72 103 85 54 162 48 
BCDTDAB: ADC+AEC: : ADñDX BC ABCD: BD 
180 198 210 231 
The Root is 15 + 


From the laſt of theſe Proportions find the Diagonal BD ; 
with which, and the other two Sides, either BC and C D, 
or A Band AD, form a Triangle, and about it draw the 
Circle A BCD, and in it inſert the other two Sides of the 
Quadrangle. W.W.D. * © BER 


Problem XV. 
O inſcribe an Heptagon, Nonagon, or Un- 
decagon, &c. | | 


Having obtained the Side of a Polygon, next bigger and 
next leſs, in the ſame Circle, extend the Diameter AB to 
D, and from C extend the ſaid Sides of the Polygon next 
above or under to D and E, which Diſtance biſect in F, 
and draw C F, the Side of the Polygon ſought lies on that 
Line CF, between C and the Circumference. 


The Side of a, Septagon or Heptagon, is nearly equal to 
the Perpendicular of an Equilateral Triangle, whoſe Side is 
Radius, or an Hexagon; ſo the Side of a Nonagon is nearly 
the Perpendicular of an Equilateral Triangle, whoſe Side is 


an Octagon. 
Problem XVL 


70 deſcribe a regular Octagon on a given 


Side ( AB.) | 
On the middle of A B, erect the Perpendicular CE; on 
the Point C and Diſtance AC, deſcribe a Semi.circle ADB ; 


A 
D 
th 


= = 


ern enn 
on the Point D, and with the Diſtance D A, draw AEB; 
ſo is E the Center, and AE the Radius of that Circle, 
which contains the Octagon, whoſe Side is AB. V. 1. D. 


Problem XVII. 


Te deſcribe a regular Nonagon on a given 
Line (AB.) 


Erect the 
B, with the — draw the Arch A D, which bi- 
ſect in E; on the Point D, with DE, draw the Arch 
EF; ſo is F the Center, and A F the Radius of that Circle 
W W.W.D. 


Problem XVIII, 


A O inſcribe a regular Nonagon in a given 
Circle. 


On B, with the Radius A B, draw DAC and DC, pj. 


which extend to F; make EF=AB; on E and F draw 
EG and FG, then draw AG, which u 
H; ſo is D H the Side of the Nonagon ſought. W . V. 


D. 
HB is the Side of a regular Polygon of 18 Sides, and 
2 of the Radius is the Side of a regular Nonagon. 


Problem XIX. 
= A inſcribe a regular Undecagon in a Cir- 
cle. 


Divide AB in two at C; on A and C, with the Diſtance Fiz. 20. 


AC; draw the Arch CDI 2 D; on the Center I and 
Diſtance I D, draw the Arch DO; Gb C O the Side of 


the Undecagon ſought. 


Some ſay 3 of the Diameter is the Side of an Undecaz. 
gon inſcribed, or 2 Diameter more, + of the ſaid 3. 
Or, 
a Circle and inſcribe an Equilateral Triangle, 
that Part of the Side which lies betwixt the Diameter and 
a" the Baſe is the Side of a regular Undecagon. 


S 4 Problem 
d 


F C on the middle of AB; on Fig. 18. 


Fig 21. 


Fiz. 22. 


Fir. 23. 


Ar Pp EN DI x. 


Problem XX. 


O deſcribe a regular Dodecagon on a given 
T Side (AB.) ” 


On the middle of A B. erect the Perpendicular CD; 
on A and B, with the Diſtance A B, draw the Arches A E 
and BE; on E. with the Diſtance A E, draw the Arch 
AD: ſo is D the Center of the Dodecagon ſought : For 
AEB is the Angle of the Hexagon, and A DB is its half, 


the Angle of a Dodecagon. 


; Problem XXI. 


N a given Line (AB) to deſcribe any Polygon 
from 6 to 12 Sides. 


Biſect A B in O; eret on O, the Perpendicular OI; 
on B. with the Diſtance AB, deſcribe the Arch AC, which 
divide into 6 equal Parts from C, and from the Diſtance of 
each of thoſe equal Parts draw the Arches DM, EN, FP, 
GQ,HR Al; ſo is * | 


e Hexagon, CAN 
S 
4 F Rege. a! + 
gon, 
Endecagon, H 
Problem XXII. 


f cut two given Lines (4B and AC) into 

four, ſo that all four ſhall be continually 
proportional, CF: DF. ED. BE.) 

Set A B and A C at right Angles, and draw B C; biſe& 


AB, and draw the Semi- circle B D O through D; draw 
D F parallei to B O, and D E parallel to C O; ſo will it 


BE: E D:: ED: DF 
E D: DF: : DF: FC 


, 


Problem 
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Problem XXIII. 


OM a ftrait Line given (IJ) to cut off a Part 
(GD) which ſhall be a Mean betwixt the 
other Part and another Line given (H.) 


Make the Line CD=Lines H and I given, on E, Eg. 24. 
where the two Lines meet, ere the Perpendicular E F, 
and draw the Semi.circle on the Diameter C D. Biſe& 
CE=HinB; on B, with the Radius BF, draw the Arch 
FG; ſo will DG: GE: EC: 


Problem XXIV. 


G! VEN the Sum of the Extremes (AB) and 
the Mean (B D) to find the Extremes (AF 
and F B) ſeverally. 


On AB ere a Semi-circle, and on B erect a Perpendicu. Fig, 25: 
lar equal to B D; through D, parallel to AB, draw ED 


and E F parallel to DB; ſo is AF one and FD the other 
Extreme. Q. E. J. 


Problem XXV. 


IVEN the Difference of the Extremes (A B) 
and the Mean (BC) to find the Extremes 
(BE and BF) ſeverally. 


/ 
On A B, the Difference, ere the Perpendicular B C = Fig. 26. 

Mean. Biſet A B in D; on D, with the Diſtance CD, 

draw the Semi-circle, whoſe Diameter F E contains the two 

Extremes ſought, i. e. B E and B F. 


Problem XXVI. 


„ HE Exceſs of the Diagonal above the Side 
of a Square being given (AB) to find the 
Side (AD). — 
ritÞ. 


— 


- ares + * 


— —»— —ꝑꝛꝑ— —ꝑAñb“ — 


Fie. 27. 


Fig. 28, 


e 


Arithmetically thus : 


To the Excels given A B, and the ſquare Root of double 
the Square of the Exceſs for the Side A D ſought. 


Geometrically : 


On B erect the Perpendicular BC AB, and draw 
ACD; on C, with the Diſtance CB, draw the ArchBD; 
ſo will AD be the Side of the Square, and A E the Diago. 
nal, which exceeds A D by AB: 


Problem XXVII. 


GY EN the Sum of the Side and Diagonal (AB) 
to find them ſeparately (G A and G B.) 


On AB draw the Semi- circle AC B; ere CD perpendi- 
cular. Biſect A D in E; on E, and the Diſtance EC, 
draw CF; the Chord CF is the Diagonal ſought, which 
ſet from B to G; ſo will G A be the Side fought. 


Problem XXVIII. 


EN the Area of a refangled Parallelogram, 
= (36) and the Proportion of the Sides, as 4 
to 1, to find the Sides. 


Say 4:1: : 36 : 9, whoſe ſquare Root is 3, the Breadth ; 
as 1:4:: 36: 144, whole ſquare Root is 12, the Length. 


Problem XXIX. 


GEN the Difference of the Sides and Sum of 


the Sides of a right-angled Parallelogram, to 
find the Sides. 


To the half Sum add the half Difference for the Length ; 
from the half Sum take the half Difference for the Breadth, 


Problem 


t 
( 
N 
G 
— 
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Problem XXX. 


GIVE N the Difference of the Sides, and of their 
| vares, to find the Sides of a rectangled 
Parallelagram. 


Divide the Difference of the Squares by the Difference 
of the Sides, the Quotient is the Sum. 


Or, 


Divide the Difference of the Squares by the Sum of the 
Sides, the Quotient is the Difference of their Sides, by 6. 


2 Euclid. 
Problem XXXI. 


| ad any Triangle, the Sum of every two Sides 
given, to find them ſeverally. 


From kalf the Sum of all the given Numbers, ſubtrat 


each, and the Remainders are the Sides required, i. e. each 
particularly of the Letter wanting. 


Problem XXXII. 


'THE Sides of a Trapezium, (ABC D) and 
" one Diagonal (AC) given, to find the other 
an. 


DOAC+BC—A B; divide half the Remainder by AC, Fg. 29. 


the Quotient is C E. 


QGAC+AD—CD ; divide half the Remainder by A C. 
the Quotient is A F, by 47. 1. Find BE and DF, add 
CE and AF, and ſubduct the Sum from AC, the Re- 
2 £1 7 E FO G, then Q D G+QBG=O0OBD. 


Problem 


Fig. 30. 


Fig. 31. 
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Problem XXXIII. 


JN a right-angled Triangle (ABC,) right-angled 
at B, is given AC=13, and the Sum of AB 
and BC=17, to find AB and BC apart. 
Make the Square E D=17 for the Side, and 289 will 


be the Area; from whence take the Square of A C=169, 
the Remainder 120==2 Rectangles E B and BD, each of 


Which is a Mean betwixt the Square AB and BC, and 


double the Triangle A B C 

Wherefore take balf 17=8.5, whoſe Square is 72.25 : 
from which take 60, and there reſt 12.25, whole ſquare 
Root is 3.5 ; which taken from 8.5, leaves 5 for C B, and 
added to 8.5, make 12 for A B. 

Like to this is the following. In a right-angled Tri- 
«© angle ABC, right.angled at B, is given B C==40, and 
* n together 150, to find them ſe- 

— the Perpendicular, and divide that Sum 1600 
by double the Sum of A B and B C zoo, the Quotient is 
5+, which added to the half Sum of AB and BC=7s, 
gives 804 for the Hypothenuſe A C; and taken from it, 
gives 693 for A B. _ f 


From the Square of the Sum of AB and AC 159= 
22500 be ſubtracted the Square of B C 40 i 
vide the Remainder =20900 by double the Sum of AB 
and B C—300, the Quotient is 694 for A B, c. 


Problem XX XIV. 


N the Rectangle (ABCD) are given BE=16 
and E F=2. Oyere the Area, 


Seeing the Angles are right, tis as FE: ED::ED: EA; 
and again, az ED:EA::EA:EB. And ſeeing EB is 
the third Number, and E D and E A are two Means pro. 

rtional betwixt 2 and 16, reduce each into their leaſt 

oportion, which is 1 and 8, and extract the Cube Root of 
8 is 2, which doubled { becauſe 2.16 were halved before) give 
4 for ED; then is EA 8, and conſequently the Area 160. 


Problem 


done Toh ww 


— — — — — 
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Problem XXXV. 


1 N the Triangle (A BC) are the three Perpen- 
diculars (AD=$6, B F=-60, and EC=64tz) 
given, to find the three Sides. 


In the Triangle, whoſe Sides are 13, 14, 15, the Per- Fig. 32. 
pendicular is found to be 12 ; wherefoce ſay, as 
56 5537 AB 
12:14:: <60 70 AC 
641 751 BC. 


Problem XXXVI. 
| lod an Jſaſceles Triangle (ABC) are two Circles 
I touching one another; and the Sides of the Tri- 
angle, the Diameter of one is 12 and the other 8. 
Duere the Sides of the Triangle. 


E H is the Difference of their Radii =2, and E F the Fig. 33. 
Sum of the Radii =10, ; then ſay, if 2 give 10, what will 
E G==6 give? Anſwer, 30 for AE; to which add E D 
6, and it makes 36 for A D, the Perpendicular ; then Q 
AE—QEG=QgGAG; then, as AG:AE::AD:AC= 
AB; then (JA C—{Q A DC D, which doubled, is BC 
the Baſe. Q. E. J. 


Problem XXXVII. 
HE Hypothenuſe A B48, and the Area of 
a right-angled Triangle—384, given to find 
the Sides AC and C. 


On AB=48, the Hypothenuſe, make a Semi-circle, on Fig. 34. 
whoſe Center D, erect the Perpendicular DG; then double 

the Area given 768, which divide by the Hypothenuſe —= 

48, the Quotient is D E=16 of the Iſoſceles Triangle 
AEB; through E, parallel to A B, draw E C, then AC 

and B C are the Sides ſought, Q. E. I. 


ODC-CFO=DEFrL), then AD+DF=AF, and 
OAF+F CO ACN, then A B-AF=FB, and 
Problem 


Fig. 35. 


Fx. 36. 


Fig. 37. 
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Problem XXXVIII. 


THE Diameter of a given or in 

which make the greate ft Rectangle poſſible, 
whoſe Length ſhall be _ its h. Duere 
the Sides. 


Divide the Square of the Diameter by 5, the Quotient 
is 20, whoſe ſquare Root is the Breadth : Deduct 20 out 
of loo, remains 80, whoſe ee 


2. E. I. 
Problem XXXIX. 


Q HE Diameter of a Circle = S, in it to in- 

ſeribe on the Diameter an Equilateral Tri- 
angle, whoſe Vertex ſball bars 6 the Circumference. 
Quere its Side. 


G ar. AB, EF; in 
it inſcribe an Equilateral Tri A CD; whoſe Vertex 
ſhall be A, ſo will the Diameter F cut off the Equilateral 
AHK. . . . "ey 


To find the Side, 
AG nal 


Problem XL. 


Tu the Circle (AF BG CD) having the Spuare 


(ABCD) inſcribed, is given each Segment's 
Area =224 (AB F) contain'd betwixt the Side 
of the Square and the Cirexmference, to find the 


Diameter. 


Suppoſe the Diameter =. the Area will be ITY whereof 


2 will be AE BF. the Area of the Triangle A EN, 
I 


Arp EMD. 287 
which ſubtracted from 4% leaves 14 for A B F. then fay, 
as 14 : U: 224 Quantity =_ Diameter = 3136, 
whoſe ſquare Root is 56 Diameter A C, ſuppoſing the 


Proportion of the Diameter to the Circumference, as 7 
to 22. . 


Problem XII. 


1 * 4 Circk, whoſe Diameter (BD) 65 is a 
Triangle inſcribed (A BC) the Side ( 4 B)=$2 
and (BC)=g6. Quære the Side (AC. ) 


AB D— OGAB=OAD and OB D- d, Fig. 15 
then multiply A D by BC, alſo A B by DC; thele two 
Products. go divide by B D=65, the Quotient 60= 
"F 2.E.L 


Problem XIII. 
1 N the Circle (ACE B) is inſcribed a Triangle 
(ABC) AB=13, BC=14, AC=rs, and in 


as 5 is inſcribed a Circle. Qtæœre the 
to Diameters of both Circles. 


Find the Perpendicular A le, then berauſe the Tri. Fe. 39. 
angles ACE and A B F are ſimilar, ſay AF: AB:: AC: 


AE, the Diameter of the —— Circle 2164. 
Then ſegk the Area of the Triangle - 84. which doubled 

is 168 ; then add all the three „they make 42, by 
which divide 168, the Quotient is 4: =6G D, half the Dia. 
meter of the inſcribed Circle, 


Then 
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The Proportion of the Sphere, and 
of the Five Regular Bodies, in 
ſeribed therein, from Peter Heri 
gon, Curſus Math. Vol. I. p. 759 


TAMETER of the Sphere 2. Circumference of th 
great Circle 6.28318, Area thereof 3.14159, Area 0 
the Sphere 12.56637, Solidicy of it 4.18859. 


Tetra- Hexae. | O&ae- | Dodeca- 
| tram. drum. | drum. | hedrum. 


Side, 1.6229 1.1547F1-4142] 0.71361. 
urface, 4.61889 6.9282 10.514619. 


i lo.1g 1301-5396 1.3333} 2-7851 j2-536 


Problem XLIIL. 
O find a Cube nearly equal to a given 
Sphere (A BCD.) 1 
the Circle with AC and B 
which biſet in E; then draw CE, the Side of a Cube 
nearly equal to the Sphere AB C B. V. V. D. 
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